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PREFACE. 


TN  the  preparation  of  this  book  the  needs  of  the  students  of  the 
-  Institute  of  Technology  have  been  kept  in  mind.  The  time 
which  they  can  devote  to  the  subject  is  limited,  and  yet  it  is  neces- 
sary that  they  should  become  reasonably  familiar  with  its  more 
elementary  and  fundamental  parts.  For  this  reason,  the  earlier 
chapters  are  treated  with  somewhat  more  fulness  than  is  usual. 
For  some  propositions  more  than  one  proof  is  given,  and  particular 
care  has  been  taken  to  illustrate  and  enforce  all  parts  of  the  subject 
by  a  large  number  of  numerical  applications.  In  the  matter  of 
problems  only  the  simpler  ones  have  been  selected,  and  the  number 
in  every  case  has  been  proportioned  to  the  time  which  students  will 
have  to  devote  to  them.  In  general,  propositions  have  been  proved 
first  with  reference  to  rectangular  axes,  because,  as  a  rule,  the  proofs 
are  easier,  and  when  necessary,  the  proofs  with  reference  to  oblique 
axes  may  be  omitted. 

The  first  eight  chapters  of  this  book  have  been  used  for  two 
years  by  the  students  of  the  Institute.  During  the  first  year,  my 
associate,  Mr.  H.  W.  Tyler,  checked  all  the  numerical  results  and 
made  many  valuable  suggestions,  of  which  I  have  gladly  availed 
myself.  During  the  past  year,  I  have  had  the  able  assistance  of 
Mr.  D.  P.  Bartlett,  who  has  also  computed  the  answers  to  the 
greater  portion  of  the  numerical  exercises.  With  all  the  care  which 
has  been  taken,  errors  undoubtedly  still  exist,  and  I  shall  be  truly 
thankful  to  any  one  who  will  point  them  out  to  me.  I  am  indebted 
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to  my  friend  Mr.  H.  K.  Burrison,  Instructor  in  Mechanical  Drawing, 
for  the  drawing  of  the  cuts.  The  determinant  notation  has  not 
been  used,  because  students  are  not  prepared  for  it ;  nor  has  it 
been  thought  advisable  to  prefix  an  elementary  chapter  on  the  sub- 
ject, since  the  excellent  book  on  Determinants  by  Professor  Hanus, 
published  by  Ginn  &  Co.,  is  readily  accessible.  I  shall  be  very  glad 
if  any  teachers  and  students  besides  those  in  the  Institute  of  Tech- 
nology shall  find  this  book  adapted  to  their  needs. 

My  greatest  indebtedness  is  due  to  the  excellent  work  on  "  Conic 
Sections  "  by  Professor  Salmon,  and  to  "An  Elementary  Treatise  on 
Conic  Sections"  by  Charles  Smith,  M.A.,  Fellow  and  Tutor  of 
Sydney  Sussex  College,  Cambridge,  England. 

In  the  later  chapters  it  will  be  seen  that  I  have  followed  Mr. 
Smith's  book  quite  closely,  and  have  taken  from  it  many  examples, 
with  the  solutions  of  several  of  them. 

I  hope  in  due  time  to  follow  this  book  with  a  brief  elementary 
treatise  on  Solid  Analytic  Geometry. 

J.  D.  R. 

AUG.  15,  1888. 
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CHAPTER  I. 

THE  POINT :   ITS  POSITION, 

1.  The   point   is  the  simplest  element  of  any  geometrical 
figure ;   and  the  first  problem  is  to  determine  its  position  on 
some  assumed  plane,  such  as  the  plane  of  the  paper  or  of  the 
blackboard  on  which  the  figure  is  to  be  drawn. 

Two  conditions  are  necessary  and  sufficient  to  determine  the 
position  of  a  point  on  a  plane,  and  the  quantities  which  express 
these  conditions  are  called  the  coordinates  of  the  point. 

2.  To  determine  the  position  of  a  point  when  the  two  given 
conditions  or  coordinates  are  a  distance  and  a  direction. 

These  are  called  the  polar  coordinates  of  the  point. 

Assume  a  point  0  from  which  to  measure  distances,  and  a 
straight  line  OX  from  which  to  measure  directions. 

Denote  the  given  distance  by  r\  then  with  0  as  a  centre, 
and  radius  r,  describe  a  circle;  the  required  point  will  fall 
somewhere  on  the  circumference.  Next,  the  point  must  lie  on  a 
line  ON,  whose  direction  is  determined  by  the  angle  XON=6. 
It  is  plain  that  the  point  of  intersection  P  is  the  only  point 
which  satisfies  both  conditions,  and  is  the  required  point,  having 
r  and  6  for  its  polar  coordinates.  This  method  will  be  applied 
hereafter. 
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3.  To  determine  the  position  of  a  point  when  the  two 
given  conditions  or  coordinates  are  two  given  distances. 

These  distances  are  called  the  Cartesian  or  rectilinear  co- 
ordinates of  the  point. 

The  Coordinate  Axes.  —  It  is  plain  that  if  a  point  must  lie 
at  the  same  time  on  two  given  straight  lines,  it  must  be  at 
their  intersection,  and  the  problem  is  solved  by  determining 
the  positions  of  the  two  given  lines  upon  which  the  required 
point  must  lie.  For  this  purpose  let  us  assume  the  positions 
of  two  straight  lines  XX'  and  YY\  intersecting  in  the  point  0, 
as  lines  or  axes  of  reference.  The  line  XX'  is  called  the  axis 
of  X,  or  axis  of  abscissae  ;  the  line  YYf  is  called  the  axis  of  Y,  or 
axis  of  ordinates  ;  the  point  0  is  called  the  origin  of  coordinates, 
or  simply  the  origin,  as  it  is  the  point  from  which  distances  are 
measured  on  both  axes  and  in  both  directions.  XOY  is  called 
the  first  angle;  YOX',  the  second;  X'OYf,  the  third;  and 
Y'OX,  the  fourth. 

The  Coordinates  of  a  Point.  —  Suppose,  now,  that  the 
required  point  P  must  lie  on  a  line  parallel  to  the  axis  of  X, 
and  at  a  given  distance  b  above  it,  measured  on  the  axis  of  Y. 
Lay  off  OM=  5,  and  through  the  point  M  draw  a  parallel  PP' 
to  the  axis  of  X\  the  required  point  is  somewhere  on  this  line. 
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Again,  suppose  that  the  required  point  lies  on  a  line  parallel  to 
the  axis  of  I7,  and  at  a  given  distance  a  to  the  right,  measured 
on  the  axis  of  X.  Lay  off  ON=  a,  and  through  the  point  N 
draw  a  parallel  PP'"  to  the  axis  of  F.  The  point  P,  which 
satisfies  both  conditions,  is  at  the  intersection  of  these  two  given 
parallels,  and  is  the  required  point.  The  position  of  the  point 
P,  referred  to  the  coordinate  axes  XX'  and  YY',  is  therefore 
determined  by  the  two  given  distances  ON  and  OM,  which  are 
called  the  coordinates  of  the  point ;  ON,  its  abscissa ;  and  OM 
or  PN,  its  ordinate. 


P' 


X'l  O  /     X 


P" 


If  we  take  ONf^ON=a,  and  OM'=OM=b,  and  through 
the  points  N'  and  M'  draw  two  additional  parallels,  we  shall 
have  three  additional  points,  P',  P",  P'",  determined  by  the 
same  coordinates,  a  and  6,  which  determined  P. 

Algebraic  Signs  of  the  Coordinates.  —  How  shall  we  dis- 
tinguish these  four  points  from  each  other?  By  simply  intro- 
ducing the  idea  of  opposite  directions.  Distances  may  be  laid 
off  on  both  axes  in  opposite  directions  from  0;  and  if  we  use, 
as  we  may,  the  signs  plus  and  minus  to  denote  opposite  direc- 
tions, then  if  ON=  -f  a  denotes  a  positive  distance  laid  off  on 
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the  axis  of  X  to  the  right  from  0,  ON1—  —  a  will  denote  a 
negative  distance  laid  off  to  the  left;  if  OM=  +  b  denotes 
a  positive  distance  laid  off  on  the  axis  of  Y  above  the  axis  of  JT, 
then  OM'=  —  b  will  denote  a  negative  distance  laid  off  below 
the  axis  of  X.  In  general,  distances  laid  off  on  the  axis  of  X 
are  denoted  by  a?,  and  called  abscissce;  and  distances  laid  off 
on  the  axis  of  !Fare  denoted  by  y,  and  called  ordinates;  and 
the  equations  of  condition  for  the  four  determined  points  P, 
P',  P",  P'"  are 


or,  for  brevity, 

P(a,6),         P'(-a,6),     P»(-a,  -6),   P"'(a,  -6), 

the  value  of  the  abscissa  x  being  written  first,  and  the  value 
of  the  ordinate  y  second,  with  a  comma  between  them. 

When  the  position  of  a  point  P  is  entirely  unknown,  it  is 
written  P(x,y)\  but,  if  known,  it  may  be  written  P(2,  3), 
P  (a,  6),  P(V,  ?/'),  P(x",yn),  or  by  any  other  convenient 
notation. 

The  best  way  to  plot  the  point  P  (a,  £>)  is  to  lay  off  ON=  a, 
draw  a  parallel  to  the  axis  of  Y  through  N,  and  on  this  parallel 
layoff  NP  =  b. 

When  the  angle  XOY  is  a  right  angle,  the  coordinate 
axes  are  called  rectangular  ;  and  when  this  angle  is  not  right, 
they  are  called  oblique.  The  angle  XOY  is  usually  denoted 
by  a). 

In  the  following  exercises  the  student  should  carefully  con- 
struct the  figure  for  each,  using  any  convenient  unit  of  length. 
Paper  ruled  for  the  purpose  is  a  great  convenience. 

In  all  cases  rectangular  axes  are  used,  if  the  contrary  is  not 
stated. 


EXERCISES   ON   THE  POINT. 


EXERCISES    ON    THE    POINT. 

1.  Let  P(x,y)  be  any  variable  point  in  the  first  angle.     If  x  is 
constant  and  y  varies,  what  line  will  the  point  P  describe  ?     What 
will  be  its  position  ?    As  P  approaches  the  axis  of  .X,  what  change  will 
y  undergo  ?     What  will  the  value  of  y  be  when  the  point  P  reaches 
the  axis  of  X?     What  further  change  will  y  undergo  when  P  passes 
below  the  axis  of  X?     What  will  the  value  of  y  be  for  all  points  on 
the  axis  of  X?    What  equation  will  be  true  for  all  points  on  the  axis 
of  X? 

2.  If  y  is  constant  and  x  varies,  what  line  will  the  point  P  de- 
scribe ?     What  change  will  x  undergo  as  P  approaches  the  axis  of  F, 
and  what  further  change  when  it  crosses  the  axis  of  Y?    What  will 
the  value  of  x  be  when  P  is  on  the  axis  of  Y  ?     What  will  the  value 
of  x  be  for  all  points  on  the  axis  of  Y?    What  equation  expresses  the 
condition  which  is  true  of  all  points  on  the  axis  of  y?    What  is  this 
equation  called? 

3.  For  what  point  will  both  x  and  y  be  zero?     If  both  x  and  y  so 
vary  that  the  point  P  always  remains  at  the  same  distance  from  the 
origin,  what  path  will  it  describe? 

4.  Plot  the  points  (2,  3),  (-3,  5),  (-2,  -3),  (4,  -2). 

5.  Plot  the  same  points,  using  the  same  axis  of  X  and  origin  O, 
whenXOr=60°. 

6.  Connect  the  points   (2,  3),  (-3,  1),  (-1,  -2)  by  straight 
lines.     Does  the  origin  lie  within  this  triangle  or  without? 

7.  Given  the  points  (3,  5)  and  (—  1,  —  4).     Connect  them  by  a 
straight  line,  and  show  that  the  differences  of  the  abscissae  and  of  the 
ordinates  of  the  two  points  form  the  remaining  sides  of  a  triangle, 
which  is  right  or  oblique  according  as  the  axes  are  right  or  oblique. 

8.  Show  from  similar  triangles  that  the  points  (2,  3),  (1,  —  3),  , 
(3,  9)  lie  on  the  same  straight  line. 

9.  Connect  the' points  (2,  3),  (-1,  2),  (-2,  -3),  (1,  -2)  in 
order  by  straight  lines.     What  is  the  resulting  figure?     Draw  the 
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diagonals  and  show  that  they  pass  through  the  origin  and  are  bisected 
by  it. 

10.  Plot  the  points  (a,  0) ,  (0,  a) ,  (—  a,  0) ,  (0,  —  a) ,  and  connect 
them  in  order  by  straight  lines.     What  will  the  figure  be  when  the 
axes  are  rectangular  ?     What  when  they  are  oblique  ?     What  is  the 
length  of  the  diagonals? 

Ans.  Square  ;  Rectangle  ;  Diagonals  =  2  a. 

11.  Plot  the  points  (a,  0),  (0,  6),  (—a,  0),  (0,  —  6),  and  connect 
them  in  order  by  straight  lines.     What  will  the  figure  be  for  rect- 
angular and  for  oblique  axes  ?    What  the  length  of  the  diagonals  ? 

Ans.  Rhombus;  Parallelogram;  Diagonals  2 a,  26. 

12.  Show  that  the  line  joining  the  points  (a,  b)  and  (—a,  —  6) 
passes  through  the  origin  and  is  bisected  by  it. 

13.  On  what  line  do  the  points  (a,  6)  and  (  —  c,  6)  lie  ? 

14.  Show  that  the  lines  joining  (a,  0),  (0,  6)  and  (0,  a),  (—  5,  0) 
are  perpendicular  to  each  other  ;  so  also  are  the  lines  joining  (r ,  0) , 
(0,6)  and  (6,0),  (0,  -a). 

15.  Show  that  the  distance  of  the  point  (a,  6)  from  the  origin  is 
Va2  -h  62.     Show  that  the  line  joining  the  points  (a,  0)  and  (0,  6) 
also  equals  Va2  +  b2. 

16.  Show  that   the   points    (3,4),    (4,3),     (-3,4),     (-4,3), 
(-3,  -4),    (-4,  -3),    (3,  -4),   (4,  -3)  are  on  the  circumfer- 
ence of  a  circle  having  its  centre  at  the  origin.     What  is  its  radius  ? 

17.  On  what  line  do  all  the  points  lie  whose  abscissas  equal  their 
ordinates  ;  that  is,  points  for  which  x  =  y?     Through  what  special 
point   does  this  line  pass?      How  does  this  line  divide  the  angle 
XOY? 

18.  On  what  line  do  all  the  points  lie  for  which  y  =  —  x?    Does 
this  line  pass  through  the  origin  ?     How  does  it  divide  the  angle  of 
the  coordinate  axes? 

19.  Connect  the   points  (a,  0),  (0,6)  and  (na,  0),   (0,  n&)    by 
straight  lines,  and  show  that  they  are  parallel. 
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20.  Connect  the  points  (a,  0),  (0,6)  by  a  straight  line.      Show 
that  the  points  (£&,-£&),  (j-a,  f-6),  (fa,  ^6)  are  on  this  line. 

21.  Show  that  the  lines  connecting  the  origin  with  the  points 
(a,  b)  and  (—  6,  a)  are  perpendicular  to  each  other. 


Length  of  Lines  between  Given  Points. 

4.  To  find  the  distance  between  two  given  points;  also 
the  angle  which  this  distance  makes  with  the  axis  of  X. 

We  already  know  that  two  given  points  determine  the  posi- 
tion of  the  straight  line  which  passes  through  them,  and  we 
are  now  to  find  the  length  of  that  portion  of  the  line  which 
lies  between  the  two  given  points,  and  also  the  angle  which  the 
line  makes  with  the  axis  of  X. 


O 


E 


Nf 


Nff 


FIG.  3. 


First,  when  the  axes  are  rectangular. 

Let  P'(x'y')  and  P"(x"y")  be  the  two  given  points,  and 
P'P"  =  d.   Draw  P'R  parallel  to  the  axis  of  JT;  thenjP"P/JR  =  0 
is  the  angle  which  the  distance  P'Pn=  d  makes  with  the  axis 
of  -3T,  because  P'R  is  parallel  to  this  axis.     To  find  d  and  0. 
We  have 

PR  =  ON"  -  ON'  =  «"-«', 
P"R  =  P"N"-  P'N1  =  y"-y' ; 
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and  by  the  Pythagorean  proposition 


(a) 


is  the  required  distance. 

In  the  right  triangle  P"P'R, 


(6) 


is  the  required  angle.     Trigonometry,*  Art.  10. 

If  one  of   the  points,  as  P',  is   at  the  origin,  then  x'  =  0, 
y'  —  0,  and  equations  (a)  and  (5)  become 


tan  0  =  —  =  m. 
x" 

v" 

.•.  0  =  tan"1  —  =  tan^m. 
x" 


(a') 
(V) 


O/    N' 


N" 


Second,  when  the  axes  are  oblique. 

In  this  case  let  the  angle  XOY=a);  then  P"RN 


=  o>,  and 


*  References  are  to  Professor  Wells'  Trigonometry. 
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In  the  oblique  triangle  P"P'R  we  have  the  two  sides  P'R 
and  P"R,  and  the  included  angle  P"EPf  to  find  P"P'  =  d. 
Since,  as  before, 

PR  =  x"-  x',        P"R  =  y"-  y',        P"RP'=  TT  -  <o, 
we  have  by  Trigonometry,  Art.  146. 

d2=   (x"-x')2+(y"-y')2-2(x"-x')(y"-y')cos(Tr-<i>)  ; 
(y"-  2/')2+  2(s"-  x')  (y"~  ?/')cos  o,]*,      (c) 


remembering  that  COS(TT  —  &>)  =  —  cosw.     Trig.,  Art.  43. 

Next  find  the  value  of  the  angle  P'fP'R  =  0^  the  angle  which 
the  line  P'P"  makes  with  the  axis  of  X. 

In  addition  to  the  data  already  given  we  have  the  angle 
PfP"K=co-0,  and  by  Trigonometry,  Art.  144, 

P"B_      P'R         or     y"-y'=    x"-x' 
sin0      sin(w  —  0)  amO        sin(to  —  0) 

From  this  equation  we  can  find  tan  6.    We  have 


y"—yr  ,,     ,       ., 

=  *j  —  *•  =  m,   for  brevity  ; 
"' 


sm(o>  —  0)      x"—x' 
.•.  smO  =  msin(oj  —  0)  =  msmcocos^  —  mcoswsinfl. 

Next  divide  by  cos  0  ;  then 
tan0=  msinw  — 


...tang-      msinm     .  (d) 

1  +  m  cos  o> 

which  gives  the  required  angle  6  through  its  tangent. 

For  a)  =  90°,  formula  (c)  and  (d)  reduce  to  (a)  and  (5),  as 
they  should,  since  cos  90°  =  0. 

If  one  of  the  points,  as  P',  is  at  the  origin,  then  x1  =  0,  y'  =  0, 
and  (c)  and  (d)  become 


Second  Solution  f 

lar  P"Ni  then  in  the| 


P"N  =  P" 
EN  =  P" 
P'N  = 


i!f  f.x  In 


H    "•    Hi 


snce 


Also  from  the  right 
P"N 


P'N      (x"- 
by  putting  ^ — -,  =  m| 

•f    £  o    /v,rr /^.r 


EXERCISES   ON   ART.  4. 


m 


1,  Find  d  and  6  for  the  points  (3,  4)  and  (-7,  -8).  If  (3,  4)  is 
the  point  P"(x"y")  and  (-7,  -8)  the  point  P'(aj'y'),  then  by  (a) 
and  (6), 


.-.  d  =  VlOO  +  144  =  V244  =  2  V61  ,          0  =  tan-1!  . 
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2,   Find  d  and  0  for  the  same  points  when  w  =  60°.     In  addition  to 

x"-x'=W,         y"-y'=12, 
we  have  sin  60°  =  -J-V3,   cos  60°=  -J,  and  formulae  (c)  and  (d)  become 


d  =  V102+122+2  .  10  •  12  •  £  =  2  V91,    m  =  £  ,    tan  (9  =  f  V3. 

3.    Show  that  each  of  the  following  sets  of  points  lie  on  a  straight 
line  : 

1.  (3,1),  (-2,3),  (-7,5);  2.  (-1,2),  (2,  -3),  (5,  -8); 
3.  (2,  -1),  (-1,2),  (0,1);  4.  (3,  -2),  (1,  -1),  (-3,1), 
(5,  -3);  5.  (0,-3),  (l,-2),  (2,-l),  (4,  1)  ;  6.  (aj,y), 
2/  +  ?/f),  (a  +  woj',  y  +  ny'). 


Apply  formula  (6).      For    1,    tan  0=  ^—^-  =  -^>  =  In  ^  =  _?  . 

3  +  2          2  +  7      3  +  7          5' 

therefore  lines  passing  through  any  two  of  these  points  make  the 
same  angle  with  the  axis  of  X.  If  the  axes  are  oblique,  these  ratios 
are  still  equal,  since  the  corresponding  triangles  are  similar. 

4.  Connect  the  points   (3,2),    (-2,1),   (-3,  -2),    (2,  -1)   in 
order  by  straight  lines.     Show  that  the  opposite  sides  are  parallel. 
Find  lengths  of  sides  and  diagonals.     What  angles  do  the  diagonals 
make  with  the  axis  of  X  ? 

5.  Given   the   coordinates  of  the  vertices  of   a   triangle   (2,  3), 
(4,  —5),  and  (  —  3,  —6),  to  find  the  lengths  of  the  sides  and  the 
angles  which  they  make  with  the  axis  of  X. 

Am.    Sides:     2VT7,    5V2,    VT06. 

Angles:  tan"1  (—4),    tan^f,    tan-1^. 

6.  If  the  axes  are  oblique  and  o>  =  60°,  what  are  the  sides  and 
angles  of  the  last  question  ? 

Ans.  Sides  :      V52,  V5Y,  VI51. 

Angles:  tan"1  2V3,  tan'1^,  tan"1^. 

iy  ±o 

7.  Art.  3,  Ex.  10.     What  is  the  side  of  the  square?     What  the 
sides  of  the  rectangle  ? 

Ans.  Square,  a  V2  ;  rectangle,  2asin|-o),  2acos|-w. 
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8.    Art.  3,  Ex.  11.     What  is  the  side  of  the  rhombus?     What  are 
the  sides  of  the  parallelogram? 


Ans.  Rhombus,         Vet2  + 


Parallelogram,  Vet2  -J-  &2  —  2  ab  cos  <o  and  V«2  -j-  b2  -f-  2  a&  cos  w. 

9.  What  is  the  distance  between  the  points  (a,  b)  and  (—a,  —  6) 
when  the  axes  are  oblique  ?  What  angle  does  this  distance  make 
with  the  axis  of  X? 

Ans.  d=2V(a-fr)2+4a6cos24(o,  tan0= 


a  +  6  cos  w 

10.  Express  the  condition,  that  the  distance  of  the  point  (xy)  from 
(2,  3)  is  equal  to  4.  u4?is.   (x  -  2)2+  (y  —  3)2=  16. 

11.  Express  the  condition,  that  the  point  (xy)  is  equidistant  from 
the  points  (2,  3)  and  (4,  5). 

Ans.     x-22+/-32=z-42          -52     or 


12.  Show  that  the  point  (2,  1)  is  the  centre  of  the  circle  circum- 
scribing the  triangle  whose  vertices  are  the  points  (3,  4),  (1,  —2), 
(-1,2). 

Related  Points  on  a  Given  Line. 

5.  To  find  the  coordinates  of  the  point  which  divides  in  a 
given  ratio  the  line  joining  two  given  points. 


O/       N   M          L     X 

FIG.  5. 


Let  P(x'y')   and    Q(xny")  be   the   two   given  points,  and 
R(xy)  the  point  which  divides  the  line  PQ  in  the  given  ratio 
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I  :  k.     Draw  PST  parallel  to  the  axis  of  X.     The  two  triangles 
PRS  and  PQT  are  similar,  and  therefore, 

PR  PS  RS. 

PQ  PT  QT' 

or, 

I      _  x  —  x1  _  y  —  y'  . 
l  +  k  .    x"-x'  ~  y"  -  y'  ; 

7v"  _l_  Z"y' 

.-.  (l  +  k)(x-x')=l(x"-x'),  and  o?=        +       .  (a) 

I  -j—  /t 

.-.  (I  +  k)  (y  -  y')  =  J  (2,"  -  y')  ,  and  2>  =       +'.  (6) 


The  coordinates  (#?/)  are  therefore  found  in  terms  of  the 
coordinates  of  the  two  given  points  and  the  given  ratio  for  both 
rectangular  and  oblique  axes. 

The  two  cases  of  most  frequent  use  are  when  the  distance 
between  the  two  given  points  is  bisected,  and  when  it  is  tri- 
sected. For  bisection  I  =  k,  and  (a)  and  (6)  become 


For  trisection  when  R  is  one-third  of  the  distance  from  P  to  Q, 
21  =  k,  and  (a)  and  (5)  become 


For  trisection  when  R  is  two-thirds  the  distance  from  P  to 
Z  =  2&,  and  (a)  and  (6)  become 


Thus  far  the  point  R(xy)  has  been  supposed  to  fall  between 
P  and  §,  giving  a  point  of  internal  section.  When  the  point 
R(xy)  falls  to  the  right  of  both  P  and  (?,  or  to  the  left  of  both, 
on  the  line  through  P  and  $,  we  have  a  point  of  external 
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section.  In  the  case  of  internal  section  the  directions  of  P  to 
R,  and  R  to  $,  are  the  same,  I  and  k  have  the  same  sign,  and 
their  ratio  is  plus ;  but  in  the  case  of  external  section,  these 
directions  are  opposite,  and  the  sign  of  the  ratio  I :  k  is  minus. 
If  then  we  make  either  I  or  k  minus  in  formulae  (a)  and  (5), 
they  become 

- lx"  - kx>      -  ly"  -  kv'  ( f\ 

i-k      y~  'i-k  (J) 

for  a  point  of  external  section. 

For  remembering  these  formulse,  note  that  the  coordinates 
of  either  given  point  are  multiplied  by  the  proportional  factor 
belonging  to  the  segment  whieh  ends  in  the  other. 

6.  To  find  the  points  in  which  a  line  passing  through  two 
given  points  intersects  the  coordinate  axes. 

Suppose  that  the  line  passing  through  the  two  given  points 
P(x'y')  and  Q(x"y")  intersect  the  coordinate  axes  in  the  points 
A  and  B  (Fig.  5).  These  are  points  of  external  section ;  the 
coordinates  of  A  are  (x,  0),  and  of  B  (0,  y). 

To  find  the  x  of  A,  make  y  =  0  in  (/)  ;  then 


Substitute  this  value  of  the  ratio  I  :  k  in  the  value  of  x,  and  get 


m 

y"-y' 

To  find  the  y  of  B,  make  x  =  0  in  (/)  ;  then 

lx"-kx'=0,         .-.|  =  -v 
k     x" 


Substitute  this  value  of  the  ratio  I  :  k  in  the  value  of  y,  and 
get 
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If  A  and  B  had  been  supposed  to  be  points  of  internal  section, 
the  formulae  (a)  and  (#)  would  give  the  values  of  OA  and  OB 
as  just  found. 

EXERCISES    ON    RELATED    POINTS. 

1.  Given  the  points  (3,  4)  and  (—4,  7)  ;  find  the  coordinates  of 
the  point  P(xy)  which  divides  the  line  joining  these  points  in  the 
ratio  5:6;  that  is^of  the  distance  from  (3,  4)  to  (—4,  7). 

Apply  (a)  and  (6),  Art.  5,  arranging  the  work  as  follows  : 

*V        8,4|5  ._»izI±JL>=!_A. 


To  find  the  distances  which  the  line  passing  through  (3,  4)  and 
(—4,  7)  cuts  from  the  coordinate  axes.     Apply  (a'),  (6'),  Art.  6. 

x'y'         3,4  fl  = 


x'Y   -4,  7  y  =  4(-4)-7-3  =    5f  =  OB. 

—  4  —  3 

If  the  required  point  is^-of  the  distance  from  (—4,  7)  to  (3,  4), 
or,  which  is  the  same,  •&  of  the  distance  from  (3,  4)  to  (—4,  7),  then 


,y        3,4|6 
x"y"  -4,7|5 


2,  The  vertices  of  a  triangle  are  (2,  3),  (-6,  -7),  and  (8,  -9). 

(1)  Find  the  coordinates  of  the  middle  points  of  the  sides. 

(2)  Find  the  coordinates  of  a  point  on  each  medial  line  two-thirds 
of  the  distance  from  the  vertex. 

Ans.   (1)  (-2,  -2),  (l,-8),  (5,  -3);    (2)  (f,  -J£). 

3,  If  the  line  PQ  (see  figure,  Art.  5)  passes  through  the  origin  0, 

™'     w" 
show  that  -  =  -. 

y'    y" 
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4,   Given  (x'y1),  (x"y"),  (x'"y'"),  the  coordinates  of  the  vertices  of 
a  triangle.    Show  that  the  medial  lines  meet  in  the  point 


_ 

~T~ 

5,  Given  the  vertices  (3,  6),  (  —  5,  7),  (6,  —4)  of  a  triangle.     In 
what  point  do  the  medial  lines  meet?     Apply  the  answer  of  the  last 
example.  Ans.   (f,  3). 

6,  One  end  of  a  line  is  at  the  point  (a,  b)  ,  and  the  coordinates  of 
a  point  one  mth  of  the  distance  from  (a,  b)  to  the  other  end  of  the 
line  are  (p,  q)  .    Find  the  coordinates  of  the  other  end. 

Ans.    x  —  m(p  —  a)  +  a,     y  —  m(q  —  b)-±-b. 

7,  Any  side  of  a  triangle  is  cut  in  the  ratio  m  :  n,  and  the  line  join- 
ing this  point  to  the  opposite  vertex  is  cut  in  the  ratio  I  :  m-\-n.     Find 
the  (xy)  of  this  last  point  of  section. 


Ans.   x=> 


8,   Given  x'y',  x"y",  x'"y'",  xivyiv,  the  coordinates  of  the  vertices  of 
a  quadrilateral. 

(1)  Find  the  middle  points  of  the  opposite  sides. 

(2)  Find  the  middle  points  of  the  diagonals. 

(3)  Find  the  middle  points  of  the  lines  joining  the  centres  of  the 
opposite  sides. 

(4)  Find  the  middle  of  the  line  joining  the  centres  of  the  diagonals. 

(5)  Find  (xy)  for  (x'y'),  (x"y"),  (x'"y"'),  as  in  Ex.  4;  join  this 
point  to  xiv2/iv  ;  find  coordinates  of  the  one-fourth  point  on  this  line 
nearest  to  (xy). 

(6)  The  points  found  in  (3),  (4),  and  (5)  are  the  same  : 


_ 

-  _?  y_ 


4  4 

(7)  Continue  the  method  of  (5)  to  n  points,  and  find 

%n  2/1  + 2/2  H h2/»-i  +  2/* 


n  n 

This  point  (xy)  is  the  arithmetical  mean  of  the  n  points ;  it  is  also 
the  centre  of  gravity  of  n  equal  masses  situated  at  these  points. 


AREA    OF  TRIANGLES. 
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9.  In  what  ratio  will  the  line  joining  the  origin  and  the  point  (x'y1) 
divide  the  line  joining  the  points  (x"yH)  and  (x'"y'")  ?  Suggestion  : 
Let  7c  :  I  be  the  required  ratio.  The  point  in  which  the  two  lines 
meet  is 

lx"+Jcx'"          ly"+ky'" 
l+k 


But  these  coordinates  are  proportional  to  x'  and  y'. 


Areas. 


/       V>y»'-y'x'" 


7.   To  find  the  area  of  a  triangle  in  terms  of  the  coordi- 
nates of  its  vertices. 


O 


M 


N       B 


FIG.  6. 


First,  when  the  axes  are  rectangular. 

Let  A(x'y<),  B(x"y"),   C(x'"y'")  be  the  vertices.     Then 
the  area 

ABC  =  MABN+  NBCR  -  MACE. 

But  the  area  of  the  trapezoid 

MABN  =  i  (AM  +  BN)  (  ON-  OM)  , 

Or,  =l 


.'.  NBCR  =  %  (y"  +  y'")  (x'"~  x")  ; 
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.-.  Area  ABC  =  \  [(y'  +  y")  (x"  -  x')  +  (y"+  y"')  (a?"'-  a") 

-G/'"+2/')  (*'"-»')], 
=  i  [>'(*"-*'")  +  2/"O'"-  «')  +  y'"(x'-x")]  ) 

=  ^  [y'x"-y"x'+y"x"'-y"'x"+y"'x'-y'x"'~]  )  ' 

If  the  three  points  are  on  the  same  straight  line,  the  area  of 
the  triangle  is  zero.     Therefore 

y'x"-  y"x'+  y"x'"-  y"'x"+  y'"x'-  y'x'"=  0 


is  the  condition  that  the  points  x'y',  x"y"^  x!"y'"  are  on  the 
same  straight  line. 

Second,  when  the  axes  are  oblique. 

In  this  case,  JfiVsinw  is  the  perpendicular  distance  between 
the  parallel  sides  AM  and  BN  of  the  trapezoid  MABN,  instead 
of  MN.  The  area  of  each  trapezoid  just  found  must  then  be 
multiplied  by  sin  o>  ;  therefore  the  area  of  the  triangle,  when 
the  axes  are  rectangular,  must  be  multiplied  by  sin  co  to  get  its 
area  when  the  axes  are  oblique. 

If  either  point,  as  A  (x'y'),  is  at  the  origin,  then  x?  =  0, 
y'  =  0,  and  the  area  of  the  triangle 


for  rectangular  axes,  and 
for  oblique  axes. 

8.  To  find  the  area  of  a  quadrilateral  in  terms  of  the 
coordinates  of  its  vertices. 

First,  when  the  axes  are  rectangular. 

Let  A  (x'y'),  B(x"y"),  C(x'"y"'),  i><Vyv)  be  the  co- 
ordinates  of  the  vertices,  and  let  P  (xy)  be  any  point  within 
the  quadrilateral.  Then  it  is  obvious  that 


AREAS  OF  POLYGONS. 
ABCD  =  PAB  +  PBC  +  PCD  +  PDA. 
But,  by  Art.  7, 

PAB  =  i  [>'  -  y'x  +  y'»"  -  y"a?'  +  y"«  -  ya?"] 
C  =  ±[yx"  -y"x  +  y"x'"  -y'"x"+y'"x-yx'" 
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-yivx  +y"x'  -y'x*  +y'x  -yx'] 


O 


X 


FIG.  7. 

By  adding  and  cancelling  like  plus  and  minus  terms, 
ABCD  = 


the  required  area.  The  coordinates  (xy)  disappear,  as  they 
should,  since  the  area  does  not  depend  upon  the  position  of  P. 

When  the  axes  are  oblique,  this  area  must  be  multiplied  by 
sin  a). 

If  one  of  the  points,  as  Z>(Vv?/iv),  is  at  the  origin,  then 
xiv  —  0,  ?/iv  =  0  ;  and  the  area  of  the  quadrilateral 

OABC  =  |  [y'x"-y"x'+y"x'"-  y'"x"'] 

for  rectangular  axes,  and  must  be  multiplied  by  sinca  for 
oblique  axes. 

In  the  same  way  we  can  find  the  area  of  any  polygon. 
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EXERCISES   ON    AREAS. 

1,   Find  the  area  of  the  triangle  (2,  1),  (4,  3),  (2,  5).     Apply  last 
formula  of  (a) ,  Art.  7. 
Write  the  points  and  products  in  vertical  rows  as  follows : 

Points        1  2  ^ne  first  Pr°duct  in  row  1  is  the  y  of  the 

first  point  by  the  x  of  the  second  point,  and 


x'y1 

x"y" 
x'"y" 


y'x"    —y"x 


„  „,        ,„  „       the  remaining  products  in  this  row  are  ob- 
y  x    —  y  x         ,  .      i  ,      .  .       ,,         .         •         -,      ,.,, 


y'"x'  -  y'x'" 


tained  by  increasing  the  primes  in  order  till 


x1  of  the  first  point  appears.  The  first  prod- 
uct in  row  2  is  obtained  by  interchanging  the  primes  and  sign  of 
the  first  product  in  row  1 ,  and  then  the  row  is  completed  by  advancing 
the  primes  in  order  and  making  all  the  products  in  row  2  minus.  In 
this  way  we  can  write  down  the  area  of  any  polygon.  We  have  then 
for  the  given  example  : 

Points,      l.         2.  We   get  —8   for   the   double  area 


2,1 
4,3 
2,5 


1,4-3,2 
3,2-5,4 
5,2-1,2 


4—6       of  the  triangle,  or  +8  by  interchang- 

6  —  20       ing  the  signs  of  the  rows.     But  the 

10—2       sign  is  immaterial,  as  we  only  require 


20  —  28       the  absolute  area. 

2,  Compute  the  same  example  by  the  first  formula  of  (a),  Art.  7. 

3,  Find   the   areas   of  the   triangles   whose   vertices   are    (3,  8), 
(-5,  7),  (-3,  -2),  and  (-5,  4),  (-3,  -6),  (5,  -4). 

Arts.    37  and  42. 

4,  If  in  any  triangle  the  point  of  intersection  of  the  medial  lines 
be  joined  to  the  vertices,  the  three  triangles  thus  formed  are  equal. 

5,  Find  the  area  of  the  pentagon   (3,  4),   (—4,  1),   (—3,  —3), 
(1,  -5),  (5,  -2).  An*.    50J. 

6,  Find  the  areas  of  the  quadrilaterals  : 

(2,2),  (-2,  3),  (-3,  -3),  (l,-2);    (1,  2),  (3,  4),  (5,  3),  (6,  2)  ; 
(3,  4),  (-7,  1),  (2,  -5),  (4,  0)  ;    (5,  6),  (-3,  2),  (4,-5),  (6, 1). 

Ans.    20;   JjL  •   50;   50. 
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Polar  Coordinates  of  Points. 

v     9.   Polar  coordinates  of  a  point. 


X 


FIG.  8. 

Instead  of  two  linear  coordinates  we  may  use  a  line  and  an 
angle,  that  is,  a  distance  and  a  direction,  to  determine  the 
position  of  a  point. 

If  any  point  0  be  taken  as  an  origin,  and  OX  as  the  line 
from  which  directions  are  measured,  then  the  angle  of  direction 
XOP  and  the  distance  OP,  taken  together,  determine  the  po- 
sition of  the  point  P.  The  angle  XOP  is  called  the  vectorial 
angle,  and  is  usually  denoted  by  6 ;  the  distance  OP  is  called 
the  radius  vector,  and  is  usually  denoted  by  r ;  the  polar  coordi- 
nates of  the  point  P  are  (r,  0).  The  point  0  is  called  the  pole, 
OX  the  initial  side,  and  OP  the  terminal  side  of  the  vectorial 
angle. 

When  the  radius  vector  is  laid  off  on  the  terminal  side  of  the 
vectorial  angle,  it  is  positive,  but  if  laid  off  in  the  opposite  direc- 
tion, it  is  negative  ;  that  is,  if  OP'  =  OP,  the  polar  coordinates 
of  P'  are  —  r  and  6.  But  OP'  is  the  terminal  side  of  the  angle 
7r-f-#;  therefore  r  and  7r-\-6  are  also  the  coordinates  of  P'.  The 
vectorial  angle  is  usually  counted  plus  from  OX  to  the  left,  as 
in  Trigonometry;  but  if  it  is  counted  in  the  opposite  direction, 
then  XOP'=  -0',and  OP'  is  the  terminal  side  of  the  angle; 
therefore  r  and  —  0'are  also  the  coordinates  of  P'. 
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10.  To  find  the  distance  between  two  points  given  ~by  polar 
coordinates. 


R, 


O  X 

FIG.  9. 


Let  P(r,  0)  and  #(r',0')  be  the  two  points;  then  OP=r, 
XOP=6,   OQ  =  rr,  XOQ=0',  and  the  angle 


therefore,  by  Trig.,  Art.  146, 

a-  2rr'cos(0'-0).  (a) 


1  1  .  To  find  the  area  of  a  triangle  in  terms  of  the  polar 
coordinates  of  its  vertices. 

Let  P  (V,  0),  Q  (V,  0'),  R  0*",  0")  be  the  three  vertices  ;  then 

Area  PQR  =  POQ  +  QOR  -  FOR. 
But  Area  POQ=±OP-  OQ  sinPOQ,     by  Trig.,  Art.  150, 


.-.  Area  QOR  =  irV  sin  (6"-  0')  ; 


.-.  Area  PQR  =  J  [rr'  sin  (0'  -  tf)  +  r'r"  siu(0"-  0') 

-rr"  sm(0"-0)].  (a) 

EXERCISES    IN    POLAR    COORDINATES. 

1.   If  P  is  on  the  initial  line,  what  is  the  length  of  PQ? 

Ans. 
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2.    If  P  is  on  the  initial  line,  and  Q  on  the  perpendicular  through 
the  pole,  what  is  the  length  of  PQ?  Ans. 


3.  If  Q  is  on  OX,  and  P  below  it,  what  does  the  area  of  the  tri- 
angle become ?  Ans.  £ [rr'  sin0  +  r'r"  sin0"-  rr"  sin(0"  +  0)] . 

4.  For   what  values   of   0   will   the   distance  PQ   be  least  and 
greatest  ?    What  are  the  corresponding  values  of  PQ  ? 

Ans.  0  =  0'  and  0  =  0'—  180°  ;  r  —  r'  and  r  +  r'. 

5.  Find  the  distance  between  two  points  whose  polar  coordinates 
are  (2,40°)  and  (4,100°).  Ans.  Vl2. 

6.  What   is   the   area  of   the   triangle,  the  polar   coordinates  of 

whose  vertices  are  (1,^),   (3,J\    [4,—]?  Ans.   3V3-T. 

\     6/     \     6J     \      3/  4 

7.  If  P'(rf,  0')  is  a  fixed  point,  and  the  point  P(r,  0)  must  always 
be  at  the  same  distance  a  from  P'(r',  0'),  what  equation  expresses 
the  condition  ?  ^Lns.  r2  +  r'2—2  rr'  cos  (0  —  0')  =  a2. 

This  is  the  equation  of  a  circle  having  P'(rf,  0')  for  its  centre ; 
P(r,  0),  for  any  point  on  its  circumference  ;  and  a,  equal  its  radius. 

8.  If  the  pole  is  at  the  centre,  what  does  the  equation  of  the 
circle  become  ?  Ans.  r=a. 

^9.   If  the  initial  line  passes  through  the  centre  of  the  circle,  what 
does  its  equation  become  ?  Ans.  r2  +  r'2—  2  rr'  cos0  =  a2. 

10.   If  the  pole  is  on  the  circumference,  and  the  initial  line  is  a 
secant,  what  does  the  equation  of  the  circle  become  ? 

Ans.  r  = 


11.  If  the  pole  is  on  the  circumference,  and  the  initial  line  is  a 
diameter,  what  does  the  equation  of  the  circle  become  ? 

Ans.  r  =  2a cos0. 

12.  If  the  pole  is  on  the  circumference,  and  the  initial  line  is  a 
tangent,  what  does  the  equation  of  the  circle  become  ? 

Ans.  r=2a  sin0. 
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Kelation  between  Rectilinear  and  Polar  Coordinates. 

12.    To  find  the  relations  between  the   (xy)    and  (r,  6)  co- 
ordinates of  the  same  point. 


O 


N          X 

FIG.  10. 


First,  when  the  axes  are  rectangular. 

Let  P  (##),  (r,  6)  be  the  point;  let  the  pole  be  at  the  origin 
0 ;  and  let  the  axis  of  x  be  the  initial  line.     Then 


and,  by  Trig.,  Art.  12, 


(a) 


which  give  x  and  y  in  terms  of  r  and  6. 
Next  find  r  and  0  in  terms  of  x  and  y. 
Squaring  equations  (V),  and  adding,  we  get 

x2  +  y2  =  r2  (sin2<9  +  cos2  (9)  =  r2. 


By  dividing  equations  (a)  we  get 
=    ,  or  0  =  tan-J 


Second,  wAew  fAe  axes  are  oblique. 

In  this  case,  XOY=co,  and  OPN=a>-0. 
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In  the  oblique  triangle  OPN  we  have,  by  Trig.,  Art.  144, 
x  v  r 


sin(w  —  0)      sin0      sinw 

...  a.  =  *'Bm(o»-0)> 
sinu> 

Next  find  r  and  0  in  terms  of  x  and  y. 

By  (V),  Art.  4,  OP=  r  =  («2  +  ?/2  +  2xycoso>)i  (e) 

By  division,  equations  (d)  give 

=i=m. 


sin  (w  —  #)      a? 

By  (<*'),  Art.  4,  tan*  =     OTsinm    =     ^sinM     ,  (/) 

1  +  m  cos  w     a;  +  y  cos  w 

and  r  and  6  are  found  in  terms  of  x,  y,  and  &>. 

EXERCISES    ON    RECTILINEAR    AND    POLAR    COORDINATES. 
1.   What  are  the  rectangular  coordinates   corresponding   to   the 


polar  coordinates  (%  -\    ^3,  -Y  and  (-5,  -\ 


2.   What  are  the  polar  coordinates  of  the  points  (3,  5),  (—2,  7), 
(6,  -2)  when  w=600?     When  w  =  90? 

Ana.  (l,  tan-1^?),    (\/39,  tan'^X    ^V28,  tan'1!".  -^1)  ; 


3.  If  the  pole  is  at  the  origin  0,  and  the  axis  of  X  makes  an 
angle  a  with  the  initial  line,  find  the  rectangular  coordinates  of  a 
point  P  whose  polar  coordinates  (r,  0)  are  given. 

Ans.  x  =  rcos  (0  —  a),  y  =  rsin  (0  —  a). 
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\ 
If  the  axes  are  oblique, 

r  sin  (w  -f-  a  —  6)  _r  sin  (0  —  a) 

x  =  -  ;  -  ,         y  —  -  ;  -  . 
smw  sinw 

4.  If  the  rectangular  coordinates  of  tfee  pole  are  (a,  b)  ,  and  the 
initial  line  is  parallel  to  the  axis  of  X,  find  (xy)  in  terms  of  (r,  6)  , 
and  (r,  0)  in  terms  of  (xy)  . 

Ans.  x  =  a-\-r  cos  0,  y  =  b  +  r  sin  0, 


T  =        z-a+2/-,  =  tan-- 

5.  Equations  (a),  Arts.  4  and  10,  give 

(a;  -  x'Y  +  (y  -  2/')2  =  r2  +  r'2  -  2  rr'  cos  (0'-  0  )  . 
.-.  cos(0'-0)  =  cos0'cos0  +  sin0'sin0.     Art.  12. 
Arts.  11  and  7  give,  as  double  areas  of  the  triangle  OPQ, 

rr'  sin  (0f—  0)  =  y'x  —  x'y. 
.-.  sin  (0f  —  0)  =  sin  0'  cos  0  —  cos  0'  sin  0. 

6.  Change  to  polar  coordinates  the  following  equations  in  rectangu- 
lar coordinates  : 

x2-\-y*=5mx.  Ans.    r  =  5mcos0. 

x2-y2=  a2.  Ans.    ^00820  =  a2. 

7.  Change  to  rectangular  coordinates  the  following  equations  in 
polar  coordinates  : 

r2  sin  2  0  =  2  a2.          .4ns.    xy  =  a?. 

.4ns.    (ar2+2/2)2=  ^(x2-^2). 
=  (2  a  —  a)2. 


13.    Rectangular  projections. 
In  the  right  triangle  OPN,  Art.  12, 
a;  =  r  cos  0,  y 


x  and  ?/  are  the  rectangular  projections  of  r  upon  the  axes  ;  and, 
in  general,  when  0  is  the  angle  which  any  straight  line  r  makes 
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with  any  assumed  axis,  then  r  cos  6  is  the  projection  of  r  upon 
this  axis ;  and  rsin#  is  the  projection  of  r  upon  an  axis  perpen- 
dicular to  the  assumed  one.  As  r  is  taken  plus,  the  signs  of 
these  projections  will  depend  upon  the  factors  cos#  and  sin#. 
But  we  know  from  Trigonometry  that  when  0,  counted  in  either 
direction,  terminates  in  the  first  or  fourth  quadrants,  cos  6  is 
plus,  and  minus  when  0  terminates  in  the  second  or  third 
quadrants ;  while  sin  6  is  plus  in  the  first  and  second  quadrants, 
and  minus  in  the  third  and  fourth. 

1 4.  In  any  triangle  the  sum  of  the  projections  of  any  two 
of  the  sides  upon  the  third  side  as  an  axis  equals  this  side. 

Let  #,  5,  c  be  the  sides,  and  A,  B,  0  the  opposite  angles,  then 
by  Trig.,  Art.  155,  Ex.  2, 

a  =  b  cos  C+  c  cos-B, 
b  =  c  cos  A  -\-  a  cos  (7, 
c  =  a  cos  B-\-b  cos  A, 

as  was  to  be  proved.  A  simple  construction  will  also  show  the 
truth  of  this  proposition. 

15.  The  projection  of  either  side  of  a  triangle  upon  any 
assumed  axis  equals  the  sum  of  the  projections  of  the  other 
two  sides  upon  the  same  axis. 

Let  0  be  the  acute  angle  which  any  side,  as  «,  makes  with 
the  assumed  axis.     From  Art.  14, 

a  cos  0  =     b  cos  C  cos  0  +  c  cos  B  cos  0. 
But  0  =  ±  6  sin  (7  sin0  ^  csin.Bsin0; 

adding  acos0=      &cos(<7:£0)  +  ccos(B±  6), 

as  was  to  be  proved,  since  O^f  6  and  B±0  are  the  angles 
which  the  sides  b  and  c  make  with  the  assumed  axis. 

These  propositions  may  readily  be  extended  to  any  polygon. 


28  PLANE  ANALYTIC   GEOMETRY. 


CHAPTER  II. 

LOOIi   TKANSFOKMATION  OF  OOOEDINATES, 

1 6.    Loci. 

A  locus  is  the  path  of  a  moving  point.  If  the  point  always 
moves  in  the  same  plane,  in  obedience  to  some  constant  law,  it 
will  describe  either  a  straight  line  or  some  plane  curve,  the 
character  of  which  will  be  determined  by  the  law  which  governs 
the  motion.  It  is  obvious  that  the  locus  will  be  a  straight  line 
if  the  point  must  always  move  in  the  same  direction ;  it  will  be 
a  circle  if  the  point  during  all  its  motion  must  remain  at  a  con- 
stant distance  from  a  fixed  point.  In  these  cases  the  point  in 
all  its  different  positions  is  subject  to  the  same  condition ;  that 
is,  the  relation  between  its  coordinates  in  any  one  position  will 
be  the  same  for  all  positions.  If,  then,  we  can  algebraically 
express  the  relation  which  the  coordinates  of  the  moving  point 
bear  to  each  other  in  any  one  of  its  positions,  the  equation  thus 
obtained  will  be  the  equation  of  the  locus.  This  equation  will 
be  true  for  all  the  points  in  the  path  or  locus,  but  for  no  others. 
As  we  have  already  seen,  if  the  point  is  subject  at  the  same 
time  to  two  conditions,  it  is  fixed  in  position  and  becomes  an 
isolated  point. 

Let  us  now  consider  a  few  very  simple  cases.  Suppose  the 
point  must  so  move  that  its  ordinate  y  is  always  zero ;  this  con- 
dition is  expressed  by  the  equation  y  —  0,  and  the  locus  is  ob- 
viously the  axis  of  X.  If  its  abscissa  is  always  zero,  then  x  =  0 
expresses  the  condition,  and  the  locus  is  the  axis  of  Y.  Again, 
if  the  point  so  moves  that  its  ordinate  must  always  equal  a 
constant  quantity  5,  then  y  =  b  is  the  equation  of  the  locus, 
which  is  a  straight  line  parallel  to  the  axis  of  X.  Also,  x  =  a 
expresses  the  condition  that  the  moving  point  has  a  constant 
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abscissa ;  the  locus  is  a  straight  line  parallel  to  the  axis  of  Y. 
Take  another  simple  case.  Suppose  the  condition  is  that  the 
ordinate  y  of  the  moving  point  must  always  equal  its  abscissa, 
then  y  =  x  is  the  algebraic  expression  of  this  condition,  and  is 
called  the  equation  of  the  locus. 

Next,  let  us  see  what  kind  of  a  locus  this  equation  represents. 
First,  we  see  that  when  x  =  0  we  also  have  y  =  0 ;  but  the  point 


M 


JT        N '         x 

FIG.  11. 

(0,  0)  which  satisfies  the  equation  of  the  locus,  is  the  origin  0 ; 
therefore  the  locus  passes  through  the  origin.  Next,  give  x  any 
special  values  x'  and  x",  and  let  y'  and  y"  be  the  corresponding 
values  of  y\  then  plot  the  two  points  P'(x'y!)  and  P"(x"y"), 
and  draw  the  straight  lines  OP1  and  OP".  Since,  by  the  given 

condition, 

P'N'  =  P"N" 

ON1       ON" ' 

it  follows  that  the  triangles  OP'N'  and  OP"N"  are  similar, 
and  that  the  angle  P' ON'  =  P"ON";  therefore  the  point  P' 
falls  on  the  straight  line  OP",  as  would  any  other  point  whose 
abscissa  equals  its  ordinate.  We  find,  then,  that  the  locus  of 
y  =  x  is  a  straight  line  passing  through  the  origin,  and  bisecting 
the  angle  XOY  both  for  rectangular  and  oblique  axes. 

Again,  suppose  a  point  to  move  so  that  its  ordinate  y  is  in 
a  constant  ratio  to  its  abscissa  x.     If  we  denote  this  constant 

ratio  by  m,  then,  by  the  given  condition,  -  —  m,  or  y  =  mx, 
is  the  equation  of  the  locus. 
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Let  us  find  the  position  and  form  of  this  locus  when  the  axes 
are  rectangular. 

If  in  the  equation  of  the  locus  we  make  x  =  0,  we  also  have 
y  =  0  ;  therefore  y  =  mx\§  satisfied  by  the  coordinates  (0,  0)  of 
the  origin,  and  the  locus  passes  through  this  point.  Next,  let 
P(xy)  be  any  other  point  on  the  locus  ;  then,  since 


=m,  a  constant, 


N 


FIG.  12. 


it  follows  that  P  must  move  in  a  constant  direction,  and  there- 
fore the  locus  represented  by  the  equation  y  =  mx  is  a  straight 
line  passing  through  the  origin. 

For  another  simple  case,  suppose  that  the  point  P  in  the 
above  figure  must  during  all  its  motion  remain  at  a  constant 
distance  from  the  origin  0.  Let  this  constant  OP  =  r  ;  then 
x2  -f  y2  =  r2  expresses  the  relation  which  the  coordinates  xy  must 
always  bear  to  each  other,  and  is  the  equation  of  the  locus, 
which  is  a  circle.  The  position  of  this  circle  is  determined  by 
the  coordinates  of  its  centre  (0,  0),  and  its  magnitude  by  the 
length  of  its  radius. 

If  the  moving  point  xy  must  always  remain  at  a  constant  dis- 
tance r  from  a  fixed  point  (c?,  e),  then  the  condition  is  expressed 
(Art.  4)  by  the  equation 


the  locus  is  a  circle  fixed  both  in  position  and  size. 
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It  appears,  then,  that  a  single  equation  between  the  coordinates 
xy  of  a  moving  point  denotes  the  geometrical  locus,  or  the  path  of 
this  moving  point.  Such  an.  equation  will  be  satisfied  by  an 
infinite  number  of  sets  of  values  of  x  and  y,  each  set  correspond- 
ing to  a  point  on  the  locus ;  but  a  set  corresponding  to  a  point 
not  on  the  locus  will  not  satisfy  the  equation  of  the  locus.  If, 
then,  we  give  x  any  special  value,  say  a,  and  substitute  this 
value  in  the  equation  of  the  locus,  the  resulting  equation  will 
contain  but  one  unknown  quantity,  y.  If  this  resulting  equa- 
tion be  of  the  first  degree,  it  will  give  a  single  value  of  y  =  b, 
say,  corresponding  to  the  value  of  x  =  a.  This  set  (a,  b)  will 
determine  one  point  on  the  locus.  In  the  same  way  other  points 
can  be  found.  If  the  equation  of  the  locus  is  of  the  second 
degree,  substituting  a  for  x  in  its  equation  will  give  an  equation 
in  y  of  the  second  degree ;  and  by  the  solution  of  this  equation 
we  shall  get  two  values  of  y,  each  corresponding  to  the  value  of 
x  =  a.  Suppose  these  values  of  y  are  b  and  c ;  then  (#,  5)  and 
(a,  c)  are  two  points  on  the  locus.  In  this  way  we  can  find  as 
many  points  as  we  wish,  and  by  plotting  them  we  can  get  an 
idea  of  the  geometrical  position  and  shape  of  the  locus. 

/ 
Classification  of  Loci. 

Loci  are  classified  according  to  the  degree  of  the  equation 
which  represents  them.  An  equation  is  of  the  first  degree 
when  the  highest  exponent  of  either, variable  is  unity,  such  as 

ax  +  by  -f-  c  =  0. 

As  we  shall  see  hereafter,  an  equation  of  the  first  degree  always 
has  a  straight  line  for  its  locus.  An  equation  is  of  the  second 
degree,  when,  after  freeing  it  from  all  negative  and  fractional 
powers  of  x  and  y,  the  sum  of  the  exponents  of  x  and  y  in  any 
term  does  not  exceed  two  ;  such  as 

c  =  0. 
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If  any  two  of  the  terms  containing  x2,  xy,  y*  were  missing, 
the  equation  would  still  be  of  the  second  degree.  In  the  same 
way  any  equation,  after  being  freed  from  negative  and  fractional 
powers  of  x  and  y,  will  be  of  the  nth  degree,  when  n  is  the 
highest  sum  of  the  exponents  of  x  and  y  in  any  term. 

EXAMPLES   OF   LOCI. 

17.  Rectangular  coordinates  are  understood  unless  the  con- 
trary is  stated. 

1.  A  point  xy  so  moves  that  its  ordinate  y  always  exceeds  by  a 
constant,  6,  a  constant,  m,  times  its  abscissa  x.     Find  the  equation 
of  the  locus.  Ans.  y  =  mx  +  6. 

2.  A  point  xy  so  moves  that  the  square  of  its  ordinate  y  is  always 
equal  to  a  constant,  w,  times  its  abscissa.     Find  the  equation  of  its 
path.  Ans.  y2  =  nx. 

3.  A  point  xy  so  moves  that  its  direction  from  the  point  (a,  6) 
always  makes  a  constant  angle  0  with   the  axis  of  X.     Find  the 
equation  of  the  locus.  Ans.  y  —  b  =  (x  —  a)tan#. 

4.  A  point  xy  so  moves  that  its  distances  from  the  points  (—  3,  2) 
and  (5,  —  1)  are  always  equal.     Find  its  equation. 

Ans.   (a+3)2+(2/-2)2=(a-5)2+(2/+l)2,  or  16#-62/-13  =  0. 

5.  A  point  xy  so  moves  that  the  sum  of  the  squares  of  it&  dis- 
tances  from  the  two  fixed  points  (a,  0)  and  (—a,  0)  is  a  constant 
2  c2.     Find  its  equation.  Ans.     x*  +  y2  =  c2  —  a2. 

6.  A  point  xy  so  moves  that  the  difference  of  the  squares  of  its 
distances  from  the  two  fixed  points  (a,  0)  and  (—a,  0)  is  a  constant 
c2.     Find  the  equation  of  its  locus.  Ans.    4  ax  =  ±  c2. 

7.  A  point  xy  so  moves  that  its  distance  from  the  origin  is  always 
equal  to  its  distance  from  the  axis  of   Y,  axes  oblique.     Find  the 
equation  of  the  locus.  Ans.   a;2 cos2 to  +  y2  +  2o^cosa>  =  0. 

8.  A  point  xy  so  moves  that  its  distance  from  the  axis  of  X  is  half 
its  distance  from  the  origin.     Find  the  equation  of  its  locus. 

Ans.   3y2-x2=0. 
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9,  A  point  xy  so  moves  that  its  distance  from  the  axis  of  X  is 
always  equal  to  its  distance  from  the  point  (1,1).  Find  the  equation 
of  its  locus.  Ans.  x2  —  2x-  2  +  2  =  0. 


10,  A  point  xy  so  moves  that  its  distance  from  a  fixed  point 
(a,  0)  divided  by  its  distance  from  the  axis  of  Y  is  always  equal  to  a 
constant  e.  Find  the  equation  of  its  locus. 

Ans. 


Construction  of  Loci. 

18.  To  construct  the  locus  corresponding  to  a  given  equa- 
tion when  the  axes  are  rectangular. 

It  is  always  best  to  begin  by  finding  the  points  in  which  the 
locus  cuts  the  coordinate  axes.  This  will  give  us  some  idea  of 
its  position. 

For  all  points  on  the  axis  of  X  the  ordinates  are  zero;  that  is, 
«/  =  0.  If,  then,  in  the  equation  of  the  locus  we  make  ?/  =  0,  the 
resulting  equation  in  x  will  give  the  abscissae  of  all  points 
whose  ordinates  are  zero ;  that  is,  of  all  points  in  which  the 
locus  cuts  the  axis  of  X.  In  the  same  way,  if  we  make  x=Q  in 
the  equation  of  the  locus,  the  resulting  equation  in  y  will  give 
the  ordinates  of  all  the  points  in  which  the  locus  cuts  the  axis 
of  Y.  If  the  values  of  x  thus  found  for  y  =  0,  or  the  values  of 
y  for  x=0  are  real,  then  the  locus  cuts  the  axes  in  real  or  actual 
points ;  but  if  these  values  are  imaginary,  then  the  locus  cuts  the 
axes  in  imaginary  points ;  that  is,  does  not  cut  them  at  all.  It 
is  convenient,  however,  to  say  that  a  locus  always  cuts  the 
axes,  which  we  can  do  by  introducing  the  idea  of  imaginary 
points. 

The  student  will  notice  that  here,  as  in  other  algebraic  prob- 
lems, impossible  conditions  are  indicated  by  imaginary  roots. 

Again,  suppose  we  wish  to  find  the  coordinates  of  other 
points  through  which  the  locus  passes  besides  those  on  the 
coordinate  axes.  The  problem  may  be  stated  in  this  way : 
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Does  the  locus  pass  through  a  point  whose  abscissa  is  any 
given  quantity  a,  that  is,  through  points  for  which  x—a? 

Make  x=  a  in  the  equation  of  the  locus,  and  the  resulting 
equation  in  y  will  give  the  ordinates  of  all  the  points  on  the 
locus  having  the  abscissa  a. 

If  these  values  of  y  are  all  real,  then  the  points  are  all  on  the 
locus,  or  the  locus  passes  through  them  all ;  but  if  the  values  of 
y  are  all  imaginary,  or  some  real  and  some  imaginary,  then  the 
points  having  the  given  abscissa  a  are  none  of  them,  or  only 
some  of  them,  on  the  locus. 

We  see,  then,  that  by  giving  to  x  a  series  of  values,  and  com- 
puting the  corresponding  values  of  ?/,  we  can,  by  plotting  the 
series  of  points  thus  obtained  and  drawing  a  line  through  them, 
get  an  approximation  to  the  locus,  which  will  be  more  or  less 
exact,  according  to  the  less  or  greater  distance  apart  of  the 
computed  points. 

If,  however,  the  equation  happens  to  have  a  straight  line  or 
a  circle  for  its  locus,  lines  whose  properties  we  already  know, 
then  the  computation  and  the  plotting  of  a  few  points  will 
usually  determine  completety  the  position  and  magnitude  of 
the  locus. 

In  the  following  exercises  the  axes  are  rectangular. 

EXERCISES    IN    THE   CONSTRUCTION    OF    LOCI. 

1,   Construct  the  locus  of  the  equation  y  =  2x  +  4. 

First  find  where  the  locus  cuts  the  axes. 

For  y  —  0,  x  =  —  2  ;  therefore  the  locus  cuts  the  axis  of  X  in  the 
point  (-2,0). 

For  a;  =  0,  2/  =  4;  therefore  the  locus  cuts  the  axis  of  Fin  the 
point  (0,  4). 

Next  plot  the  point  (—  2,  0)  by  laying  off  two  units  to  the  left  on 
the  axis  of  X,  and  find  the  point  A ;  then  plot  the  point  (0,  4)  by 
laying  off  four  units  on  the  positive  direction  of  the  axis  of  Y. 
Through  the  points  A,  B  so  determined  draw  the  straight  line  ABO; 
it  now  remains  to  show  that  this  is  the  locus  of  the  given  equation. 
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Give  x  any  series  of  small  values,  —  2,  —  1,  0,  1,  2 ;  the  corre- 
sponding values  of  y  are  0,  2,  4,  6,  8 ;  plot  the  points  (—2,  0), 
(— 1,  2),  (0,  4),  (1,  6),  (2,  8)  ;  they  all  fall  on  the  straight  line 
ABC.  This  line  must  therefore  be  the  required  locus,  since  any 
other  points  obtained  in  the  same  way  will  also  fall  on  the  same  line. 


O 

FIG.  13. 


So  far,  then,  as  construction  shows,  the  required  locus  is  a  straight 
line  ;  but  the  definite  proof  that  the  locus  of  any  equation  of  the  first 
degree  containing  x  and  y,  as  ax  +  by  •+•  c  =  0  is  a  straight  line,  must 
be  reserved  for  a  future  chapter. 


2.  Given  the^  equations 
(1)  2/  +  2a  =  4 
(2) 


(3)  $3-10= 


(4)  x  —  2y  —  5  =  0; 


(6)   2y  — 


to  construct  their  loci. 

Find  the  points  in  which  each  locus  cuts  the  axes ;  through  these 
points  draw  a  straight  line,  and  then  show  that  any  other  point  com- 
puted from  the  equation  will  fall  on  this  line. 
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3,   Given  the  equation    x2+y2=  25,    to  construct  its  locus. 

(1)  For          2/=0,   x=  ±5=  OA  or    -OA'. 
For  a?  =  0,   y=  ±5=  OB  or    —  0-B'. 

The  locus  cuts  the  axes  in  four  equidistant  points  from  the  origin. 

(2)  Does    the    locus   pass   through   any   points   for    x  >  ±  5    or 


From  the  given  equation  we  get 

=P-  (i) 


(2) 


Any  values  of  x  greater  than  ±  5  substituted  in  (2)  will  make  y 
imaginary ;  therefore  all  points  on  the  locus  must  fall  within  the 
parallels  NN'  and  MM' ;  any  value  of  y  greater  than  ±  5  substituted 
in  (1)  will  make  x  imaginary ;  therefore  all  points  on  the  locus  will 
fall  within  the  parallels  NM  and  N*M'. 

It  only  remains,  then,  to  examine  the  locus  for  points  within  the 
above  limits. 

For  a?  =  3  in  (2),  ?/=  ±  4,  giving  two  points  p  and  p1  equidistant 
from  the  axis  of  X.  In  the  same  way  we  shall  get  two  equal  values 
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of  y  with  opposite  signs  for  any  value  of  x  falling  within  the  limits 


The  locus  is  therefore  symmetrical  with  respect  to  the  axis  of  X  ; 
that  is,  if  the  locus  is  folded  along  the  axis  of  X,  its  upper  half  will 
fall  upon  and  coincide  with  the  lower  half,  since  each  point  on  the 
upper  has  its  corresponding  point  on  the  lower. 

In  the  same  way  it  can  be  shown  that  the  locus  is  symmetrical  with 
respect  to  the  axis  of  Y.  Again  the  point  p  (3,  4)  has  a  correspond- 
ing point  p"(  —  3,  —  4)  in  the  third  quadrant,  by  Art.  3,  Ex.  12  ;  but 
(  —  3,  —4)  also  satisfies  the  given  equation.  It  appears,  then,  that 
any  point  on  the  locus  in  the  first  quadrant  has  a  corresponding  point 
in  the  third  quadrant.  But  by  (a'),  Art.  4, 


the  same  as  the  distances  cut  off  the  axes. 

As  the  same  can  be  proved  true  of  any  two  corresponding  points  on 
the  locus,  all  its  points  must  be  equidistant  from  0 ;  therefore  the 
locus  is  a  circle  whose  centre  is  at  the  origin,  and  radius  =  5. 

4,   Construct  the  locus  of 

^    _|_  y2   _    ^y.   _8y    _|_    32    =    0. 

For?/  =  0,  or2—  lOaj-f  32  =  0.  (1) 

Fora;=0,  f-   8?/  +  32  =  0.  (2) 

But  we  find  that  the  roots  of  (1)  and  (2)  are  imaginary;  there- 
fore the  locus  does  not  cut  the  axes. 

Next,  let  us  find  between  what  limits  values  of  x  must  lie  which 
correspond  to  real  values  of  y,  and  thus  to  points  on  the  curve. 

Solving  the  equation  of  the  locus  for  ?/,  we  get 


y  =  4  ±  VlOx  -  16  —  a?  =  4  ±     (x  -  2)  (8  -  x). 

This  shows  that  values  of  x  less  than  2  or  greater  than  8  will  give 
imaginary  values  of  y. 

Next,  make  ce=2,  3,  4,  5,  6,  7,  8^  and  find  the  corresponding 
values  of  y,  denoting  those  which  belong  to  each  value  of  x  by  y'  and 

yll     y'l 

y1'.     Also  find  y  =  y  "^    for  each  value  of  aj,  which  by  (c) ,  Art.  5, 
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will  be  the  y  of  the  point  midway  between  y'  and  y".     We  have  then 
the  following  table  of  values  : 


X 

2 

3 

4 

5 

6 

7 

8 

y' 

4 

4 

+  V5 

4 

+  V8 

4  + 

V9 

4  + 

V8 

4  +  V5 

4 

y" 

4 

4 

-V5 

4 

-V8 

4- 

V9 

4- 

V8 

4-  V5 

4 

y 

4 

4 

4 

4 

4 

4 

4 

Now  plot  the  lines  AB  and  OZ>  for  x  =  2  and  a;  =  8,  parallels  to  the 
axis  of  F,  between  which  the  locus  must  line.  Next  plot  the  line 
y  =  4,  and  divide  the  part  MN  which  falls  between  the  limiting 


0 


M 


B 


QL-t 


p 


a    x 


FIG.  15. 


parallels  AB  and  <7Z)  into  6  equal  parts,  and  at  the  points  of  division 
3,  4,  5,  6,  7  lay  off  above  and  below  the  line  MN  the  equal  radical 
parts  of  the  values  of  y'  and  y"  which  belong  with  each  value  of  x. 
It  appears  then  that  the  locus  is  symmetrical  with  reference  to  the 
line  MN;  that  MN=  rr'=  6  ;  and  it  is  easily  shown  that  all  the 
points  found  on  the  locus  are  equidistant  from  the  point  (5,  4). 

The  locus  is  therefore  a  circle  with  its  centre  at  the  point  (5,  4), 
and  radius  =  3. 

5.   Construct  the  locus  of  the  equation  y2  =  8  x. 
For  x  =  0,  y  =  0  ;  therefore  the  locus  passes  through  the  origin. 
Since  y  =  ±  V8  a?,  we  see  that  all  negative  values  of  x  will  make  y 
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imaginary ;  therefore  no  part  of  the  locus  lies  to  the  left  of  the  axis 
of  Y.  Each  positive  value  of  x  will  give  two  equal  values  of  y  with 
opposite  signs ;  therefore  the  locus  is  symmetrical  with  reference  to 
the  axis  of  X.  As  there  is  no  limit  to  the  positive  values  of  a?,  there 
are  no  limits  to  the  corresponding  positive  and  negative  values  of  y ; 
both  halves  of  the  locus  therefore  extend  indefinitely  in  the  positive 
direction.  It  will  be  easy  now  to  compute  and  plot  a  sufficient  num- 
ber of  points  to  give  an  idea  of  the  shape  of  the  locus.  We  shall 
hereafter  see  that  this  locus  is  a  parabola. 

6.  Construct  the  locus  of  the  equation  y  =  x2  —  3x  —  2.      For 
#  =  0,  y  =  —  2  ;  for  ?/  =  0,  x2  —  3x  —  2  =  0.     Solving,  we  get 

x  _  3+VT7      and     x  =  3-VT7 

Q  rt 

We  see,  then,  that  the  locus  cuts  the  axis  of  Fbut  once,  in  the  point 

(0,  —  2),  and  the  axis  of  X  twice,  in  the  points  f — — ,  0  ),  and 

f    ~" — ,  0  J.     Between  these  points  the  locus  lies  below  the  axis 

of  X ;  but  for  all  values  of  x  outside  of  these  points  the  values  of  y 
are  positive,  and  the  locus  extends  indefinitely  in  the  first  and  second 
quadrants.  Compute  and  plot  the  following  points  : 

»=-!,  -i,     0,        |,        1,        |,         2,         |,        3,       |      4,... 

1  1  Q  17  1Q  1 

II—    9  —9  °  A.  L'  A  LO  9  9 

y—  *">      T?  —• *i  — -ri  ••-*>  — T-»  —  4,  — — ,  —--6,  — -,  i,  ••• 

44444 
They  will  sufficiently  indicate  the  form  of  the  locus. 

7.  Construct  the  loci  of  the  following  six  equations  : 

1.  a^  +  2/2  —  4ic  —  8y+  15  =  0.         4.    3y  =  x*  +  x  +  6. 

2.  4ar2  +  9/  =  36.  5.    2/2=8oj  +  4. 

3.  x2-  16v2  =  4.  6.    v2  = 


8.  Construct  the  locus  whose  equation  is  y  =  siux.  In  this  case 
values  of  the  arc  x  are  taken  as  abscissae.  For  x  =  0,  y  =  0  ;  for 
x  =  TT,  y  =  0  ;  for  all  values  of  x  between  these  limits  y  is  positive, 
and  the  curve  lies  above  the  axis  of  X. 

On  the  axis  of  X  lay  off  X  =  TT  =  3.1,  and  call  the  unit  one  inch. 
It  will  be  sufficient  to  divide  TT  into  twelve  equal  parts,  and  then 
compute  and  plot  the  corresponding  values  of  y.  For 
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7T      7T      7T      7T      5  7T      7T      7  7T     2  7T     3  7T    5  7T    1  1  7T 

:    12'      6'       4'       3'       12'      2'        12'     T     T'    ~6~'    12"' 
2/=.26,    .50,    .71,    .87,    .97,    1.00,    .97,    .87,    .71,  .50,    .26,     0. 

A  table  of  natural  sines,  cosines,  and  tangents,  is  most  convenient 
for  computing  these  values  of  y.  If  this  curve  is  continued  between 
X—TT  and  a;=27r,  all  the  values  of  y  are  negative,  but  have  the 
same  numerical  values  as  those  already  computed.  The  second  half 
of  the  curve  is  identical  with  the  first  half,  and  the  like  parts  will 
repeat  indefinitely. 


9.  Construct  the  loci  of  2/  =  cos#,  2/  =  tano;,  2/  =  cot#,  y  = 
y  ==  cosec  »,  and  y  =  versin  x. 

Use  the  values  of  x  given  in  Ex.  8.  It  is  an  interesting  way  of 
comparing  these  trigonometric  curves  to  plot  them  in  one  figure  on 
the  same  axes. 

10.  Construct  the  locus  whose  polar  equation  is  r=  asin0. 

It  is  always  best  at  first  to  get  an  approximate  idea  of  the  locus 
by  examining  it  for  a  few  special  values  of  0.  Take  0  as  the  pole, 
and  any  line  OX  as  the  initial  direction,  and  measure  the  angle  from 
this  line  to  the  left,  as  in  Trigonometry.  For 

6  =  0°,     45°,     90°,     135°,     180°,       225°,      270°,     315°,     360°. 

r=0,       «         a,        -5U       o,       --  «        -a,    -  *         0. 

V2  V2  V2       .  V2 

Through  0  draw  lines  making  the  given  angles  with  OX,  and  on 
these  lines  lay  off  the  corresponding  values  of  r,  making  a  any  con- 
venient unit.  This  examination  shows  that  the  locus  passes  through 
the  pole,  and  consists  of  two  loops,  each  symmetrical  about  the  90° 
line,  one  above  and  the  other  below  the  initial  line.  Next  compute 
points  for  as  many  values  of  6  between  those  already  given  as  are 
needed  to  lay  down  the  locus  with  any  desired  accuracy. 

11.  Construct  the  loci  whose  polar  equations  are 
r=2acos0,     r  =  atan0,     r  =  a  (1  +cos0),     r  = 
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1  9.  The  intersections  of  loci. 

If  the  two  loci  are  expressed  by  equations  of  the  first  de- 
as  +c=0,     C1)  arx+&'2/  +  cf=0,      (2) 


they  can  meet  in  only  one  point,  since  there  is  only  one  pair  of 
roots  or  values  of  x  and  y  which  will  satisfy  (1)  and  (2)  simul- 
taneously, which  is  the  condition  that  the  point  so  determined 
must  lie  on  both  loci  at  the  same  time.  Therefore  loci  of  the 
first  degree  have  only  one  point  of  intersection. 
Solving  (1)  and  (2),  we  get 

_  be'—  b'c  _  a'c  —  ac' 

~ab'-a'b'      V~  ab'-a'b' 

Since  the  elimination  of  x  and  y  between  two  equations,  one 
of  the  first  and  the  other  of  the  second  degree,  can  give  only 
two  pairs  of  roots  or  values  of  x  and  y,  it  follows  that  their  loci 
can  only  intersect  in  these  two  points. 

And  in  general  two  loci  will  intersect  in  as  many  points,  and 
no  more,  as  there  are  pairs  of  roots  found  by  the  simultaneous 
solution  of  their  equations,  and  these  roots  in  pairs  are  the 
coordinates  of  the  points  of  intersection. 

But  we  know  from  Algebra  that  the  roots  of  simultaneous 
equations  fall  in  one  of  the  following  cases  : 

First,  the  roots  may  be  real  and  unequal. 

Second,  the  roots  may  be  real  and  equal. 

Third,  the  roots  may  be  imaginary. 

In  the  first  case  the  corresponding  loci  intersect  in  different 
real  points  ;  in  the  second  case  in  coincident  real  points,  which 
is  the  condition  that  the  loci  are  tangent  to  each  other  at  this 
point;  and  in  the  third  case  in  imaginary  points  ;  or,  in  other 
words,  the  loci  do  not  intersect  at  all. 

20,  Suppose  that  the  elimination  of  y  between  the  equations 
of  the  two  loci  gives  the  quadratic  equation 


=  0,     or     ar2  +  -z  +     =0.  (1) 
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Denote  the  two  roots  of  this  equation  by  x'  and  x" ;  then 

2c 


(2) 


2a  —  6  +  V62  —  4  ac 

I.   When  these  roots  are  real  and  unequal,  62  >  4ac. 
II.   When  these  roots  are  real  and  equal,      62  =  4  ac. 

III.  When  these  roots  are  imaginary,  62<4ac. 

IV.  By  adding  (2)  and  (3)  we  get        x'  +  x"  =  -  -. 


V.   By  multiplying  (2)  and  (3)  we  get      x'x"  =  - 

d 

We  see  then  that  the  sum  of  the  roots  of  a  quadratic  is  the 
negative  of  the  coefficient  of  the  first  power  of  the  unknown 
quantity,  and  their  product  is  the  independent  term. 

It  sometimes  happens  that  loci  intersect  in  points  at  an 
infinite  distance  from  the  origin,  which  is  the  same  as  saying 
that  they  do  not  intersect  at  all,  but  only  approach  each  other 
as  they  recede  from  the  origin,  becoming  indefinitely  near 
each  other  when  the  point  considered  is  indefinitely  distant 
from  the  origin;  that  is,  the  limit  of  approach  is  an  inter- 
section when  the  limit  of  distance  is  absolute  infinity,  neither 
of  which,  by  the  law  of  continuity,  is  ever  reached. 

Suppose  now  that  of  the  two  points  of  intersection  given  by 
equation  (1),  one  is  at  a  finite  and  the  other  at  an  infinite  dis- 
tance from  the  origin.  Then  one  root  must  be  finite,  and  the 
other  infinite. 

For  a  =  0,  (2)  and  (3)  become 


GO 


that  is,  the  condition  that  one  root  of  a  quadratic  shall  be  finite 
and  the  other  infinite  is,  that  the  coefficient  of  the  square  of  the 
unknown  quantity  shall  equal  zero. 
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Again,  suppose  that  both  roots  are  infinite,  then  a  =  0  and 
5—0,  and  the  conditions  are  that  the  coefficients  of  both  the 
second  and  first  powers  of  the  unknown  quantity  are  zero  when 
both  roots  are  infinite. 

The  student  is  advised  to  become  very  familiar  with  all  these 
properties  of  the  quadratic  roots,  as  he  will  have  occasion  to 
apply  them  hereafter. 


EXERCISES    ON    THE    INTERSECTION    OF    LOCI. 

1.   In  what  points  do  the  loci  expressed  by  the  following  sets  of 
equations  intersect? 


13,  4:X-y  =   2. 

2.  tf  +  f   =25,  x-y  =    1. 

3.  x*  +  y2   =  65,  3x  +  y=25. 

4.  ar>  +  2/2   =    5,  xy  =    2. 

5.  ^_ 


Ans.    1.  (1,2);  2.  (4,3),  (-3,  -4);  3.  (7,4),  (8,1);  4.  (1,2), 
(-l,-2),  (2,1),  (-2,-!);  5.  (1,1),  (2,3),  (3,3),  (4,1). 

2.   Two  loci  are  expressed  by 

r2,  y  =  mx  +  b.  (1) 


Find  the  value  of  b  when  the  loci  pass  through  two  coincident 
points  ;  that  is,  when  they  are  tangent  to  each  other.  Eliminating 
2/,  we  have 


or  0^(1  +  ra2)  +  2  mbx  +  b2  -  r2  =  0- 

By  the  condition  for  equal  roots,  II.,  Art.  20, 

(2) 


from  which  we  readily  find  b  =  ±  r  Vl  4-  m2. 
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Therefore  the  two  loci  expressed  by 

y  =  mx  +  r  Vl  +  m2,     y  =  mx  —  r  Vl  +  m2, 
are  both  tangent  to  x2  -\-y2  =  r2  for  all  values  of  m. 
Also  from  (2),      ~2-      6*      • 


and  therefore  the  loci 


1+m2' 


1+m2' 
are  tangents. 

3.    Show  that  the  loci  expressed  by 


cccosa 


are  tangents  when   r  =  p. 

4.    Show  that  the  loci  expressed  by 


are  tangents  when   b  =  — 

5.    Show  that  the  loci  expressed  by 


mx  +  c, 


are  tangents  when   c  =  ±  V«2m2  +  62. 

6.  Show  that  the  loci  expressed  by 

(a  _  c)  2  +  (y  _  2  c) 2  =  25  c2, 
are  tangents  when  &  =  35c,  or  —  15  c. 

7.  In  what  points  do  the  loci  expressed  by  the  following  sets  of 
equations  intersect? 


y-  x  =    5. 
y  —  4x  =  10. 


2.       *= 
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5.  ?/2=4aa;,  y  —  ^x  —  a. 

6.  y2-4oaj=0,  y=2o?+-. 


7.  3f_7a;- 

8.  r>  +  ?/2= 

9.  4o2-32/2-26  =  0,  3y=o;  —  3. 

8.   Under  what  conditions  do  the  loci  expressed  by 


intersect  in  imaginary  points  ;  that  is,  not  at  all. 

9.  Do  the  loci  expressed  by 

1.     g-fj-l,  .  8,-4.~0; 

-     2-  5-S-1'         ^5(t—  01 

3.      ^  +  2/2=16,  f+42=1; 

intersect  ? 

10.  In  what  points  does  the  locus  expressed  by 

az2  +  fy8  +  20a?  +  2/y  +  c  =  0 
cut  the  coordinate  axes  ? 

~  -  on  the  axis  of 


.       ~gf±  W-qg,    o  j 


,  --     on  the  axis  of  Y. 

11.   The  equations  of  two  loci  are 

y  =  mx  +  c.     (1)  ^2-f-!=l-     (2) 

(1)  What  must  the  value  of  m  be  when  one  intersection  is  at  a 
finite  and  the  other  at  an  infinite  distance  from  the  origin  ? 

-4ns.  m  =  ±  -. 

b  a 

Therefore   y=±-x  +  c   are  the  equations  of  two  loci,  both  ful- 
a 

filling  the  given  conditions. 
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(2)  What  must  the  values  of  m  and  c  be  when  both  roots  are 
infinite,  or  when  the  loci  intersect  at  infinity. 

Ans.   m  =  ±-,     c  =  0. 

b  a 

And   y  =  ±-x  are  the  equations  of  two  loci,  both  of  which  in- 
tersect (2)  at  infinity. 

12.   Do  the  loci  whose  equations  are 


intersect  at  infinity? 

Ans.   No ;  for  the  condition  makes  m  imaginary. 

Transformation  of  Coordinates. 

21.  It  often  happens  that  the  equation  of  a  locus  can  be 
simplified  by  referring  the  locus,  or,  what  is  the  same  thing, 
the  coordinates  of  its  generating  point,  to  a  new  pair  of  co- 
ordinate axes.  This  change  of  reference  is  called  the  trans- 
formation of  coordinates. 

CASE  I.  —  To  change  to  a  new  origin,  the  new  pair  of  co- 
ordinate axes  remaining  parallel  to  the  old  pair. 


N'       X' 


NX 

FIG.  16. 


Let  0'  be  the  new  origin,  and   O'X',   O'T'  the  new  axes, 
respectively  parallel  to  the   old ;    also  let  (A,  k)  denote   the 
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coordinates  of  0'  referred  to  the  old  axes.  The  coordinates 
of  the  point  P  are  (  ON,  PN)  referred  to  the  old  axes,  and 
(  O'N7,  PN1)  referred  to  the  new  axes.  Then 

ON  =  OM  +  O'N',  PN  =  0'  M  +  PN'  ; 

or,  x  =  h  +  x1,  y  =  k  +  y'  ;  (a) 

which  are  the  required  equations  for  transformation. 

Since  (A,  k)  may  have  all  values,  the  new  origin  may  be 
anywhere  on  the  plane  of  the  coordinate  axes  ;  and  also,  since 
these  values  are  arbitrary  and  independent,  they  may  be  used 
to  impose  upon  the  equation  of  the  locus  two  independent 
conditions. 

^  CASE  II.  —  To  change  from  one  pair  of  oblique  axes  to 
another,  the  origin  remaining  the  same. 

Let  OX,  OF  be  the  old  axes,  and  OX',  OY',  the  new 
ones;  and  also,  let  (ON,  PN),  (xy)  be  the  coordinates  of 
any  point  P  referred  to  the  old  axes,  and  (ON1,  PN'), 
(x'y1),  the  coordinates  of  the  same  point  referred  to  the 
new  axes. 

We  are  now  to  find  the  values  of  (xy)  in  terms  of  (x'y') 
and  the  angles  which  determine  the  positions  of  the  axes  rela- 
tively to  each  other. 

Denote  these  angles  as  follows  : 


X'OT=  <o-0,       T'O  Y  =  o>  -  («'  +  6)  . 

As  in  Trigonometry,  an  angle  measured  from  any  axis  to  the 
left  is  positive,  and  to  the  right  negative.  Thus  XOX'  =  +  6; 
and  X'OX=-0. 

Let  us  now  take  as  axes  of  projection  PR  and  PS,  respec- 
tively perpendicular  to  the  old  axes  OX  and  OY.  The  pro- 
jections of  the  line  OP  on  the  assumed  axes  are  PR  and  PS; 
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and  since  OP  is  a  side  in  the  two  triangles  ONP  and  ON'P, 
it  follows  (Art.  15)  that  the  sum  of  the  projections  of  x  and  y 


O 


N 


R 


FIG.  17. 


will  equal  the  sum  of  the  projections  of  x'  and  y'  upon  these 
axes.     The  coordinates 


make  angles         0,       o>,  0,  <o'-f-0,  with     OX, 

and  angles  —  <o,     0,     —  (o>  —  0),     —  [o>  —  («/+#)]     with     OY. 


Since  the  axes  of  projection  PR  and  P$  are  perpendicular 
to  OX  and  OY,  we  must  project  by  the  sine  of  the  angle, 
Art.  13.  Therefore 


sn 


x  sin  to  =  x'  sin  (a>  —  0)  +  y'  sin  [a>  —  (a/  -h  0)  ] 


^ 

,  j 


are  the  equations  of  transformation  from  one  pair  of  oblique 
axes  to  another. 

SPECIAL  CASE  I.  —  When  both  pairs  are  rectangular. 
In  this  case  ay  =  90°,  CD'  =  90°,  and  equations  (5)  become 

y  =  x1  sin  0  +  y'  cos  0,        a;  =  #'cos0  —  2/'sin0,  (c) 
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the  equations  for  changing  from  one  pair  of  rectangular  axes  to 
another  pair  also  rectangular. 

SPECIAL  CASE  II.  —  When  the   new   axes   are   rectangular. 
and  the  new  axis  of  X'  coincides  with  the  old  one. 

In  this  case  &>'  =  90°,  6  =  0,  and  equations  (£)  become 

=  2/f,  #  sin  a>  =  #r  sin  <o  —  y'cosw.  (d) 


These  two  special  cases  are  of  most  frequent  use. 

If  the  origin  and  directions  of  the  axes  are  to  be  changed  at 
the  same  time,  then  equations  (a)  and  (6)  are  to  be  applied  in 
succession;  or,  combining  (a)  and  (6), 


y  —  K  -j 


smw 
x'  sin  (o>  —  0)  +  y'  sin  [w  —  (a/  +  0)  ] 

Sin  co 
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1.  When  the  new  pair  of   axes  are  rectangular,    <of  =  90°,    and 
equations  (6)  become 

y  sin  o>  =  x'  sin  0  4-  y'  cos  0,  j 

x  sin  o>  =  #'  sin  (w  —  0)  —  y  cos  (o>  —  0)  .  ) 

2.  When  the  old  pair  are  rectangular,    w  =  90°,    and  equations 

(6)  become 

'  sin  (a/  +  0)  , 


3.  When  the  new  axes  make  the  same  angle  with  each  other  as 
the  old,  and  the  new  axis  of  X  bisects  the  angle  made  by  the  old, 
o>'  =  to,  6  =  £<o,  and  equations  (6)  become 


in  <u  =  x'  sin  £  w  +  y'  sin  f  w,  | 
in<o  =  x1  sinjw  —  i/'sinjco.  J 


2/  sn  <u  = 
ajsin<o 
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4.   When  both  sets  are  rectangular,  and  the  origin  is  changed  at 
the  same  time, 


sin 
x  =  h  +  x'  cos  0  —  y1  sin  6. 

5.  If,  in  Case  II.,  OX  and  OF  are  taken  as  the  axes  of  projec- 
tion, we  should  have 

x  +  y  cos  (o  =  x'  cos  0  +  y'  cos  (V  -f  0) , 

x  cos  o>  + 1/  =  a;'  cos  (o>  —  0)  +  2/'  cos  [<o  —  (a/ 

Show  that  by  eliminating  x  and  2/  between  these  equations  we 
shall  get  equations  (b) . 

6.  Deduce  by  elimination  from  equations  (b)  the  equations 

^  —  ^  —  ajsinfl, 


x'  sinw'  =  a  sin  (a/  +  0)  -  ysin  [a  —  (a»r  +  0)], 

which  give  the  new  coordinates  (x'y1)  in  terms  of  the  old,  (xy)  . 

Also  deduce  these  equations  by  projections,  using  perpendiculars 
from  the  point  P  on  the  axes  OX1  and  OF'.     Proceed  as  in  Case  II. 

7.  Show  that  the  area  of  a  triangle,  as  given  in  Art.  7,  is  not 
changed  by  transferring  the  coordinates  of  its  vertices  to  any  new 
origin  (ft,  k)  ,  and  a  new  set  of  axes  parallel  to  the  old. 

8.  A  locus   is   expressed   by   3x  —  2y  —  6  =  0.      What  will   the 
equation  be  if  the  origin  is  changed  to  the  point  (4,  3),  the  new  axes 
remaining  parallel  to  the  old  ? 

By  Case  I.,  y  =  3+y',   x=4=  +  x'.     Substitute  and  reduce,  leav- 
ing off  the  primes.  Ans.    3x  —  2y  =  0. 

9.  A  locus  referred  to  rectangular  axes  is 


Transfer  to  a  new  origin  (2,  3),  the  axes  remaining  rectangular. 

Ans. 
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10.  What  will  the  equations  of  transformation  become  if  both 
sets  of  axes  are  rectangular,  and  the  new  axis  of  X  bisects  the  angle 
of  the  old  pair?  ^   y  =  ^_(x,  +  yl)>    x  =  J_ (x, _ yl} _ 

11.  Suppose  that  the  old  pair  make  an  angle  of  60°,  the  new  pair 
is  rectangular,  and  the  new  axis  of  X  bisects  the  angle  of  the  old 
pair.     What  are  the  equations?       An^   y  =  _^_+y^     x_^   x'         ^ 

V3  V3 

12.  The  old  axes  make  an  angle  of  60°,  the  new  axes  are  rect- 
angular, and  the  new  axis  of  X  coincides  with  the  old  one.      What 
are  the  equations?  ^  2£      X  =  X'-JL. 

V3  V3 

13.  A  locus  referred  to  rectangular  axes  is  expressed  by  y2—xz=6. 
What  will  this  equation  become  if  the  locus  is  referred  to  a  new  pair 
of  rectangular  axes  which  bisect  the  angles  between  the  old  ones  ? 

Ans.    xy  =  3. 

14.  If   the   equation   of    a   locus    is    2  x2  —  5  xy  -f-  2  y2  =  4    when 
referred  to  axes  making  60°  with  each  other,  what  will  the  equation 
become  when  the  new  axes  bisect  the  angles  between  the  old  ones  ? 

Ans.    X2-27y2  +  12  =  0. 

15.  Transform  the  same  equation  to  rectangular  axes,  retaining 
the  old  axis  of  X.  Ans.   3  x2  -f  10 y2  —  Ixy  V3  =  6. 

16.  Show  from  equations  (c)  that   x2  -+-  y2  =  x'2  -f-  y'2. 

17.  Show  from  equations  (6)  that 

x2  +  y2  -f-  2o^cos<o  =  x'2  +  y12  +  2x'y' coso/. 

Put  Jf=a;'cos0  +  2/cos(a/-|-i9),  (1) 

£  =  #'sin0  +  2/'sin(a/-f  0)  ;  (2) 

then  equations  (b)  become 

2/sina)  =  .L,    (3)         #sinw  =  Jfsinw  —  L  cos  00.     (4) 

Now  square  (3)  and  (4),  multiply  their  product  by  2cosw,  and  add 
the  results ;  then 

tf+y2  +  2xy  cosw  =  L2 
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But  by  squaring  (1)  and  (2),  and  adding, 

L2  -f  M 2  =  x'2  +  y'2  +  2  x'y'  cos  to', 
and  the  proposition  is  proved. 

18.   If  a  locus,  referred  to  rectangular  axes,  is  expressed  by  the 
equation 


to  what  new  pair  of  rectangular  axes,  having  the  same  origin,  must 
the  locus  be  referred  in  order  that  the  term  containing  the  product  xy 
shall  disappear?  What  will  be  the  values  of  a'  and  &',  the  new 
coefficients  of  x2  and  2/2? 

Ans.   The  angle  which  the  new  axis  of  X  must  make  with  the  old 

0  =itan-1^-, 


19.    If  a  locus,  expressed  by  the  equation 

Ax2  +  2  .Hx?/  +  J5?/2  +  2  Gfo  +  2  Ify  +  C  =  0  (  1  ) 

is  referred  to  a  new  origin  and  to  a  new  pair  of  axes  parallel  to  the 
old  ones,  what  must  be  the  values  of  (ft,  %),  the  coordinates  of  the  new 
origin,  in  order  that  the  transformed  equation  shall  not  contain  the 
first  powers  of  the  new  coordinates  (x'y1)  ? 

By  Case  I.,  x  =  h  4-  a;',  y  =  k  +  y'. 

Substituting  these  values  in  (1),  we  get 

Ax12  +  2  Hx'y'  H-  By12  +  2  G'x'  +  2  F'y'  +  C'  =  0, 
in  which 

G,         F'  =  Bk  +  Hh 


=Ah2  +  2Hhk  +  BJc2  +  2Gh  +  2Fk  +  C. 
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If  the  terms  containing  the  first  powers  of  x'  and  y'  must  disappear, 
then 

CP  =  Ah  +  Hk  +  G  =  0,     F'  =  BJc  +  Hli  +  F=  0, 

from  which  we  get 

,_BG-HF  ,_AF-HG 

=  - 


the  required  values  of  (7i,  7?)  . 

20.   If  in  equation   (1)  H=  0,  what  are  the  values  of   (&,  A:), 
what  the   value   of    C",    and    what  does  the  transformed  equation 

bec°me?  Ans. 


22.  The  degree  of  an  equation  in  respect  to  the  coordinates 
is  not  altered  by  transformation. 

When  a  locus  is  referred  to  a  new  pair  of  axes,  the  degree  of 
its  equation  is  not  changed,  because  the  first  powers  of  x  and  y 
referred  to  the  old  axes  are  expressed  in  terms  of  the  first 
powers  of  xf  and  y',  the  coordinates  of  the  same  point  referred 
to  the  new  axes ;  therefore  any  powers  of  x  and  y  will  always 
be  expressed  in  the  same  powers  of  x'  and  y'.  The  degree  of 
the  transformed  equation  cannot  therefore  be  increased;  nor  can 
it  be  diminished ;  for  if  it  could,  by  transforming  back  to  the 
old  axes,  it  would  be  increased,  which  is  contrary  to  what  has 
just  been  proved. 
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CHAPTER  III. 

THE  STEAIGHT  LINE, 

Its  Position  on  the  Coordinate  Axes. 

23.  The  Position  of  a  Straight  Line. — As  in  the  case  of  a 
point,  so  in  the  case  of  a  straight  line,  two  independent  condi- 
tions are  necessary  and  sufficient  to  determine  its  position  with 
reference  to  the  coordinate  axes. 

These  two  conditions  are,  a  distance  and  a  direction,  or  two 
distances. 

The  quantities  which  express  these  conditions  are  called 
constants  of  position,  or  parameters. 

Distance  parameters,  also  called  intercepts,  are  the  distances 
measured  from  the  origin,  which  the  given  line  cuts  from  the 
coordinate  axes,  and  from  a  line  passing  through  the  origin  per- 
pendicular to  the  given  line,  which  may  be  called  the  normal 
axis  of  the  line. 

Direction  parameters  are  the  angles  which  the  given  line  and 
its  normal  axis  make  with  the  coordinate  axes. 

24.  To  determine  the  position  of  a  straight  line  in  terms 
of  Us  parameters. 

First,  when  the  axes  are  rectangular. 

Let  AB  be  the  given  straight  line  ;  then  the  straight  lines 

OA  =  a,     OB  =  b,     OD=p, 
are  its  distance  parameters,  and  the  angles 

XAB  =  0,     OBA  =  0-SO°,    AOD  =  a,     BOD  =90°  -a, 
are  its  direction  parameters. 
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FIG.  18. 

It  is  plain  that  any  two  of  these  parameters,  provided  one  is 
a  distance,  will  determine  the  position  of  the  given  line. 
The  pairs  of  parameters  commonly  used  are 

(a,  6),     (a,  0),     (6,0),     Q>,  a),     (p,  6). 

Construction. 

I.  Criven  the  parameters  (a,  £). 

Lay  off  OA=a,  OB  =  b,  and  through  the  points  A  and  B  so 
determined  draw  the  required  line  AB.  Since  a  and  b  can 
have  any  positive  or  negative  values,  they  will  determine  the 
positions  of  all  possible  straight  lines,  not  passing  through  0. 

That  these  distance  parameters  also  involve  the  direction 
parameters  of  the  line  will  be  clearly  seen  by  stating  the  prob- 
lem as  follows : 

Through  a  given  point  on  the  axis  of  X  draw  a  line  in  such  a 
direction  that  it  shall  cut  off  a  given  distance  on  the  axis  of  Y. 

II.  Given  the  parameters  («,  0). 

Find  the  point  A  as  before.    Through  the  origin  0  draw  MN, 
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making  the  angle  A  OM=  6,  the  given  angle ;  then  through  A 
draw  the  required  line  AB  parallel  to  MN. 

The  vertex  of  the  angle  6  is  always  the  point  where  the  line 
cuts  the  axis  of  X;  its  initial  side  is  the  axis  of  X  measured  in 
the  positive  direction,  and  its  terminal  side  is  the  line  itself. 
The  angle  is  measured  to  the  left,  as  in  Trigonometry,  from  0° 
to  180°. 

Since  6  may  have  any  values  between  0°  and  180°,  and  a  any 
positive  or  negative  values,  these  parameters  will  determine  the 
positions  of  all  possible  straight  lines. 

III.  G-iven  the  parameters  (5,  #). 

Find  the  point  B  on  the  axis  of  Y,  and  the  angle  AOM  =  9, 
as  before ;  then  through  B  draw  the  required  line  parallel  to 
MN. 

These  parameters  will  also  determine  the  positions  of  all  pos- 
sible straight  lines. 

IV.  Criven  the  parameters  (jt?,  a). 

Draw  the  normal  axis  OZ,  making  the  angle  AOZ=a,  the 
given  angle  ;  lay  off  on  OZ  the  given  distance  OD  =p ;  then 
through  D  draw  the  required  line  AB  perpendicular  to  OZ. 
'  The  angle  a  is  measured  to  the  left  from  0°  to  360°,  and  p  is 
always  positive.  These  parameters,  since  they  have  arbitrary 
values,  will  determine  the  position  of  any  straight  line. 

V.  G-iven  the  parameters  (^>,  6*). 

Construct  the  angle  A  OM=  6,  as  before ;  draw  OZ  perpen- 
dicular to  MN,  and  lay  off  OD=p;  then  through  D  draw 
the  required  line  parallel  to  MN. 

In  this  case,  6  must  be  measured  from  0°  to  360°,  in  order 
that  p  may  always  be  positive. 

*  25.  To  find  the  relations  which  the  parameters  of  a  given 
line  bear  to  each  other. 
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X 


FIG.  18. 


The  three  triangles  A  OB,  A  OD,  B  OD  are  similar  ;  their  sides 


are 


OA  =  a, 
their  angles  are 


By  Trigonometry, 


COS  a 


sin  (TT  —  6)  =  sin  0    = 


=  COS(90°  -  a)  =  COS  (TT  -  6)  =  sin  a     =  -  COS  0 


-  =  tan  (TT  —  0)    =  —  tan  0        =  cot  a ; 

=  a  sin  0          =  b  sin  a  =  —  b  cos  6  = 


Va2  +  b2 


The  Equations  of  a  Straight  Line. 

26.  To  find  the  equations  of  the  straight  line  AB  in  terms 
of  each  pair  of  parameters. 
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DEFINITION.  —  The  equation  of  a  straight  line  expresses  the 
relation  which  exists  between  the  coordinates  (xy)  of  every  point 
on  the  line  and  the  two  parameters  which  determine  the  position  of 
the  line. 

Y 


FIG.  19. 


Let  P  (  ON,  PN)  (xy)  be  any  point  on  the  given  line  AB. 
Draw  P  M  parallel  to  the  axis  of  x  ;  then 


BM=b-y,  =x,  =y,  =  a-x. 

The  similar  triangles  ANP,  PMB,  A  OB  give 


or 


a  —  x 


b-y      b 

—  —  =  - 


—  0)=  —  tan0  =  cota. 


I.    Equation  in  terms  of  the  parameters  (a,  6) 

y 

^r^=-tan^=-m,    for  brevity; 


is  the  required  equation. 

Note.  —  If  we  put  n  =  ~  =  cot  0,  equation  (a)   may  be  written 
x  =  ny+  a,  a  form  sometimes  useful. 
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II.  Equation  in  terms  of  parameters  (6,  6). 

b-y 

-  =  —  tan  0  =  —  m  ; 

X 

.  •  .  y  =  mx  +  b  (6) 

is  the  required  equation. 

III.  Equation  in  terms  of  the  parameters  (#,  5). 


=    ,    or      = 


a  —  a;     a  6 

.-.?+?  =  !  (c) 

a     6 

is  the  required  equation. 

Note.  —  If   we   put  I  =  -?   ?i  =  -,    equation   (c)    may   be   written 

a  b 

lx-\-  ny=l,  a  simpler  form  useful  in  some  cases. 

IV.   Equation  in  terms  of  the  parameters  (j?,  a). 
y  cos  a 

=  COt  a  = 


a  —  x  sm  a 

or  2/sina  =  (a  — #)cosa=acosa— XQOsa=p— #cosa; 

.•.  x  cos  a  +  y  sin  a=p  (d) 

is  the  required  equation,  called  the  normal  equation. 

V.   Equation  in  terms  of  the  parameters  (jt?,  0). 


a  —  x  cos  0 

or  —  y  cos  0  =  (a— ic)sin  6— a  sin  0— x  sin  0= p— a;  sin  0 ; 

.-.  a;sm0  —  ycos6=p  (e) 

is  the  required  equation. 

It  will  be  noticed  that  the  form  of  the  equation  of  the  straight 
line  depends  upon  the  pair  of  parameters  chosen  to  determine 
its  position,  and  that  the  variable  point  P(xy)  can  only  vary 
by  moving  on  the  line. 
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The  General  Equation  of  the  First  Degree 
Ax  +  By  +  C  =  O. 

27.  In  deducing  the  preceding  equations  of  the  straight  line, 
we  have  in  each  case  assumed  the  position  and  form  of  the 
locus,  and  have  found  that  its  equation  is  of  the  first  degree 
with  reference  to  the  coordinates  x  and  y. 

We  will  now  prove  the  proposition 

That  the  locus  of  the  general  equation  of  the  first  degree 


is  a  straight  line. 

It  will  be  sufficient  to  show  the  truth  of  the  proposition  for 
rectangular  axes,  since  by  Art.  22  the  degree  of  an  equation  is 
not  changed  when  its  locus  is  referred  to  any  new  origin  and 
pair  of  coordinate  axes. 

Let  us  define  a  straight  line  as 

The  path  of  a  point  which  always  moves  in  the  same  direction. 

Now,  whatever  the  locus  of  (/)  may  be,  we  may  assume 
P'(x'y')  as  any  fixed  point  on  the  locus;  the  coordinates  of 
this  point  must  satisfy  the  equation  of  the  locus  ;  therefore 

C  =  Q.  (g) 


Next,  let  P(xy)  be  any  other  point  on  the  locus  ;  then,  by 
subtracting  (#)  from  (/),  we  get 


or  --  =  y  ~y  —  a  constant 

B     x  —  x' 

for  all  points  (xy)  on  the  locus. 

But  by  Art.  4  this  constant  ratio  is  the  tangent  of  the  angle 
which  the  straight  line  connecting  the  two  points  (xy)  and 
OY)  makes  with  the  axis  of  X.  Therefore,  by  the  definition, 
the  locus  is  a  straight  line. 
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It  must  be  possible,  therefore,  to  put  the  general  equation 
(/)  into  each  of  the  forms  already  found  by  finding  the  values 
of  the  parameters  in  each  case  in  terms  of  (J.,  B,  C). 

But  we  have  seen  ihat  only  two  independent  conditions,  or 
parameters,  are  needed  to  determine  the  position  of  a  straight 
line  ;  so  that,  of  the  three  parameters  (J.,  B,  (7),  any  one  may 
be  regarded  as  arbitrary,  and  used  in  determining  the  form  of 
the  equation  of  the  locus. 

28.  To  determine  the  parameters  a,  &,  />,  a,  0,  in  terms  of 
A,  B,  C. 

Let  us  use  the  arbitrary  parameter  in 


as  a  divisor,  and  take  the  two  resulting  ratios  as  the  parameters 
of  the  line. 

Dividing  by  B  and  transposing  terms,  we  get 


also 


which  are  the  forms  of  (a)  and  (5),  Art.  26  ; 


~^     &  =  --• 
AB 


Again,  divide  (/)  by  —  (7,  change  the  coefficients  of  x  and  y 
into  divisors,  and  it  may  be  written 


A          B 

which  is  of  the  form  of  (<?),  Art.  26 ;  and 

_c    b=  _q 

A  B 

as  before. 
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By  division  we  get 

a      B 
from  which,  and  Art.  25,  it  follows  that 

cos  a  =     sin  0  = 
sin  a  =  —  cos  0  = 


By  substituting  these  values  in  equations  (cf)  and  (Y)?  they 
both  become 

A  B  C 


which  is  got  from  (/)  by  simply  dividing  each  term  by 
}/A?  +  B2',  that  is,  by  the  square  root  of  the  sum  of  the  squares 
of  the  coefficients  of  x  and  y.  Since  p  must  always  be  positive 
when  written  in  the  second  member  of  the  equation,  it  appears 
that  C  and  the  radical  V  A2  +  B2  must  have  opposite  signs. 

It  also  appears  that  the  direction  parameters  in  equation  (/) 
depend  upon  A  and  B,  and  are  independent  of  C. 

If  any  equation  of  a  line  whose  parameters  are  referred  to  the 
coordinate  axes  is  given,  and  its  equation  is  required  when  the 
parameters  of  the  line  are  referred  to  the  normal  axis,  apply 
the  following  rule  : 

Divide  each  term  of  the  given  equation  by  the  square  root  of  the 
sum  of  the  squares  of  its  coefficients  of  x  and  y,  and  the  result  will 
be  the  required  equation. 

Relations  of  Parameters. 

29.  We  may  find  the  relations  of  the  parameters  as  follows  : 
Put  all  the  equations  of  Art.  26,  including  the  general  equa- 
tion (/),  in  the  form  of  any  one  of  them,  as  (6)  ;  then 
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I.     y  =  mx  —  ma.  IV.     y=—  cot  a  •  a?  -\ — ±— 

sin  a 

II.     y  =  wo;  +  6.  V.     y  =  tan  0  •  x ±- — • 

COS0 

TTT  ^  I     J*  /  -/*\  *^*~  ^ 

Since  these  equations  represent  the  same  line,  they  are  iden- 
tical, and  therefore, 

m= =  —  cot  a  ==      tan  0  — > 

a  B 

p  p  G 

b  =  —  ma  =         ^    = *-—  = ? 

sin  a          cos  0          B 

as  we  have  already  found  in  Art.  25. 

Variable  Parameters. 

30.  In  the  preceding  forms  of  the  equation  of  the  straight 
line  we  have  seen  that  given  values  of  the  parameters  determine 
the  position  of  a  single  and  definite  line,  and  that  the  point 
P  (xy)  can  vary  only  by  moving  along  this  line.  If,  however, 
the  value  of  one  or  both  of  the  parameters  vary,  the  position 
of  the  line  will  also  vary ;  but  as  the  line  carries  with  it  the 
variable  point  P  (xy),  that  is,  since  P(xy)  always  remains  on 
the  varying  line,  the  equations  already  found  will  still  be  true 
for  the  varying  line  in  all  its  new  positions. 

For  example,  suppose  that  one  or  more  of  the  parameters 
(^.,  #,  0)  vary  ;  then  the  position  of  the  line 


will  vary ;  but  the  expression  Ax  +  By+  O  will  not  vary  if  the 
point  P  (xy)  is  always  on  the  varying  line ;  that  is,  Ax+By-{-C 
will  remain  equal  to  zero. 
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V  On  the  other  hand,  suppose  that  the  parameters  (J.,  j&,  C) 
are  constant,  and  that  P  (xy)  is  any  variable  point  not  on  the 
line  (/)  ;  then  for  this  point  the  expression  Ax  +  By  +  0  will 
not  reduce  to  zero,  but  to  some  variable  quantity,  which  we  will 
denote  by  L  ;  then  for  this  point  (/)  becomes 


C=L.  (g) 

But  for  any  given  value  of  .L,  (#)  is  the  equation  of  a  straight 
line,  because  it  is  of  the  first  degree  in  x  and  y,  and  it  is  parallel 
to  line  (/),  because  it  has  the  same  direction  parameters  (yl,  J5). 

It  follows,  then,  that  if  the  parameters.  (-4,  B,  0)  are  con- 
stant, and  L  is  a  new  variable  parameter,  equation  (</)  repre- 
sents a  system  of  lines  parallel  to  and  including  the  type  line 
(/)  which  (#)  becomes  for  L  =  0. 

When  the  position  of  a  line  is  referred  to  the  coordinate  axes  ; 
that  is,  when  its  equation  is  expressed  in  terms  of  the  parameters 
(a,  0),  (6,  0),  or  («,  5)  or  (J.,  B,  C"),  we  shall  sometimes,  for  the 
sake  of  brevity  in  writing  and  facility  in  use,  denote  such  equa- 
tion by  a  single  letter  of  the  set  L,  M,  N,  ...  ;  but  if  the  position 
of  the  line  is  referred  to  the  normal  axis;  that  is,  if  its  equation 
is  expressed  in  terms  of  (jt?,  a)  or  (jo,  #),  we  shall  denote  it  by  a 
single  letter  of  the  set  P,  §,  J?,  ...  . 

The  equations  of  these  two  systems  are  connected  by  the 
relation 


For  example,  liy  —  mx  —  b—L,  then 

y  —  mx  —b  L 

-  —  ==-  =  ~—  ==:  =  X  COS  a  -|-  I/  Sin  a  —  p  =  P. 

V  1  +  m2        Vl  +  m2 

.-.  y  —  mx  —  b=L  =  (xcosa+ysina—  p)csca  =  Pcsca. 
.•.  iccosa+2/sina—  p  =  P=(y—  mx  —  6)  sin  a  =  L  sin  a. 

The  idea  and  use  of  variable  parameters  will  be  suffi- 
ciently illustrated  for  the  present  in  the  following  elementary 
exercises. 
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EXERCISES   ON   THE  STRAIGHT   LINE. 
I.    Equation  (a).  y  =  m(x  —  a).  Parameters  (a,  0) . 

1,  If  the  intercept  a—  —  5,  and  0  =  45°,  what  is  the  equation  of 
the  line  ?  Ans.  y  —  x  =  5. 

2,  For  a  =  3  and  6  =  135°,  what  is  the  equation  of  the  line  ? 

3,  If  a  =  0,  through  what  point  does  the  line  pass  ? 

4,  When  the  line  passes  through  the  origin,  and  0  =  120°,  what 
is  its  equation? 

5,  For  0  =  0,  what  does  equation  (a)  become,  and  what  line  does 
it  represent?  Ans.  y  =  0  ;  axis  of  X. 

6,  For  6  =  90°,  what  does  equation  (a)  become,  and  what  the 

y 

line?    Put  (a)  in  the  form  —  =  x—  a.     For  m  =  oo,  x  =  a,  a  parallel 

Wl 

to  the  axis  of  Y. 

7,  If  a  is  constant  and  m  variable,  what  system  of  lines  does 
equation  (a)  represent? 

Ans.  A  system  of  lines  passing  through  the  point  A  (a,  0) ,  and 
called  a,  pencil  of  lines.     See  figure,  Art.  26. 

8,  If  a  is  variable  and  m  constant,  what  system  of  lines  does  (a) 
represent  ? 

Ans.  A  system  of  parallels,  because  all  the  lines  of  the  system 
have  the  same  direction  parameter  m. 

9,  If  a  and  m  are  both  constant,  and  k  an  arbitrary  factor,  what 
system  of  lines  does  y  =  m(x  —  ka)  represent?    What  is  the  value 
of  k  for  that  line  of  the  system  which  passes  through  the  origin  ? 

10,   What  is  the  value  of  k  for  the  line  of  the  system  which  passes 
through  the  point  (x'y')  ?  mx'—  y' 

fC  ^s  • 

am 
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11.  For  what  values  of  Jc  do  lines  of  this  system  and  the  origin  lie 
on  opposite  sides  of  line  (a)  ?  Ans.  Jc  >  1 . 

12.  Show  that  equation  (a)  can  be  written 

y  mx      _      ma 

Vl  +  m2     Vl  -j-  m2      Vl  +  w2 

a?  cos  a  +  y  sin  a  =  a  cos  a, 
or  a?  sin  0  —  y  cos  0  =  a  sin  0, 

which  are  the  forms  of  (d)  and  (e) . 


II.   Equation  (b).  y  =  mx  +  b.  Parameters  (6,  6) . 

1.  When  b  =  —  5,  and  0  =  120°,  what  is  the  equation  of  the  line? 

What  when  6=10  and  6  =  30°  ?    What  when  b  =  -  8  and  6  =  —  ? 
What  when  6  = -2  and  0  =  7r? 

2.  When  6  =  0,  through  what  point  will  the  line  pass? 

3.  When  0  =  0,  what  do  the  equation  and  line  become? 

4.  When  6  =  -,  what  do  the  equation  and  line  become  ?    Put  (6) 

y  fo 

in  the  form  —  =  x-\ — ,  and  then  make  m  infinite. 
m  m 

5.  When  b  is  constant  and  m  varies,  what  system  of  lines  does 
equation  (6)  represent?  Ans.  A  pencil  through  the  point  (0,  6). 

6.  If  m  is  constant  and  b  varies,  what  system  of  lines  does  equa- 
tion (6)  represent? 

7.  If  m  and  b  are  constants  and  L  variable,  what  system  of  lines 
does  the  equation  y  —  mx  —  b  =  L  represent  ? 

8.  What  is  the  value  of  L  for  the  line  of  this  system  which  passes 
through  the  origin.  Ans.  L=—b. 

9.  For  what  values  of  L  do  lines  of  this  system  and  the  origin  lie 
on  opposite  sides  of  line  (b)  ? 

Ans.  All  values  having  the  same  sign  as  b. 
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10.  What  is  the  value  of  L  for  the  line  of  the  system  which  passes 
through  the  given  point  (x'y')  ?  Ans.  L'=y'  —  mx'—  b. 

11.  Do  the  point  (x'y')  and  the  origin  lie  on  the  same  side  or  on 
opposite  sides  of  line  (b)  ? 

12.  Find  the  equation  of  the  line  passing  through  the  point  (x'y') 
parallel  to  (b) . 

Ans.  y —  mx  —  b  =  L'=y'— mx'—b)  or  y  —  y'=m(x  —  x'). 

13.  Show  that  equation  (6)  can  be  written 

y  mx  b 

vfr^P" 


l  +  ra2      Vl+m: 
x  cos  a  +  y  sin  a  =  b  sin  a, 
or  x  sin  0  —  y  cos  Q  =  —  b  cos  0, 

which  are  the  forms  of  (d)  and  (e) . 


III.    Equation  (c). 


-+!=!• 

a     b 


Parameters  (a,  6). 


1.    If  a  =  —  5  and  6=3,  what  is  the  equation  of  the  line? 


Ans.         +    -i,  or 
—  5      3 


-  5y  +  15  =  0. 


2.  If  the  intercepts  are  equal  and  have  the  same  sign,  what  angle 
does  the  line  (c)  make  with  the  axis  of  x?  Ans.  135°. 

3.  What  is  the  angle  when  the  intercepts  are  equal  and  have 
opposite  signs?  Ans.  45°. 

4.  Write  the  equations  of  the  four  lines  whose  intercepts  are  (a,  6) , 
(-a,  6),  (-a,  -6),  (a,  -b). 

5.  What  figure  do  these  four  lines  form  ? 

6.  tPut  their  equations  in  the  form  of  (d),  and  show  that  the  dis- 
tance between  parallel  lines  is  —  • 


7.   In  Fig.  19,  the  area  of  the  triangle  AOB  equals  the  sum  of  the 
areas  of  AOP  and  BOP',  that  is, 

AOB=AOP  +  BOP. 
From  this  equation  deduce  (c) . 
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8.  Show  by  a  figure  that  the  lines  ^  +  ^=1,  |  _  ^  =  i  are  per- 
pendicular to  each  other. 

9.  If  a  is  constant  and  b  varies,  what  system  of  lines  does  equa- 
tion (c)  represent?    What  are  the  equation  and  line  for  6  =  0?    what 
for  &  =  infinity? 

10.  If  k  is  an  arbitrary  factor,  what  system  of  lines  does 

£+*-'•  -M-* 

represent  ? 

11.  What  relation  do  the  lines  of  this  system  bear  to  line  (c)  ? 

12.  What  is  the  value  of  k  for  the  line  of  the  system  which  passes 
through  the  origin? 

13.  Show  that  the  distances  between  (c)  and  the  parallels  -  -+-  ^  =  fc, 

a      o 

measured  on  the  axes  of  X  and  Y,  are  (k—l)  a  and  (k—  1)  6,  and 
on  the  normal  axis 


/  t 

14.    What  does  the  equation  --{-£  —  l=L  represent?     Find  the 

a      b 

equation  of  the  line  passing  through  the  point  (x'y')  parallel  to  (c)  . 


15.  Given  a  right  triangle  ABC.  Take  the  right  angle  C  at  the 
origin,  and  the  base  b  and  the  altitude  a  in  the  positive  directions  of 
the  axes  of  X  and  Y  respectively. 

(1)  The  equation  of  the  hypothenuse  is  -  -h  -^  =  1. 

b      a 

(2)  The  line  passing  through  the  middle  points  of  a  and  6  is 

6  +  a=2' 

(3)  The  line  through  the  vertex  B  and  the  middle  of  the  opposite 

side  is  -^  +  ^=  1. 
b      a 

(4)  The  line  through  the  vertex  A  and  the  middle  of  the  opposite 

•  i    .    x  ,  2w 
side  is  -  H — 2  —  i . 

b       a 
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(5)    The  last  two  lines  intersect  in  the  point  (-J6,  -|a). 

IV.    Equation  (d).  xcosa  +  y  sin  a  =p.          Parameters  (p,  a). 

1.  If  p  =  3  and  a  =  -,  what  does  (d)  become  ? 

4 

If  p  =  5  and  a  =  f  TT,  what  does  (d)  become  ? 
If  p  =  2  and  <x  =  £TT,  what  does  (d)  become? 

2.  If  a  varies  from  0°  to  360°  and  p  is  constant,  what  locus  will  p 
describe,  and  what  relation  will  (d)  in  all  its  positions  bear  to  this 
locus  ? 

3.  If  a  is  constant  and  p  varies,  what  system  of  lines  will  (d) 
represent  ? 

4.  The  equation  of  a  line  parallel  to  (d)  is 

X  COS(a  +  TT)  +  y  sin(a  +  TT)  =pf, 

which  reduces  to    —  x  cos  a  —  y  sin  a  =p*. 

5.  The  equation  of  a  line  perpendicular  to  (d)  is 

)/          \ 
-\-y  sin  (a  -|-  v 

which  reduces  to        y  cos  a—  x  sin  a  =pf. 

6.  Find  the  equations  of  two  lines,  each  making  an  angle  of  45°  with 
(d) ,  and  having  the  p  of  (d) .    .  (a  +  ^  +  u  sin  fa±"\- 

_£LAto.     it/  CUS      U.  ^  —         -p  M  bill      u,  _H  —       JJ. 

\    ±J        \    *J 

Show  that  these  equations  may  be  reduced  to 


in  (  a  ±  -  ]  = 
V        2/ 


a;  cos  (  a  ±  -  )  +  y  sin  (  a  ±  -  ]  =  p  tan  -> 

\ 


and  now  represent  two  parallel  lines  perpendicular  to  (d). 

7.    If  a  =  30°,  and  the  line  (d)  passes  through  the  point  (4,  3), 

what  is  its  distance  from  the  origin  ?  /-  ,  3 

Ans.      =  * 


8.    If  a  and  p  are  constant  and  P  variable,  what  system  of  lines 
does  the  equation 

x  cos  a  +  y  sina  —  p  =  P 
represent  ? 
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9.    For  what  value  of  P  will  a  line  of  this  system  pass  through 
the  origin  ?    What  value  of  P  gives  (d)  ? 

10.  What  is  the  perpendicular  distance  between  (d)  and  any  line 
of  this  system  ?  Ans.  P. 

11.  What  is  the  value  of  P  for  the  line  which  passes  through  a 
given  point  (x'y1)  ?  Ans.  P'=  x'  cos  a  +  y1  sin  a  —p. 

Show  that  P'  is  the  length  of  the  perpendicular  dropped  from  the 
point  (x'y')  on  line  (d) . 

12.  For  what  values  of  P  will  lines  of  this  system  and  the  origin 
lie  on  the  same  side  of  (d) ,  and  for  what  values  on  opposite  sides  ? 

13.  If  P  increases  without  limit,  where  will  the  corresponding  line 
lie? 

V.    Equation  (e) .  xsinO  —  y  cos  0  =  p.  Parameters  (p,  0) . 

1.  Through  what  point  does  the  line  pass  when  p  =  0,  and  what 
does  the  equation  become  ?  Ans.  y  =  mx. 

2.  If  a  line  makes  an  angle  of  45°  with  the  axis  of  X,  and  p  =  10, 
what  is  its  equation  ?    What  if  0  =  1 50°  and  p  =  5  ? 

3.  When  will  the  line  (e)  be  perpendicular,  and  when  parallel,  to 
the  axis  of  X  ?    What  does  equation  (e)  become  for  these  cases  ? 

4.  Show  that  x  cos  0  +  y  sin  0  =p'  is  the  equation  of  a  line  per- 
pendicular to  (e) . 

5.  Show  that  y  cos  0  —  x  sin  G=p*  is  parallel  to  (e) . 

6.  Show  that  xcosO  +  y  siuO=p  tan-  makes   an   angle   of  90° 
with  (e). 

7.  If  a  line  makes  an  angle  of  60°  with  the  axis  of  X,  and  passes 
through  the  point  (  —  1,  —4),  what  is  its  distance  from  the  origin? 

Ans.  p  =  2  — -JV3. 

8.  The  direction  of  a  force  F  makes  an  angle  of  120°  with  the 
axis  of  X,  and  it  acts  at  the  point  (8,  6)  in  this  direction ;  what  is 
its  moment  about  an  axis  through  the  origin  perpendicular  to  the 
plane  of  the  coordinate  axes  ? 

Ans. 
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9.   Find  the  equations  of  the  two  straight  lines  which  pass  through 
the  given  point  (x'y1)  and  make  a  given  angle  ft  with  line  (e)  . 
Arts. 

p'=P'=x'sm(Q±p)  -y'co$(6±P)  -p'  ; 
or  y  —  y'=  tan(0  ±  /3)  (x  -  x')  . 


VI.   Equation  (/)  .         Ax  +  By+C  =  0.        Parameters  (A,  B,C). 

lo  In  this  trinomial  equation  C  is  called  the  independent  term, 
and  the  others  the  x  and  y  terms.  If  the  independent  term  (7=0, 
through  what  point  does  the  line  pass?  In  the  equation  Ax+By=Q, 
what  is  the  tangent  of  the  angle  which  the  line  makes  with  the  axis 
of  X?  Upon  which  of  the  parameters  does  the  direction  of  line  (/) 
depend  ? 

2.  If^  =  0,  JB2/  +  O=0;  if  5=0,  Ax  +  C=*Q.     What  lines  do 
these  equations  represent? 

3.  If  x  =  0,  By  +  (7  =  0  ;  if  y  =  0,  Ax  -f  (7  =  0.     What  do  these 
equations  mean? 

4.  If  A  =  .B,  what  angle  does  line  (/)  make  with  the  axis  of  X? 
What  angle  if  A  =  -  JB? 

5.  If  the  normal  axis  passes  through  the  point  (^L,  B)  ,  then 

cos  a  =  sin  6  = 


and  equation  (/)  may  be  written  in  the  normal  form 
A  B  C 


6.   If  A  =  0,  £=0,   and  (7 is  finite,  where  will  the  line  (/)  lie? 
Where  for  A  and  B  finite  and  C  infinite? 

C              C 
Ans.  The  intercepts  a  = ,  b= ,  both  become  infinite 

jA.  -D 

for  both  cases ;  therefore  the  line  lies  at  an  infinite  dis- 
tance from  the  origin ;  that  is,  all  points  on  the  line  are 
at  infinity. 

Show  the  same  from  equation  of  Exercise  5. 
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7.   What  system  of  lines  is  represented  by  the  equation 


when  the  parameters  (J.,  B,  C)  are  constant  and  L  variable?     What 
relation  do  the  lines  of  this  system  bear  to  (/)  ? 

8.  For  what  value  of  L  will  a  line  of  this  system  pass  through  the 
origin  ?  Ans.  L  =  C. 

9.  What  will  the  value  of  L  be  for  the  line  which  passes  through 
the  point  (x'y1)  ,  and  what  its  equation  ? 

Ans.  Ax  +  By  +  C  =  L'  =  Ax'+By'+C', 
or,  A(x  —  x')  -f-  B  (y  —  y')  =  0  is  the  required  equation. 

10.    Find  the  equation  of  the  line  of  the  system  which  passes  through 
the  two  given  points  (x'y')  ,  (x"y")  . 
Ans.  L  =  L'=L"; 

or  L-L'=L'-L"=0; 

or  A(x-x')  +B(y-y')  =A(x'-  x")  +B(y'-  y")  =  0  ; 

~ 


or  —  —  =     ~    ^  —    ,~f>,  is  the  required  equation. 

11.  If  Ax  +  Sy  —  10  =  0,  what  will  the  value  of  A  be  when  the 
line  passes  through  the  point  (2,  —  4)  ?  Ans.   A  =  11. 

12.  If  Ax  +  By—l4:  —  0,  what  will  the  values  of  A  and  B  be  when 
the  line  passes  through  the  points  (2,  3),  (  —  1,  2)  ? 

Ans.  A  =  —2,  .5=6. 

VII.    Numerical  Equations  of  Straight  Lines. 

1.  2x-    7y-    2  =  0.  10.     *x-%y+    |  =  0. 

2.  x-    2y+    6  =  0.  11.     §x  +  \y-'  5  =  0. 

3.  3x-  4y-    2  =  0.  12.  10a  +  9y  -  90  =  0. 

4.  4x-  3y-l8  =  0.  13.  3x-2y          =0. 

5.  lx+  5?/-35  =  0.  14.  2x  +  3?/           =0. 

6.  3y-20x+    1  =  0.  15.  3x-  5?/-f  30  =  0. 

7.  2y-  %x-   8  =  0.  16.  Ix-  4y-8J=  0. 
8-  x+  fy-    2  =  0.  17.  5x+Qy-    2  =  0. 
9.  $x-  fy-    6  =  0.  18.  8x  +  2y-10=0. 
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(1)  Find  the  points  in  which  each  line  intersects  the  axes,  and 
draw  the  line  ;  that  is,  find  a  and  b. 

(2)  Find  the  values  of  the  parameters  0,  a,  and  p. 

(3)  When  (7=0,  through  what  point  does  the  line  pass? 

Next  let  us  find  what  changes  the  forms  of  the  foregoing  equations 
of  the  straight  line,  found  in  Art.  26,  undergo  when  the  axes  are 
oblique. 

31.  To  find  the  relations  which  the  parameters  of  a 
straight  line  bear  to  each  other  when  the  axes  are  oblique. 


X 


FIG.  20. 

Let  OX,  OY,  OZ  be  the  oblique  and  normal  axes,  and  AB 
the  straight  line.  Drop  perpendiculars  from  A  and  B  on  the 
axes  of  ^Fand  X.  The  distance  parameters,  as  before,  are 

OA  =  a,     OB  =  6,     OD  =p ; 
the  direction  parameters  are 


AOD=  ABB'=  a, 
Then,  by  Trigonometry, 


BOD  =  BAA'= 


AB  =  Va2  +  b2  —  2  ab 
'  —  a  sin  <o, 


=  /,     for  brevity  ; 
OA1  =  a  cos  a>, 
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BB'  =  b  sin  w,  OB'=  b  cos  w, 

=  a  —  b  cos  w  A'B  —  b  —  a  cos  w. 


/i\       •    /i        -'      6  sin 
sm(7r  —  0)  =  sine/    =  -——•  =  —  - 
a  AB  I 


p  N  •    /        /A 

|  =  COS  (a>  -  a)  =  -  Sin  (a)  -  ^)  =  —  = 

b  sin  ^  cos  a 


a          sin  (w  —  6)      cos  (w  —  a) 

'      a  —  6  cos  w 


— 


/i  \         7    •    f       s\\      ctb  sin  w 

.».  p  =  a  cos  a  =  a  sin  0=6  cos  (a>—  a)  =  —  b  sm(a)—  ^)  =  -  • 

l 

32.  To  jftrc^  the  equations  of  the  straight  line  AB  in  terms 
of  each  pair  of  parameters. 


/I  A\ 


FIG.  21. 


Let  P(ON,PN)(xy)  be  any  point  on  the  given  line  AB, 
and  draw  P  M  parallel  to  the  axis  of  X.     Then 


PN=y,     PM=x, 
The  similar  triangles  ANP,  PMB,  A  OB,  give 
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== 

NA     PM     OA* 


sin  0  cos  a 


a  —  x         x         a         sin  (to  —  0)      cos(a>  —  a) 

I.  Equation  in  terms  of  the  parameters  (a,  0). 

ii  sin  0 

—Z —  = — —  =  —  m,  for  brevity. 

a  —  x         sin  (CD  —  V) 

.-.  y=m(aj  — a)  (a') 

is  the  required  equation. 

II.  Equation  in  terms  of  the  parameters  (6, 6). 

b  —  y_          sin  0 
x  sin(o>  —  6) 


is  the  required  equation. 

III.   Equation  in  terms  of  the  parameters  (#,  5). 


==7    or      = 
' 


7 
a  —  a;     a  6         a 


is  the  required  equation. 

IV.   Equation  in  terms  of  the  parameters  (jo,  a). 

y  cos  a 

a  —  x     cos  (o>  — a) 

or  y  cos(a)  —  a)  =  (a  —  #)cosa  =  a  cosa  —  x  cosa. 

is  the  required  equation. 
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V.   Equation  in  terms  of  the  parameters  (JP,  6). 

y  sinfl 

a  —  x         sin(o>  —  6) 

or  —  y  sm(o>—  6)  =  (a—x)  sin  0=a  sin0—  x  sin0. 

.-.  xsinO  —  y  sm(o>  —  0)=p  (e1) 

is  the  required  equation. 

Equation  (V)  is  independent  of  w,  and  is  identical  with  (<?) 
for  rectangular  axes  ;  (V)  and  (£')  are  of  the  same  form  as  the 
corresponding  ones  for  rectangular  axes,  but  the  difference  in 
the  values  of  m  must  not  be  forgotten.  If  in  all  these  equations 
we  make  to  —  90°,  we  shall  get  the  corresponding  ones  for  rect- 
angular axes. 

33.  To  determine  the  parameters  a,  6,  p,  a,  0,  in  terms  of 
the  parameters  (A,  B,  C)  ,  axes  oblique. 

As  in  Art.  28,  we  can  at  once  put 


in  the  forms 


-1,  (c") 

A          B 
which  are  those  of  (a'),  (6'),  (<?'),  Art.  32  ;  therefore 


sin(o,-0)          B  A  B 

Also,  by  Art.  31,  substituting  the   values   of   a   and  b  just 
found, 


RELATIONS   OF  PARAMETERS.  11 


I  =  Va2  +  b2  —  2  ab  cos  w 


AB 

by  putting 


+  £2  —  2  AB  cos  w  =  £,  for  brevity  ; 
6  sin  <o      A  sin  to 


.    a 
cosa  =  sm0  = 


,          x  '   /        /}\      a  sin  a) 

COS  (to  —  a)  =  —  Sin  (<o  —  y)  =  - 

I 

_  ab  sin  a>          (7  sin  o> 


I  L 

Substituting  these  values  in   equations  (d')  and  (V),  they 
both  become 


L  L  L 

which  is  (/)  multiplied  by  the  factor 

^/ 

(7  and  £  must  have,  opposite  signs  to  make  p  positive. 

We  have  thus  found  the  values  of  «,  5,  jo,  a,  #,  in  terms  of  the 
parameters  (A,  J5,  (7),  when  the  axes  are  oblique. 

34.  Relation  of  Parameters.  —  If  we  put  equations  (V)> 
(6'),  (V),  (d'),  (V),  Art.  32,  and  the  general  equation  (/),  in 
the  form  of  (6'),  they  become 

I.        =  mx-ma.  IV.        =  COSa 


COS  (w  —  a)  COS  (to  —  a) 


II.     y  =  mx  +  b.  V.     y=       *™         x 

sin(co  —  0) 


III. 
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Since  these  equations  represent  the  same  line,  they  are  iden- 
tical, and 

_6_  cos  a  sinfl  A 

a         cos(w  — a)      sin(a>  —  6)          B 

6  =  —  ma  = — = — = ; 

cos  (a>  —  a)          sin  (<o  —  0)          B 

from  which  we  also  get 

/,      '  m  sin  o> 
tan0  = =  —  cota=  — 


1+mcoso)  a— b  cos  w         B— 

These  relations  are  the  same  as  found  in  Art.  33. 


EXERCISES    ON    THE    STRAIGHT    LINE,    AXES    OBLIQUE. 

1.  Given  the  equation  3x—  2y  —  5  =  0,  to  find  the  intercepts  on 
the  coordinate  axes,  and  the  angle  which  the  line  makes  with  the 
axis  of  X. 

A               5     ,          5                  sin0  3  ^         3sino> 

Ans.  a  =  -;  b  =  ~^'^  m  =  -7—, —  =  ~;  tan0  = 


2.   Put  the  equation  3  x  —  2  y  —  5  =  0  in  the  forms  of  (d')  and  (ef)  , 
and  determine  the  corresponding  parameters. 

Ans. 


12cos<o 

8sina) 


V13  +  12  cosw 

2sinco 


V13  +  12  coso) 
_          5  sin  w 

V13  +  12  costo 
For  other  numerical  equations  of  straight  lines  see  p.  72. 

3.   Given  the  triangle  AOB  and  notation  of  Fig.  20.     Find  the 
equations  of  the  following  lines : 


(1)  AB,  -  +  !=!• 

a     b 

(2)  AA',  x  cos  a)  +  y  =  a  cos  <o. 
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(3)  SB1,  y  cos  w  -j-  x  —  b  cos  w. 

(4)  0Z>,  a;(a  —  b  cos  a>)  —  y(b  —  a  cos  w)  =  0. 

(6)A'B,  f  +  |=COSw- 

(6)  Medial  through  A,  ^  +  ^=1. 

(7)  Medial  through  5,  -  -| =  1. 

(8)  Medial  through  0,  -  —  |  =  0. 

Cb  O 

(9)  A  line  cuts  off  the  mth  part  of  a  and  6  ;  its  equation  is 

a     b      m 

(10)  Show  that  this  line  is  parallel  to  AB. 

(11)  The  perpendiculars  AA',  BB1,  OD  meet  in  the  point 

__  (a  —  b  cos  o>)  cos  w  _  (b  —  a  cosa>)cos<o 

y  —  ~~       — r~^ —  — ; — ^        #  —  — r~7j — 

(12)  The  medials  meet  in  the  point  (-,  -Y 

(13)  Show  that  the  equations  of  the  lines  AA',  BB',  are  already 
in  the  form  of  (d1)-. 

(14)  Put  the  equation  of  A'B'  in  the  form  of  (df). 

a  sin  w  a?  .  b&mwy  «6sin2<o 


(15)  Show  that  this  equation  may  be  written 

x  sin  A  +  y  sin  B  =  b  sin  A  cos  w  =  a  sin  B  cos  w. 

4.  Two  opposite  sides  .AA1  and  BB'  of  a  quadrilateral  are  pro- 
duced till  they  meet  in  0.  Take  OA',  OB'  as  axes  of  X  and  Y,  and 
let  OA  =  2 a,  0^4'=  2a',  05  =  26,  05'=  26';  then 

(1)  The  equations  of  the  sides 

^4-^—9  -£1 

a     6  a' 


and 


are 
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(2)  The  equations  of  the  diagonals  AB',  A'B  are 


2  +  |-,=  8,  -r  +  !=2" 

a      b'  a'     b 

(3)  The  middle  points  of  the  diagonals  are  (a,  &'),  (ar,  6). 

(4)  The  diagonals  meet  in  the  point 

2  qq'  (6  -  b')  256f(a-a') 

q&  -  a'6'  a&  -  a'6f 

(5)  The  sides  AB,  A'B'  meet  in  the  point  0', 

=  2  oo'  (6  -  5f)  i  =  266'(q'-q) 

a'b-ab'  J         a'b-ab' 

(6)  The  equation  of  the  line  00'  is 

qaf(&-6')?/=:&&'(q'-q)a;. 

(7)  The  middle  point  of  the  line  00'  is 

q'6.q-q5'.q'  =  a'6  -b'-ab'-b 

a'b-ab'  a'b-ab' 

(8)  Divide  the  line  passing  through  the  points  (a,  6')  and  (af,  6) 
externally  in  the  ratio  a'b  :  ob1,  and  show  that  it  is  the  point  found 
in  (7).    ' 

The  Polar  Equation  of  the  Straight  Line. 

35.    To  find  the  polar  equation  of  the  straight  line. 

Let  the  pole  be  at  the  origin  of  rectangular  axes,  and  the  axis 
of  X  the  initial  direction  from  which  the  vectorial  angle  is 
measured. 

If  the  position  of  the  line  is  determined  by  the  parameters 
(jo,  a),  then  its  equation  is 

x  cos  a  +  y  sin  a  =p.  (d) 

But  for  any  point  (r,  0)  on  the  line, 

x  =  r  cos  0,    y  =  r  sin  0. 
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By  substituting  these  values  of  x  and  y  in  (d)  it  becomes 

r  cos  (6  —  a)  —  p,  (a) 

the  required  polar  equation  of  the  line. 
If  the  equation  of  the  given  line  is 


then  r  (A  cos  0  +  BsmO)  +  C=Q  (b) 

is  the  required  polar  equation,  which  may  be  reduced  to  the 
form  (a)  by  dividing  each  term  by  l/A*  +  JB2,  Art.  28. 
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1.  What  is  the  polar  equation  of  the  straight  line  which  is  per- 
pendicular to  the  axis  of  X  ?  Ans.  r  cos  6  =p. 

2.  What  is  the  polar  equation  of  She  straight  line  which  is  parallel 
to  the  axis  of  X  ?  Ans.  r  sin  6  =p. 

3.  If   the   normal   axis   is  taken  as  the  initial  direction  of  the 
vectorial  angle,  what  is  the  equation  of  the  line?        Ans.  r  cosO=p. 

4.  If  the  parameters  of  the  given  line  are  (p,  0'),  what  is  its  polar 
equation  ?  Ans.  r  sin  (O1  —  6)  =  p. 

5.  If  the  given  line  passes  through  the  point  (x'y1)  ,  and  makes  an 
angle  0'  with  the  axis  of  X,  what  is  its  polar  equation  ? 

Ans.  rsm(0  —  6')  =  y'cos6'—x'smO'. 

6.  Find  the  polar  equation  of  a  straight  line  passing  through  the 
two  given  points  (rf,  0')  ,  (r",0").     Suggestion:  The  area  of  the  tri- 
angle made  by  these  two  points  and  any  other  point  on  the  line  must 
equal  zero.     See  Art.  11. 

Ans.  r[r  sin  (0'  -0)  +  r"  sin  (0  -  0")  ]  =  r'r'  '  sin  (6'  -  0")  . 

7.  Deduce  this  result  from  the  equation 

(y  -  y')  (X-  a")  -  (x  -  x')  <y-  y")  =  o. 

8.  Reduce  the  polar  equation  r  =  2asec/0-f-  -  j   to   rectangular 
coordinates.  ^         ' 
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9.   Find  the  polar  coordinates  of  the  point  of  intersection  of  the 
lines    r  cos  [  0  —  -  }  =  2  a,    r  cos  [  0  —  -  )  =  a  ;    and   also  the   angle 

V     2;  \     6/ 

Ans.  Intersection,  /2 a,  ^  J ;   angle  =  ^- 


between  them. 


Lines  Subject  to  Given  Conditions. 

36.  To  find  the  equation  of  a  straight  line  which  passes 
through  a  given  point  and  mcikes  a  given  angle  with  the 
axis  of  X. 

In  this  case  the  parameters  are  the  given  point  (x'y')  and 
the  given  angle  6.  The  equation 

y  =  mx  +  b  (a) 

already  contains  one  of  the  given  parameters,  0,  and  it  only 
remains  to  eliminate  #,  and  replace  it  by  the  given  point  (x'y1^). 
The  value  of  b  is  determined  by  the  condition 

2/=w#'+&,     or     b  =  y'—mxt,  (b) 

since  the  required  line  must  pass  through  (Vs/').  Substituting 
this  value  of  b  in  (#),  we  get 

y-y'=m(x-x'),  (c) 

"which  is  the  required  equation. 

If  m  is  variable,  (<?)  represents  a  system  of  lines  all  passing 
through  the  same  point  (z'yr).  This  equation  is  true  both  for 
rectangular  and  oblique  axes,  by  using  the  proper  value  of  m. 

A 
Second   Solution.  —  If  —  —  =  tan  0,    then    the    line    whose 

equation  is 


=;L  =  0  (a) 

makes  the  given  angle  6  with  the  axis  of  X.     But  the  equation 

=  L>  (b) 
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or,  more  briefly  L,  is  any  parallel  to  .L  =  0,  Art.  30,  and  the 
equation  of  the  line  which  passes  through  the  point  (x'y1)  is 

L  =  L',  or  L-L'=Q. 

If  this  equation  is  expressed  directly  in  terms  of  x  and  y,  then 
Ax  +  By  +  C  =  L'  =  Ax'+By'+  C, 

or  y-y'=--(x-x').  (c) 

Since,  by  Art.  29, 

=  ra  = =  —  cot  a  =  tan  0, 

B  a 

this  equation  can  be  written  in  terms  of  either  of  the  direction 
parameters. 

Third  Solution.  —  Let  P'£xfy')  be  the  given  point,  and  OAB 
—  PP'R  —  Q,  the  given  angle;  also  let  P(xy)  be  any  other  point 
on  the  line. 

F. 


O 


R 


N' 


N 


Then 


FIG.  22. 
y',        P'R  =  x- 


is  the  required  equation  for  rectangular  axes. 
This  equation  may  be  written 


„  -y<= 


cos  ^ 


or 
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in  which  r  =  P'P.     Therefore   the    coordinates   of    any  point 
,  at  a  given  distance  r  from  P'^x'y'),  are 


x=  x'+r  cos  6.  (d) 

For  oblique  axes,  the  oblique  triangle  PP'R  gives 

y-y'  = 


x  —  x'      sin  (<o  —  6) 


is  the  required  equation  for  oblique  axes. 

37.   From  the  oblique  triangle  PP'R  we  also  get 

y  —  y'  _     x  —  x'  r 

sin  6       sin(<o  —  0)      sinw 

If  for  brevity  we  put 

7      sin  6  sin(o>  —  0} 

I  =  -  ,     n  =  —  *  -  Lt 

sin  CD  sin  <o 

then  lL=3L  =  *=*.  =  r. 

I  n 

.-.  y  =  y'+lr,     x  =  x'+nr.  (d') 

The  constants  I  and  n  are  not  independent  ;  find  their  relation. 
By  (<?),  Art.  4,  and  (d')  just  found, 

-  y1)  (x  -  x')  cosco 


is  the  required  relation. 

By  substituting  the  values  of  I  and  n,  this  relation  becomes 
sin20  +  sin2(w  —  0)  -f  2  sin0  sin(o>  —  0)  cos  o>  =  sin2<o  ; 
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which  might  have  been  inferred,  since  the  sines  of  the  angles  in 
any  triangle  are  proportional  to  their  opposite  sides. 

Also,  since,  by  Art.  31, 

sin  0  =  cos  a,     sin  (w  —  0)  =  —  cos  (a>  —  a)  ; 
.'.    COS2a+  COS2(<o  —  a)—  2  COS  a  COS  (<o  —  a)cO8to  =  sm2a>. 

38.    To  find    the    equation    of  a   straight    line   passing 
through  a  given  point  parallel  to  a  given  line. 

The  equation  of  any  line  passing  through  a  given  point  (x'y1) 

is,  by  Art.  36, 

y  —  y'=m(x  —  x')  ;  (a) 

and  if  this  line  must  be  parallel  to  the  given  line, 

y  =  m'aj  +  &',  (b) 

then  it  must  have  the  same  direction  parameter  mf\ 

•  '•  y-y'=m'(x-x')  (c) 

passes  through  (xryr)  and  is  parallel  to  (6). 

Second  Solution.  —  Let  the  equation  of  the  given  line  be 

C=L  =  0,  (a) 


then  for  the  line  L  parallel  to  L  —  0,  which  passes  through  the 
given  point  (x'y'),  the  equation  is 


which  may  be  expressed  directly  in  terms  of  x  and  y,  as  in 
Art.  36. 

39.    To  find  the  equation  of  a  straight  line  which  passes 
through  two  given  points. 

In  this  case  the  parameters  m  and  6,  in  the  equation 

y  =  mx  +  6,  (a) 
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must  be  so  determined  that  the  line  shall  pass  through  the  two 
given  points  (x'y')(xnyn). 

The  equations  of  condition  for  determining   m  and   b   are, 

therefore, 

y'=ma?'+&,  (a') 

y"=maj"+6;  (a") 

from  which,  by  elimination,  we  readily  get 


and  (V)  becomes 

, 


which  is  the  required  equation. 

A  more  useful  form  of  this  equation  is  found  as  follows. 
By  Art.  36, 

y  —  y'=m(x  —  x') 

is  the  equation  of  any  line  passing  through  the  point 
and  a  second  point  (x'fyrr)  gives  m  as  above  ;  therefore, 


ra-.-       <•> 

is  the  required  equation. 

Second  Solution.—  Let  P'OV)  and  P"(x"y")  be  the  two 
given  points,  and  P(xy)  any  other  point  on  the  line  AB.  Then 
from  the  similar  triangles  P"P'S,  P"PT,  PP'R,  we  get 

P"S 


= 


P'S  PT         P'R 


which  are  three  equivalent  forms  of  the  required  equation. 
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Yl 


O/      N'    N        N"      X 

FIG.  23. 


The  third  of  these  forms, 


is  not  a  quadratic  as  it  appears  to  be,  since  the  products  xy 
found  in  both  members  cancel. 
All  the  forms  reduce  to 

(y'-  y")x  -  (x'-  x")y-\-x'y"-  x"y'=  0. 

Third   Solution.  —  Let  it  be  required  to  so   determine   the 
parameters  (J.,  J9,  O)  that  the  line 


shall  pass  through  the  two  given  points  (xfy')  and  (x"yu). 
The  equations  of  the  parallel  L,  which  passes  through  the 
two  given  points,  are 

L  =  L'=L",     or    L-L'  =  L-L"=L'-L"=0; 
from  which,  by  eliminating  J.,  .5,  (7,  we  get 


y-y  _.  y-y 

B     x-x'     x-x"     x'-x"' 

as  before.     These  equations  are  the  same  for  both  rectangular 
and  oblique  axes. 

40.  To  find  the  condition  that  three  given  points  shall  lie 
on  the  same  straight  line. 
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If  the  line  found  in  Art.  39  must  also  pass  through  the  point 
(xirry'")i  then  the  condition  is 

y'"—  y  _  y'"—y"  _  y'—y"  . 

x'"-x'  ~~  x"'-x"  ~  x'-x"  ' 
which  reduces  to 

y'(x"-x">)  +  y"(x"'-  x')  +  y"'(x>-  x")  =  0, 
a  form  easily  remembered  from  the  symmetry  of  the  notation. 

EXERCISES    ON    LINES    PASSING    THROUGH    GIVEN    POINTS. 

1.   Find  the  equation  of  a  straight  line  which  passes  through  the 
given-  point  (2,  —5)  and  makes  an  angle  of  45°  with  the  axis  of  X. 

Ans.  2/  +  5  =  o?  —  2,  or  y  —  x+7  =  0. 


2.   If  the  axes  are  oblique  and  o>  =  75°,  what  is  the  equation  ? 

Ans.      =  V%x  —  5  —  2V2  =  0. 


3.  Find  the  equation  of  a  line  passing  through  the  points  (3,  5) 

An,.  |5|  =  ^_,  or  6j,-S«,-19»0. 

4.  Find  the  equation  of  a  line  passing  through  the  point  (3,  —5) 
parallel  to  a  given  line  4#  —  7y  +  2  =  0. 

Ans.  For  the  given  line  m  =  ^-.      .-.  y+  5  =  ^(#  —  3), 

or  4#  —  ly  —  47  =  0. 
By  Art.  38,  second  solution, 

,  Or  4=x-7y-  47  =  0. 


5.   Find  the  equations  of  the  sides  of  a  triangle  the  coordinates  of 
whose  vertices  are  (2,  1),  (3,  —2),  (—4,  —1). 
Ans. 


6.   Given  the  vertices  (2,  3),  (4,  -5),  (-3,  -6)  of  a  triangle  : 

(1)  Find  the  equations  of  the  opposite  sides. 

(2)  Find  the  equations  of  the  medial  lines. 

(3)  Find  the  equations  of  the  bisectors  of  the  adjacent  sides. 
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(4)  Find  the  equations  of  the  lines  through  the  vertices  parallel 
to  the  opposite  sides. 

(5)  Find  the  equations  of  the  lines  through  the  vertices  parallel 
to  the  medial  lines. 

(2,3)  (4,  -5)  (-3,  -6) 

(1)  a-7?/-39  =  0;     9x-5y-   3  =  0;     4x  +    y-ll=0. 

(2)  17z-32/-25  =  0;     lx  +  9#  +  17  =  0  ;     5«-6y-21  =  0. 

(3)  a-72/-10  =  0;     9»  —  5y  —  32  =  0  ;     8x  +  2y  +    7  =  0. 

(4)  z-7?/  +  19  =  0;     9z-52/-61  =  0;     4#  +    y+18  =  0. 

(5)  7a  +  9y-41  =  0;  17*-  8y-83  =  0  ;  17x-3y  +  33  =  0. 

8  =  0;     5a-  6y  —  50  =  0  ;     7x+  9y  +  75  =  0. 


7.  Find  the  equation  of  the  line  passing  through  the  points 

and  (0,6).  Ans.   (b  —  y')x  +  x'y  =  bx'. 

Find  the  same  result  by  eliminating  m  from  (a)  and  (a'),  Art.  39. 

8.  Given  the  vertices  (x'y'),  (x"y"),  (x'"y'")  ;  find  the  equation 
of  the  medial  line  passing  through  the  vertex  (x'y1)  . 
Ans.(y"+y'"-2y')x-(x"+x"'-2x')y+x"y'-x'y''+x"'y'-x'y'"=0. 

"Write  the  equations  of  the  remaining  medials  by  increasing  the 
primes  by  one  for  each  successive  medial,  noting  that  "'  becomes  '. 

9.  Find  the  equation  of  the  line  passing  through  the  points  (a,  0) 
and  (0,  b)  .  Ans.   bx  +  ay  =  ab. 


10.  Find  the  equation  of  the  line  passing  through  the  points  (  —  ae,  0) 
and  (ae,  -  Y  Ana.  2  o?ey  —  b2x  =  ab2e. 

41.  To  find  the  condition  that  a  given  point  and  the 
origin  shall  lie  on  the  same  or  opposite  sides  of  a  given 
straight  line. 

Let  the  equation  of  the  given  line  be 

=  L  =  0.  (a) 
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Since  L,  the  equation  of  any  parallel  to  L  =  0,  is  a  continuous 
function  of  (##),  it  follows  that  L  must  have  opposite  signs  for 
points  on  opposite  sides  of  the  line  L  —  0.  But  for  the  line 
passing  through  the  origin  (0,  0),  L  =  C,  and  for  the  line  pass- 
ing through  the  given  point 


L'=Ax'+By'+C. 

If,  then,  L'  and  0  have  the  same  sign,  the  given  point  (x'y') 
and  the  origin  lie  on  the  same  side  of  L  =  0,  and  on  opposite 
sides  of  L  =  0  if  Lf  and  C  have  opposite  signs.  Two  given  par- 
allel lines  will  lie  on  the  same  side  of  the  origin  if  the  signs  of 
their  corresponding  intercepts  on  the  coordinate  axes  are  the 
same  ;  and  on  different  sides  of  the  origin  if  the  signs  of  their 
corresponding  intercepts  are  unlike. 

42.  To  find  the  length  of  the  perpendicular  dropped  from 
a  given  point  to  a  given  line. 

Let  a?  cos  a  +  y  sin  a—  p  =  P=  0  (a) 

be  the  equation  of  the  given  line  AB,  and  let  N'(x'y!)  be  the 
given  point  ;  then 

x  cos  a  +  y  sin  a  —  p  =  P 

is  the  equation  of  any  line  parallel  to  AB,  in  which  P  is  the 
distance  measured  on  the  normal  axis  between  any  line  P  and 
the  given  line  P  =0.  For  the  line  A'BJ,  passing  through  the 
given  point  N'(x'y'), 

Pf=a?'cosa  +y'  sin  a—  p,  (6) 

which  is  the  length  D'D  =  N'N  of  the  required  perpendicular. 

It  will  be  noticed  that  the  length  P!  of  the  required  perpen- 
dicular is  obtained  directly  from  the  equation  of  the  given  line 
by  simply  substituting  for  x  and  y  the  coordinates  x'  and  y'  of 
the  given  point. 
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We  have  taken  the  distance  OD  ^=p  as  positive ;  therefore 
=  —p,  and  we  may  consider  the  origin  as  being  on  the 
negative  side  of  the  line,  if  we  measure  from  the  line  to  the 
origin.  It  follows,  then,  that  values  of  (x'y!)  which  make  P' 
negative  show  that  this  point  and  the  origin  lie  on  the  same 
side  of  the  line,  and  on  opposite  sides  if  they  make  Pr  positive. 


B 
B 


FIG.  24. 

If  the  equation  of  the  given  line  is 

x  sin  6  —  y  cos  0  —  p  =  0,     or    Ax  +  By  +  C  =  0, 


then 


for  rectangular  axes.     If  the  axes  are  oblique,  then 
P'  =  x'  cosa  4-  y'  cosra)  -  a^-p 


43.  To  find  the  locus  of  a  point  (xy)  whose  perpendicular 
distance  from  a  given  line  is  constant. 

Let  the  equation  of  the  given  line  be 

=  L  =  Q,  (a) 


and  let  P  denote  the  length  of  the  constant  perpendicular  ;  then 
P  =  a  constant  is  the  equation  of  the  required  locus. 
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To  express  P  directly  in  terras  of  x  and  y  we  have 

L 


=p 


or  Ax  +  By+C  =  L  =  P^A2  +  B2.  (b) 

This  equation  may  be  written 


A     A 


in  which  —  and  —  ,  or  their  equivalents,  are  the  distances  be- 
A          Jo 

tween  the  parallels  L  and  L  —  0  measured  on  the  axes  of  -X" 
and  Y.  For  oblique  axes  these  distances  are  P  sec  a  =  P  esc  6 
on  the  axis  of  -X",  and  P  sec  (o>  —  a)  =  —  P  esc  (&>  —  0)  on  the 
axis  of  Y. 


EXERCISES   ON   THE   RELATIVE   POSITIONS   OF   POINTS  AND    LINES. 

1.  Do  the  origin  and  the  point  (2,  3)  lie  on  the  same  or  on  oppo- 
site sides  of  the  line  3x  +  y  —  5  =  0?  Ans.  Opposite. 

2.  Does  the  origin  lie  in  the  acute  or  in  the  obtuse  angle  made  by 
the  lines  x  —  22/4-7  =  0,  3x  +  y  —  4  =  0?  Ans.  Acute. 

3.  Does  the  origin  lie  within  or  without  the  triangle  formed  by 
the  lines  3aj-2y-5  =  0,  aj  +  4y+7  =  0,  2<c-3?/  +  6  =  0? 

Ans.  Within. 

4.  Find  the  length  of  the  perpendicular  from  the  origin  on  the 
line  3a  +  4?/+20  =  0.  Ans.  4. 


5.  Find  the  length  of  the  perpendicular  from  the  point  (2,  3)  on 
the  line  3x  —  4y  —  4  =  0. 

Ans.  2.     Point  and  origin  are  on  the  same  side  of  the  line. 

6.  Find  the  length  of  the  perpendicular  from  the  point  (2,  3)  on 
the  line  2ce  +  2/-4  =  0. 

Q 

Ans.  —  -.     Point  on  opposite  side  from  origin. 

Vo 
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7.  Find  the  length  of  the  perpendicular  from  the  point  (3,  —4) 
on  the  line  4  x  +  2  y  =  7,  when  o>  =  60°. 

Ans.  f  .     Point  and  origin  are  on  the  same  side  of  the  line. 

8.  Find  the  lengths  of  the  perpendiculars  from  each  vertex  (2,  1), 
(3,  —2),  (—4,—!)  of  a  triangle  to  the  opposite  side. 

Ans.  2V2,  VlO,  2VlO,  and  the  origin  is  within  the  triangle. 

9.  Find  the  perpendicular  distance  between  the  two  lines  which 
are  parallel  to  the  line  3x  +  ±y  —  2  =  0,  and  pass  respectively  through 
the  points  (2,3),  (-3,  -4).  Ans.  8f. 

10.  Find  the  distance  between  two  parallels  to  L  =  0  measured  on 
the  axis  of  X,  one  of  which  passes  through  the  point  (x'y')  ,  and  the 
other  through  (*V)  .  ^  L'-L"  ^TX,_  x,,+  B     ,_       _ 

A  A 

11.  Find  the  length  of  the  perpendicular  from  the  point  (A,  B)  on 

the  line  Ax  +  By+  C=Q.  ,  Q 

Ans.  VA2  +  B2  H  -- 

12.  Find  the  length  of  the  perpendicular  from  the  point  (&,a)  on 
the  line  *  +  ^  =  2.  Ans.  &=»£. 


a      b  Va2+62 

13.    Given  the  vertices  (x'y'),  (x"y"),  (x"'y"')  of  a  triangle. 

(1)  Find   the   length   of   the   perpendicular   from    (x'y')    on   the 
opposite  side. 

(2)  Find  the  length  of  the  side  opposite  (x'y')  . 

(3)  Find  the  area  of  the  triangle. 

Ans  (1)  (y'-y")  (x"~  *'")  -  (d-  x")  (y"~  y'") 


(2)  ^(x"-x!" 

(3)  $[y'(x"-x"i)  +  y"(x'"-  x')  -f  y'"(x'-  x")]. 

14.  Find  the  length  of  the  perpendicular  from  the  point  (p,  0)  on 

jvj  /y\  _  _ 

the  line  y  =  mx  H  ---  Ans.  —  Vl  +m2=p  esc  0. 

15.  Find  the  length  of  the  perpendicular  from  the  origin  on  the 
line  y  =  mx  -f-  rVl  +  m2.  Ans.  r 
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16.  Find  the  length  of  the  perpendicular  from  the  point  (ae,0)  on 
the  line  y  =  mx  +  V«2m2  +  b2.       ^4ws.  ae  sin  0  +  Va2  sin20  +  62  cos2  0. 

17.  Find  the  length  of  the  perpendicular  from  the  point  (r  cos  a, 
r  sin  a)  on  the  line  x  cos  a  -f  y  sin  a  —  p  =  0.  -4ns.  r  —  p. 

Angles  between  Given  Lines. 

44.  To  find  the  angle  between  two  given  straight  lines. 

Y 
\ 


O 


\ 


X 


FIG.  25. 

First,  when  the  axes  are  rectangular. 

Let  the  direction  parameters  of  the  two  given  lines  AP  and 
BP  be  denoted  by  6'  and  0,  or  a'  and  a,  and  let  ft  denote  the 
required  angle  APB\  then  ft  =  0r—0  =  af—a,  and,  by  Trigo- 
nometry, Art.  63, 

tan  B  =  tan  (O1-  6}  =  tanfl'-tanfl 
1  +  tan  &  tan  6 
But  by  Art.  29, 

tan  0'=  ra'= =  —  cot  a'= » 

a'  5' 

tan  0  =  m  = =  —  cot  a  = » 

a  jB 

and  therefore  the  corresponding  forms  of  the  value  of  tan/3 
are 
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m'-m      a'b-ab' 


45.  Parallel    Lines.  —  In  this   case,   /3  =  0r—  0  =  af—a  =  0, 

and  tan  /3  =  0  ;  therefore, 

m'—  ra  =  0,  or    m'=m; 

a7>-a&'=0,  or     —  =  -; 


tan  (a'—  a)  =  0,  or    a'=  a,  or  =  a  4-?r; 

0  or         = 


which  shows  that  the  direction  parameters  of  parallel  lines  are 
either  equal  or  proportional.  The  condition  of  the  parallelism 
of  two  given  lines  may  also  be  stated  as  follows  : 

When  two  straight  lines  are  parallel,  the  ratios  of  the  coefficients 
of  x  and  y  in  their  equations  are  equal. 

46.   Perpendicular  Lines.  —  In  this  case, 

£=0'_0  =  a'-a  =  !, 

and  tan  ft  =  infinity  ;  therefore, 

l+m'm  =  0,  or     m'=  --  ; 

aa'+&6'  =  0,  or     -^-  =  --; 

a'          b 

tan  (a'—  a)  =00,  or     a'=a-f--,  or  =  a  -f  —  ; 

AA'  +  BB'=Q,  or    ^  =  _^. 

B'         A 

Hence,  two  lines  are  mutually  perpendicular,  if  the  ratio  of 
the  coefficients  of  x  and  y  in  the  equation  of  one  is  minus  the 
reciprocal  of  this  ratio  in  the  equation  of  the  other. 
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The  condition  of  perpendicularity  may  also  be  stated  as 
follows : 

Two  lines  are  mutually  perpendicular  when  the  tangents  of  the 
angles  which  they  make  with  the  axis  of  x  are  each  the  minus 
reciprocal  of  the  other. 

47.    Second,  when  the  axes  are  oblique. 
In  this  case,  Art.  34, 


sin(o>-0')  a' 

sin0  b 


sm(o)  —  0)  a 


tan0'=  msn<0 


1-fra'cosw  l  +  mcoso> 

0)  =  ta"^~tan^  =  tan(a'-a) 
l  +  tan0'tan0 

_  (m'—m)  si 


1  +  m'm  -f-  (m'-f-  m)cos  o> 

(g'6  —  a6')  sin  o> 
act'  -f  66'  —  (a'6  -f  a6')  cos  <o 


AA'+BB'-  (AB'+A'B)  cosa> 

48.    Parallel  Lines.  — In    this   case,   /3  =  6'— 6  =a'—a  =  0, 

and  tan  ft  =  0 ;  therefore, 

(m'—m)  sin w  =  0,          or     m'=m; 

(a'6-a6')smo>=0,       or     -^  =  5; 

a'      a 

(^5'-^'J5)sin<u  =  0,  or     — |  =  -; 

a'=  a  Or  =  TT  -f-  a  ; 

which  are  the  same  conditions  as  for  rectangular  axes,  Art.  45. 
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49.    Perpendicular  Lines.  —  In  this  case, 

/3  =  0'-0  =  a'-a  =  |, 

and  tan  ft  =  infinity ;  therefore, 

1  +  m'm  +  (ra'+m)  cos  o>  =  0, 
aa'+  66'-  (a'6  +  a6')  cos  a>  =  0, 
AA'+  BB'-  (AB'+A'B)  cos  a>  =  0, 

from  which  we  get  for  mutually  perpendicular  lines, 
,_      1  +  m  cos  o> 

y/fc  —  ~"~  •  J 

m  +  cos  o> 
6f          a  —  6  cos  w 


a'         6  —  a  cos  to 

A1         B  —  A  cos  to 

— = , 

B'         A  —  B  cos  to 


which  reduce  to  the  corresponding  results  for  rectangular  axes 
by  making  «  —  ?• 


50.  To  /£TW£  £&#  equation  of  a  straight  line  which  passes 
through  a  given  point,  and  is  perpendicular  to  a  given  line. 

First,  when  the  axes  are  rectangular. 

The  equation  of  any  line  through  the  given  point  P  (x'y1) 
is,  Art.  36, 

y  —  y'=m'(x  —  x'),  (a) 

and  it  only  remains  to  so  determine  mf  that  this  line  shall  be 
perpendicular  to  the  given  line. 

For  the  given  line  let  the  direction  parameters  be 

6  A 

ra=  --  =  —  cota  =  --  > 

a  B 

according  to  the  form  of  its  equation.     Therefore,  for  perpen- 
dicularity, Art.  46, 
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m'=  --  =  -  =  tana  =  —  > 
mo  A 

and  (a)  becomes 

y-y<  =  -±-(x-x')  =  %(x-x>)  =  t*na(x-x')  =  ?-(x-x'^     (b) 
Wl  0  •£*- 

according  to  the  direction  parameters  of  the  given  line. 

Second  Solution.  —  If  the  given  line  is 

Ax  +  By  +  O=  L  =  0,  (a) 

then  Bx-Ay+  C=M=0  (b) 

is  perpendicular  to  L  =  0,  Art.  46. 

But  the  equation  of  the  line  M  passing  through  the  given 
point  (x'y1)  is 


or  x 

or  y  —  y'=(x  —  x'), 

which  is  the  required  equation. 

Second,  when  the  axes  are  oblique. 

If  the  axes  are  oblique,  then,  by  Art.  49, 

,         1  -f-  m  cos  to     a  —  b  cos  to     B  —  A  cos  o> 

m'=  --  =  -  =  —  --  •  j 

m  +  cos  w      b  —  a  cos  o>     A  —  B  cos  to 

and  the  required  line  is 


m  +  cos  o> 
and  so  for  the  other  parameters  of  the  given  line. 
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5 1 .  To  find  the  equations  of  the  two  straight  lines  which 
pass  through  a  given  point  and  make  a  given  angle  with  a 
given  line. 

Y 


\e 


O 


M 


NJ 

FIG.  26. 

First,  when  the  axes  are  rectangular. 

Let  AB  be  the  given  line,  P7(V;z/')  the  given  point,  and  fi 
the  given  angle  which  the  required  lines  ND  and  ME  make 
with  the  given  line. 

For  the  line  ND,  0'=  6  -f-  /3,  and  for  the  line  ME,  0"=  i 
therefore,  by  Trigonometry,  Art.  63,  for 

tan  0'  = 


=  tan  *  +  tan  P  = 

l-tan0tan£      l-ratan/3 


tar  ME,      tan0"=tan(0+7r-/?)= 


m-tan/? 


l+tan0tan/J      1+mtan^ 
But  the  equation  of  any  line  through  P'^x'y1)  is 

y-y'=m'(x-x')  ; 
therefore  the  equation  of  ND  is 

,=  m  +  tan/?  (          f) 

lv 
and  of  ME  is 


l-fmtan/2v 
If  /3  =  90°,  the  equations  of  both  ND  and  ME  reduce  to 

y  —  y  —  —  —  (x  —  x), 
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as  they  should,  since  the  lines  coincide,  and  are  then  perpen- 
dicular to  the  given  line  AB. 

Second  Solution.  —  If  the  equation  of  the  given  line  AB  is 
xsm0  —  ycos0—p  =  P  =  Q,  (a) 

then  x  sin  (0±fi)-y  cos(0  ±  /?)  —p'=  P 

is  the  equation  of  two  systems  of  parallels,  each  making  the 
given  angle  /9  with  the  given  line  P  =  0. 

For  the  line  of  each  system  passing  through  the  given  point 

(*y>* 

x8m(0±(3)-ycos(0±l3)-p'=P'=x'sm(0±p)-y'cos(0±p)-p'1 
or,  y-y'=ta.u(0±P)(x-x'), 

which  are  the  equations  of  ND  and  ME  as  already  found. 

Second,  when  the  axes  are  oblique. 

In  this  case,  we  get  from  Art.  47,  using  ±  tan  /5, 

,_  m  sin  co  ±  (1-f  wcosw)  tan/? 
sin  to  if  (m  +  cos  <o)  tan  ft 

b  sino>  if:  (a  —  b  cos  CD)  tan  (3 
a  sin  <o  ±  (b  —  a  cos  oo)  tan/? 

q:  (B  —  A  cos  co)tan/? 


5  sin  o>  ±  (A  —  B  cos  w)  tan  ft 

.-.         yf=msinM±(1+mcoSoj)tanff(a;      a') 
sin  w  if  (m  +  cos  <o)  tan  /? 

% 

are  the  equations  of  ND  and  ME,  and  so  for  other  values  of  the 
parameter  m1. 

For  w  =  90°,  these  equations  reduce  to  those  given  for  rect- 
angular axes. 
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For  0  =  90°,  the  lines  ND  and  ME  are  perpendicular  to  AB, 
and  their  equations  reduce  to 

l_+mcoso,(          f) 
m  +  cosco  v 
as  found  in  Art.  50. 

Intersection  of  Lines. 

52.  To  find  the  coordinates  of  the  point  of  intersection  of 
two  given  straight  lines. 

Let  the  equations  of  the  two  given  lines  be 

By  +  C=  0,     A'x+  B'y  +  C"=  0. 


Let  (x'y1*)  be  the  point  in  which  these  lines  intersect ;  then 
(x'y')  is  on  both  lines  and  must  satisfy  both  equations,  and 

therefore 

Ax'+By'+  (7=0,     AW+3?y'+  <7'=0. 

By  solving  these  equations,  we  get 

,  =  BC'-B'C        ,  =  A'C-AC' 
AB'-A'B'     y      AB'-A'B 

the  required  coordinates. 

A     A' 
If  AB'—  ArB  =  Q,  or  •5  = -5-^  then  x'  and  y'  are  both  infinite, 

X>         -O 

and  the  lines  intersect  at  infinity ;  or,  in  other  words,  are  par- 
allel, since  their  direction  parameters  are  proportional  (Art.  45). 
If  ABf-A'B  =  Q,  and  also  BC'-BrC  =  Q,  A'C-ACf=Q', 

that  is,  if      2?  =  f  =  §> 

then  the  values  of  x1  and  y1  are  both  -,  or  indeterminate,  and 

0 

the  two  lines  meet  in  all  points  on  each,  or  are  coincident 
lines. 

Therefore,  two  straight  lines  are  coincident  when  their  corre- 
sponding parameters  have  the  same  ratio. 
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EXERCISES    ON    ANGLES    BETWEEN    GIVEN     LINES,    AND    ON    THEIR 
INTERSECTIONS. 

1.  Find  the  angle  which  the  lines  3x  —  y  =  5,  2  y  —  x  =8  make 
with  each  other.  Ans.  45°. 

2.  Show  that  the  lines  4?/  —  3#  =  8,  6o;-f8t/=25  make  supple- 
mentary angles  with  the  axis  of  x  ;  and  the  angle  tan"1  -^  with  each 
other. 

3.  The  sides   of  a   triangle  are  x  +  ly  +  11  =  0,  3y  —  x  =  1, 
3#  +  y  =  7  ;  find  the  acute  angles  which  they  make  with  each  other, 
and  the  coordinates  of  the  vertices. 

Ans.  90°,  tan-1  2,  tan'1  i  ;   (2,  1),  (3,  -2),  (-4,  -1). 


4.  Do  the  lines  2x  +  3y=l3,  5x-y  =  7,  x  -4#  +  10=  0  meet 
in  a  point  ?    Find  the  acute  angles  which  they  make  with  each  other. 

Ans.  tan^Jf,  tan^ii,  tan-1^. 

5.  Find  the  equations  of  the  two  lines  which  pass  through  (  —  3,1) 
and  each  make  an  angle  tan"1  f  with  the  line  2x  —  3y+7  =  Q. 

Ans.  &y  —  17x  —  57  =  0,  I8y  +  x  —  15  =  0. 


6.   Find  the  equations  of   the  lines  passing  through  the  point 
(3,  —  1),  and  making  angles  of  45°  with  2y  +  3#=  6. 

Ans.  52/  +  cc  +  2  =  0,  y  — 


7.  Find  the  equations  of  the  two  straight  lines  which  pass 
through  the  point  (2,  3)  and  make  angles  of  30°  with  the  given  line 
3  x  +  5^  —  2  =  0,  when  w  =  60°. 

Ans.  82/  +  a;-26  =  0,  7y  +  8x—  37  =  0. 


8.   Find  the  equation  of  a  line  passing  through  (3,  —1)  parallel  to 
2y  4-  3a  —  6  =  0. 

Ans.  2y  +  3x—  6  =  £'=  —  2  +  9  —  6,  or  2y  +  3x  —  7  =  0. 


9.   Find  the  equation  of  a  line  passing  through  (  —  3,5)  perpen- 
dicular to3y-2»-2  =  0. 

2y  +  3x  —  2  =  L'=2-5  —  3-3  —  2,  or  2y  +  3x—  1=0. 
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10.  When  are  the  lines 

aj+(a  +  6)?/  +  c  =  0  and  a(x  +  ay)  +  b(x  —  by)-\-  cZ  =  0 
parallel?    When  perpendicular?    Ans.  For  6  =  0;  for  a2—  &2-fl  =  0. 

11.  A  point  xy  so  moves  that  its  perpendicular  distance  from  the 
line  5aj  +  122/  —  2  =  0  is  always  ±  5  ;  find  the  equations  of  the  loci. 

Ans.  5#-M2?-67  =  0   or  5#+  12    +  63  =  0. 


12.  A  point  xy  so  moves  that  its  perpendicular  distances  from  the 
two  lines  5x  -f  I2y  -f-  5  =  0,  I5x  —  8y  —  3  =  0  are  always  equal  ;  find 
the  equations  of  the  loci. 

Ans.   IWx  -  308  y-  124  =  0,  280a;+  100?/  +  46  =  0. 

Show  that  these  loci  are  perpendicular  to  each  other. 

Show  that  these  loci  pass  through  the  intersection  of  the  given 
lines. 

13.  A  point  xy  so  moves  that  its  perpendicular  distances  from  the 
lines  P=  0,  Q  =  0  are  always  equal  ;  find  the  equations  of  the  loci. 

Ans.  P=Q,  P  =  -Q,  or  P-Q  =  0,  P  +  Q  =  0. 

Show  that  these  loci  pass  through  the  intersection  of  P=  0,  Q  =  0. 

14.  Find  the  points  on  the  line  x+2y  —  15  =  0  whose  perpendicu- 
lar distances  from  the  line  3x  —  4y  +  5  =  0  are  2. 

Ans.   (7,4),  (3,6). 

15.  Find  the  point  equidistant  from  the  three  lines 

4a?  +  32/-7  =  0,   5x+  12^-20  =  0,   3x  +  ±y-  8  =  0, 
and  its  distance  from  each.  Ans.   (2,3)  ;  2. 

16.  Given  the  vertices  (2,  1),  (-4,3),  (6,  -5)  of  a  triangle. 

(1)  Find  the  equations  of  the  sides. 

(2)  Find  the  equations  of  the  medial  lines. 

(3)  Find  the  equations  of  the  lines  passing  through  the  vertices 
perpendicular  to  the  opposite  sides. 

(4)  Find  the  equations  of  the  lines  perpendicular  to  the  three  sides 
through  their  middle  points. 
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(5)  Show  that  the  lines  of  each  set  (2),  (3),  (4),  meet  in  a  point, 
and  find  the  coordinates  of  these  points. 

(6)  Show  that  the  three  points  thus  found  lie  on  a  straight  line, 
and  find  its  equation. 

Ans.   (1)   52/  +  4#  +  l  =  0;  2y  +  3x-   8  =  0;  3y+    x-    5  =  0. 

(2)  y-2x  +  3  =  0;  8y  +  5x-  4  =  0;     y+    x-    1  =  0. 

(3)  42/-5a  +  6  =  0;  3y-2z-17  =  0;     y  —  Sx  +  23  =  0. 

(4)  4?/-5a;  +  9  =  0;  3y  -  2x  +  U  =  0  ;     y-3x-    5  =  0. 

(5)  Gb-i);  (¥,¥);  (-¥>-¥)• 

(6)  805 y—  1043^  +  1659  =  0. 

17.    Given  the  vertices  (x'y') ,  (x"y") ,  (x"'y'")  of  a  triangle. 

(1)  Find  the  tangents  of  the  angles  which  the  sides  make  with  the 
axis  of  X. 

(2)  Find  the  condition  that  the  angle  at  (x'y1)  shall  be  a  right 
angle. 

(3)  Find  the  condition  that  the  sides  through  (x'y')  shall  make 
supplementary  angles  with  the  axis  of  X. 

(4)  Find  the  equations  of  the  lines  through  the  vertices  parallel  to 
the  opposite  sides. 

(5)  Find  the  equations  of  the  lines  through  the  vertices  perpen- 
dicular to  the  opposite  sides. 

(6)  Find  the   equations   of   the  lines  perpendicular  to  the  sides 
through  their  middle  points. 

Ans. 

(2)  (x'-  x"  )  (x'-  x'")  +  (y'-  y")  (y'-  y'")  =  0. 

(3)  (x'-x'")(y'-y")  +(x'-x")(y'-y'")  =  0. 

(4)  y(X"   -X'»)-.X(y»   -y'l')-y'     (X"   -  x'")  +  X*     (y"  -  y'")  =  0  ' 

y(x'"-x'  )-x(y'"-y'  )-y"(x"'-x'  )+x"  (y'"-y'  )  =  0; 
y(x'  -x")-x(y'  -y")-y'"(x'  -x")  +  x'"(y'  -y")  =  0. 
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(5)  y(y"  -y'")  +  x(x"  -x'")-  y'   (y"-y'")-xf   (x"  -x"')  =  0  ; 

y(y'"-y'  )  +  x(x'"-x<  )-y»  (y>»-y>  )-x"(x'"-x'  )  =  o; 
y(y'  -y")  +  x(x'  -x")-y'"(y'  -y»)-x<"(x'  -z")  =  o. 

(6)  y(y"  -  y"')  +  x(x"  -  x'")  =i<V'2  -  x' 


y(y'  -y")  +  x(x>  -x")=±(x'*  -x 

18.  Take  the  side  through  (x"y")  ,  (x'"y'")  as  the  axis  of  X,  and 
the  perpendicular  through  (x'y')  as  the  axis  of  F;  then  the  coordi- 
nates of  the  vertex  are  (0,2/'),  and  those  of  the  base  angles  are 
(-aj",0)  and  (x'",Q). 

(1)  Find  the  equations  of  the  three  sides. 

(2)  Find  the  tangents  of  the  three  angles  of  the  triangle. 

(3)  Find  the  equations  of  the  three  medial  lines,  and  the  point  in 
which  they  meet. 

(4)  Find  the  equations  of  the  three  perpendiculars  through  the 
vertices  on  the  opposite  sides,  and  the  point  in  which  they  meet. 

(5)  Find  the  equations  of  the  perpendiculars  to  the  sides  through 
their  middle  points,  and  the  point  in  which  they  meet. 

(6)  Show  that  the  points  found  in  (3),  (4),  (5)  lie  on  the  same 
straight  line  ;  find  its  equation. 

Ans.   (1)  xy'+yx'"—y'x"'=Q',  xy'—yx"+y'x'"=Q',  y  =  0. 

m  ll-     ll.     ?'(«"+«'") 
V  ;  <e"'     x'"'      x"x'"-y'2 

(3)    (»'"-  x")y  +  2y'x-  y'(x'"-  x")  =  0  ; 


(x"'+2x")y-y'x-y'x"=0; 


(4)  y'y-aj'''a!-aW"=0;  y'y  +  x"x-x"x'"=0  ; 
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(5)  2y'y  +  2x"x -f-  x112 — ?/'2=0;  2y'y  —  2x'"x-\-  cc'"2 — ^'2=0; 

'    V 2 '        2^ / 

(6)  y (ic"f-  a?")y  +  (3 x"x'"-  y12)x  —  x"x'"(x'"-  x")  =  0. 


Lines  passing  through  the  Intersection  of  Two  Given 

Lines. 

53.  To  find  the  equation  of  any  straight  line  which  passes 
through  the  point  of  intersection  of  two  given  straight  lines. 

In  Art.  52  we  found  the  coordinates  (x'y1)  of  the  point  in 
which  the  two  given  lines 


intersect  ;  then,  by  Art.  36, 
y-y'=m(x-x') 
is  the  required  equation  of  any  line  passing  through  the  point 


Second  Solution.  —  Let  I  and  m  be  any  two  arbitrary  factors  ; 
then 

Q,  (a) 


or  l(Ax  +  By+C)  +  m(A'x  +  Sty  +  C")  =  0, 

is  the  required  equation  ;  first,  because  it  is  of  the  first  degree, 
in  x  and  y,  and  thus  represents  some  straight  line  ;  and  second, 
because  (L  =  0,  M=  0),  or  (xryf)  the  coordinates  of  the  point 
in  which  the  two  given  lines  intersect,  reduce  both  of  its  terms 
to  zero,  and  thus  satisfy  it. 

If  we  put  m  :  I  =  7c,  then  equation  (a)  can  be  written 
L-\-JcM=Q.  Since  k  is  arbitrary,  we  may  find  the  line  ful- 
filling one  additional  condition,  such  as  passing  through  a  given 
point,  or  making  a  given  angle  with  the  axis  of  -X". 
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The  lines  L  —  0  and  M  =  0  make  two  angles  with  each  other 
which  are  supplementary  ;  the  one  in  which  the  origin  lies  is 
called  the  internal  angle,  and  the  other  the  external  angle.  If 
L  +  kM  =  0  represents  all  lines  lying  in  the  external  angle, 
then  L  —  kM=Q  will  represent  all  lines  lying  in  the  internal 
angle,  since  for  k  =  0  we  have  L  —  0,  and  k  must  change  signs 
in  passing  through  zero. 

For  example,  if  the  line,  besides  passing  through  the  point 
(L  =  Q,  M—  0),  or  (V«/'),  must  also  pass  through  the  given 
point  (Vy)>  tnen  the  condition  for  determining  k  is 


_,  „  .-.- 

and  the  required  equation  is 
M"L-L"M=Q, 


or 


If  the  line  passing  through  the  point  (£  =  0,  M  =  0)  must 
also  pass  through  the  origin,  then  (x"y")  becomes  (0,  0),  and 
the  equation  just  found  reduces  to 

(AC1-  A'C)x  +  (BC'-  B'C}y  =  0. 

54.  To  find  the  equations  of  the  two  lines  which  bisect  the 
angles  made  by  two  given  lines. 

Let  the  equations  of  the  two  given  lines  M  C  and  Mr  0  be 

a;  cos  a  -f  ?/  sin  a  —  p  =P=0,  (a) 

a  cos  a'  +#  sin  a'—  p'=  Q=0.  (6) 

The  line  EC  which  bisects  the  angle  MCMf  in  which  the 
origin  lies  is  called  the  internal  bisector;  the  line  BO  which 
bisects  the  angle  NQN',  supplementary  to  MOM',  is  called  the 
external  bisector. 
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The  origin  and  any  point  B(xy)  on  the  internal  bisector 
always  lie  on  the  same  or  on  opposite  sides  of  both  MO  and 
M'C,  and  therefore  the  perpendiculars  BM  and  BM'  always 
have  the  same  sign  (Art.  42) ;  while  the  origin  and  any  point 
B  (xy)  on  the  external  bisector  always  lie  on  the  same  side  of 
one  of  the  lines  and  on  the  opposite  sides  of  the  other,  and 
therefore  the  perpendiculars  J5iVand  BN'  always  have  opposite 
signs. 


O 


A 


FIG.  27. 


The  length  of  the  perpendicular  from  any  point  B(xy)  to 
the  line  MO  =  P,  and  to  the  line  MC'=Q,  Art.  42.  Since 
these  perpendiculars  are  equal  for  all  points  B(xy)  on  the 
bisectors,  we  have 

P=Q,     or    P-Q  =  0, 

for  the  equation  of  the  internal  bisector,  and 


=  -          or 


for  the  equation  of  the  external  bisector. 

If  the  perpendiculars  P  and  Q  are  not  equal,  but  proportional 
to  the  two  arbitrary  constants  p  and  ^,  then 
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is  the  equation  of  any  line  lying  in  the  internal  angle 
and 


=  —        or 


, 


=    ,   or 


is  the  equation  of  any  line  lying  in  the  external  angle  NON1  . 

Of  the  two  lines  P  —  kQ  =  Q  and  Q  —  kP  =  0,  which  corre- 
spond to  reciprocal  values  of  k,  P  —  kQ  =  0  makes  the  same 
angle  with  P  =  0  that  Q  —  kP  =  0  makes  with  Q  =  0,  since 
their  bisectors  are 


the  same  as  the  bisectors  of  P  =  0,  Q  =  0. 
If  the  equations  of  the  given  lines  are 


then  the  equations  of  the  bisectors  are 


Ax  + 


A'x  +  B'y+C' 


If  the  axes  are  oblique,  then 
Aas  +  By+C 


or  ajcosa+2/cos(w—  a)—  p 

are  the  equations  of  the  bisectors. 

The  equations  of  these  bisectors  may  be  written 


=Q 


—  a')—  £>']=  0, 


cosa=,    or       sm:F 
A  A'  A  A 

both  for  rectangular  and  oblique  axes. 
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55.  To  construct  the  equations  P^JcQ  =  Q  and  L  :p  kM  =0. 


I.   The  equations  P  T  kQ  =  0.     Take  the  two  lines  CP0  and 
CQ0  (Fig.  28),  whose  equations  are 


a?  cos  a  +  y  sin  a—  p  = 


#cosa'+2/  cos  a'—  p'=  Q  =  0, 


as  coordinate  axes,  and  their  intersections  C  (JP  =  0,  §  =  0)  as 
the  origin,  a  point  through  which  the  required  lines  must  pass. 


FIG.  28. 


FIG.  29. 


The  perpendicular  coordinates  of  the  point  of  intersection  of 
any  two  lines  P  and  Q,  respectively,  parallel  to  the  axes,  are 
(P,  #),  Art.  42.  If  k  =  ±  p  :  q,  the  points  t  (p,  q)  and  t'(-p,  q) 
are  the  intersections  of  the  parallels  p  and  —  p  to  P  =  0,  by  q 
the  parallel  to  Q  =  0.  Draw  the  required  lines  Ct  and  Ct'. 

If  (P,  #)  are  the  corresponding   coordinates   of  any  other 
points  on  these  lines,  then,  for  Ct, 


Q 


P-  P  ..  g  =B 

q      Ct'Ct.    sintCQ 


which  shows  that  &  is  the  ratio  of  the  sines  of  the  two  angles 
into  which  the  line  Ct  divides  the  internal  angle  P0CQ0. 
For  Ct', 

Z-_ft--J>-_  P  .  V   = 

' 


CONSTRUCTION  OF 


=  Q  AND 


Ill 


which  shows  that  —  k  is  the  ratio  of  the  sines  of  the  two  angles 
into  which  the  line  Ct'  divides  the  external  angle  P0CQf0.  If 
we  suppose  the  line  Ct  to  revolve  into  the  position  Ct',  we  see 
that  p  equals  zero  and  changes  sign  as  Ct  coincides  with  and 
passes  P  =  0,  and  that  the  angles  tOPQ  and  tf  CP0  are  measured 
in  opposite  directions.  It  also  appears  that  ts  =  stf,  and  that 
P  =  0  bisects  the  portion  of  any  parallel  to  Q  =  0,  intercepted 
between  Ct  and  Ctf. 

When  Ct  and  Ct'  are  bisectors,  q=  ±  p,  k  =  ±  1,  and  their 
equations  are  P  q:  Q  =  Q. 

II.   The  equations  L  =F  kM=0.     Take  the  two  lines  CL0  and 
CMQ  (Fig.  29),  whose  equations  are 


as  axes,  and  their  intersection  C(L  —  Q,M=Q^  as  the  origin,  a 
point  through  which  the  lines  must  pass.  Let  k  =  ±  m  :  I, 
instead  of  ±  I  :  m,  to  conform  to  the  notation  of  Art.  53.  The 
ratio  of  the  distances,  measured  on  the  axis  of  X,  of  the  par- 
allels L  and  m  from  L  =  Q,  and  of  M  and  I  from  Jf=0,  are 
Lim  and  Mil,  Art.  43.  To  find  the  points  (±  m  :  I).  Draw 
through  the  origin  a  parallel  rrf  to  the  axis  of  Jf,  on  which  lay 
off  Crf=  ±  m  and  Or  =  I.  Through  the  points  rr  draw  parallels 
to  L  =  0,  and  through  r  a  parallel  to  M—  0.  The  points  t  and 
t1  thus  found  are  on  the  required  lines  Ct  and  Ct1,  whose  equa- 
tions are 

—  =^,   or  L^JcM=0. 
±m       I 

As  before,  the  intercept  ttf  on  the  parallel  to  M=  0  is  bisected 
by  L  =  0.     These  equations  may  be  written 


When  Ct  and  Ct1  are  bisectors,  q  =  ±  jt>,  and  their  equations 


are 


sin  0  T       sin  0'=  0. 
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56.  To  find  the  condition  that  three  given  straight  lines 
shall  intersect  in  the  same  point. 

Let  their  equations  be 

Ax   +  By  +C  =  L  =  0,  (a) 

Ax  +B'y  +C'  =  M=0,  (6) 

A"x  +  B"y  +  C"=  N  =  0.  (c) 

The  coordinates  of  the  point  of  intersection  of  either  two 
must  satisfy  the  third,  if  all  three  pass  through  the  same  point. 
Substitute  the  coordinates  (x'yf)  of  the  point  of  intersection  of 
(a)  and  (5),  Art.  52,  in  (c),  and 


C'-B'C)      B"(A'C-AC')      c,,_0  ,« 

AB'-A'B  AB'-A'B 

or  A"(BC'-B'C)   +B"(A'C-AC')  +C"(AB'  -A'B)  =  0, 

or  A(B'C"-B"C})+B(C'A"-C"A')+C(A'B"-A"B')=0, 

or  ^1(J3'<7"-  J3"C")  +4'(.B"C7  -BO")  +A"(BC'-B'C  )  =  0, 

are  different  forms  of  the  required  equation  of  condition. 

This  is  the  relation  which  must  exist  between  the  nine  par- 
ameters of  the  three  given  lines  if  they  pass  through  the  same 
point. 

Second  Solution.  —  We  already  know,  Art.  53,  that 


or  (IA  +  mA')x  +  (IB  +  mB')y  -f  1C  +  mC"=  0, 

represents  any  line  passing  through  the  point  (£  =  0,  M=Q). 
If  now  the  third  line 


is  coincident  with  one  of  the  lines  IL  +  mM=  0,  it  will  also  pass 
through  the  point  (L  =  0,  M  =  0). 
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But  for  coincidence,  Art.  52, 

I  A  +  mA'  _  IB  +  mB'  =  IC  +  mC' 
A"  B"  C" 

—  n  being  any  arbitrary  constant.  It  follows  then  that  if 
values  of  I,  m,  n  can  be  found  which  satisfy  the  identity 
IL  +  mM+nN=Q,  or  the  equivalent  equations  of  condition, 

lA+mA'+nA"  =  0, 
IB  +  mB'  +  nB"  =  0, 


the  three  given  lines  will  pass  through  the  same  point. 

If  we  eliminate  Z,  w,  n  from  these  equations  of  condition,  the 
resulting  equation  will  express  the  required  relation  (cf)  already 
found  between  the  nine  parameters  of  the  three  given  lines. 

If,  however,  values  of  Z,  w,  n  cannot  be  found  which  satisfy 
the  above  equations  of  condition,  then  the  line  N=0  will  not 
pass  through  the  point  (£  =  0,  J!f=0),  but  the  three  given  lines 
£=0,  M=Q,  N=0  will  form  a  triangle. 

In  this  case  the  line  lL-\-mM=Q  passing  through  the  ver- 
tex (Jv  —  0,  M=Q)  will  intersect  the  opposite  side  N=0  in 
the  pomt*(lL  +  mM.  JV),  and  the  equation 


instead  of  being  indeterminate,  will  represent  some  straight  line 
passing  through  this  point  of  intersection. 

But  the  symmetry  of  the  equation  shows  that  this  line,  which 
is  called  a  transversal,  will  also  intersect  the  side  L  —  0,  in 
the  point  (mM  -\-nN.L),  and  the  side  M=0  in  the  point 
(nN+  IL.  M).  If,  then,  we  construct  the  triangle  given  by  the 
lines  L  =0,  M=Q,  N=Q,  and  then  for  given  values  of  Z,  m,  n 
construct  the  lines  lL  +  Mm=Q,  mM+nN=Q,  nN+lL  =  Q, 

*  The  point  (IL  +  m  M  =  0,  N=  0)  .     This  notation  is  used  for  brevity. 
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they  will  meet  the  opposite  sides  ;  the  three  points  thus  found 
will  lie  on  the  transversal  whose  equation  is 


Assuming,  as  we  may,  that  the  origin  of  the  xy  coordinates  is 
within  the  triangle,  and  its  angles  are  internal,  then  for  all  pos- 
itive values  of  Z,  m,  n  the  corresponding  lines 


through  the  vertices  of  the  triangle  will  all  lie  in  the  external 
angles,  and  the  transversal 

IL  +  mM+  nN=  0 

will   cut   all  the    sides    produced,   or   externally  ;    while   the 
transversals 

IL  +  mM—  nN  =  0,    IL  —  mM+  nN=  0,    —IL  +  mM+  nN=  0, 

will  each  cut  the  respective  sides  .2V"  =0,  M—  0,  L  —  0  exter- 
nally, and  the  other  two  internally. 

If  the  equations  of  the  sides  of  the  triangle  are  given  in  their 
normal  forms  P  =  0,  Q  =  0,  R  =  0,  then  the  above  transversal 
may  be  written 


which  is  called  the  trilinear  equation*  of  the  straight  line.  In 
this  case  the  three  sides  of  the  triangle  are  taken  as  axes,  and 
(P,  Q,  R)  are  the  perpendicular  coordinates  of  any  point  on 
the  line,  since,  by  Art.  42,  P,  Q,  R  respectively  represent  the 
lengths  of  the  perpendiculars  from  any  point  (xy)  on  the  three 
axes  whose  equations  are  P  =  0,  Q  =  0,  R  —  0. 


*  The  student  who  wishes  to  see  a  full  discussion  of  the  method  of  trilinear 
coordinates,  with  applications,  may  consult  a  work  on  "Trilinear  Coordinates," 
by  N.  M.  Ferrers ;  or  "  Trilinear  Coordinates  and  Other  Methods  of  Modern 
Analytic  Geometry  of  Two  Dimensions,"  by  William  Allen  Whitworth;  or 
Salmon's  "  Conic  Sections."  ^ 
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57.  To  find  the  ratio  of  the  segments  into  which  the  line 
Ax  +  By+C=L  =  Q  divides  the  line  joining  the  two  given 
points  (x'y1)  and  (x"y"). 

The  distances  between  the  parallels  to  L  =  0  through  the 
given  points  (x'y'^),  (x"y"~),  measured  on  the  axis  of  Jf,  are 

Tf  Ttf 

—  and  —  -,  Art.  43.     Since  L  =  0  divides  the  distance  between 
A          A 

the  given  points  (x'y'},  (XV)  into  segments  proportional  to 

—  and  —  ,  the  required  ratio  is   ±  yy^,  according  as  the  sec- 
A  A 

tion  is  internal  or  external,  Art.  5. 


58.  A  transversal  cuts  the  sides  of  a  triangle  opposite  to 
the  angles  A(x'y'),  B(x"y"),  C(x"'y'")  in  the  points  A',  B',  C'. 

Prove  that 

Let   T=0   be   the  equation   of  the   transversal;    then,  by 
Art.  57, 

=      T_  BA^=      T^         CB'  =      T'"  . 

'  '                    '        ' 


C'B          T"        AC          T1"        B'A       '   T' 

and  since  the  number  of  external  sections  must  be  odd,  we 
have 

AC'-BA'-CBt          T     T"    T"' 


__ 
C'B-A'C'B'A'      T'1   T'"    T1 


_      . 


59.  Lines  passing  through  any  assumed  point    0(xlvylv) 
and  the  vertices  A(x'y'),  B(x"y"),  C(x'"y'")  °f  a  triangle  cut 
the    opposite    sides    in    the    points    A\  B',   C'.      Prove  that 
AC'-BA'.QB'          - 
C'B-A'C-B'A 

The  line  through  0(x™ y™)  uukA(x'y')  is,  Art.  39, 

-  aPyr=  0  ; 
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and  it  cuts  the  opposite  side  B  C  in  the  ratio 
BA 


(y'-y™)x'"-(x'-xlv)y'"+x'y™-xiyy' 

'(ylv-y')  +  xlv(y'-y"} 


x'(y™-  y'")  +  xlv(y'"-y') 
In  like  manner, 

_  .  x"(y'"-  y™)  +  xw(y^-  y")  +  «?"(#"-  y"') ^ 

~ 


G'B         x"(y"'-ylv)  +  x"'(ylv-y")  +  xly(y"-  y"') 
Since  the  number  of  external  sections  is  even,  we  have 
BA1-  CB' 


G'B'AC'B'A 

60.  In  the  following  elementary  propositions  relating  to  the 
triangle,  let 

A,  J5,  (7,  denote  the  angles ; 

a,  £>,  <?,  the  lengths  of  the  opposite  sides ; 

P  =  0»  Q  =  0,  R  =  0,  the  normal  equations  of  these  sides  ; 

(PQR),  the  trilinear  coordinates  of  any  point  (xy)  in  the 
plane  of  the  triangle,  all  positive  when  the  point  is  within  the 
triangle ;  when  the  point,  in  moving  from  within  to  without 
the  triangle  crosses  a  side,  the  corresponding  coordinate  will 
change  sign  to  minus. 

A,  the  area  of  the  triangle. 

I.  To  find  the  area  of  the  triangle  ABC  in  terms  of  the 
trilinear  coordinates  (PQR)  of  any  point  in  the  plane  of  the 
triangle. 

Join  the  point  with  each  vertex.  The  algebraic  sum  of 
the  three  triangles  thus  formed  is  equal  to  the  given  triangle. 
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The  double  areas  of  these  triangles  are  aP,  bQ,  cR,  and  there- 
fore 

aP+&Q-hCV=2A==2Vs(s-a)(s-&)(s-c)    (Trig.,  Art.  150) 

=y'(x"-x"')+y"(x'"-x')+y'"(x'-x"),(Art.7) 

which  expresses  the   constant  relation  between  the  trilinear 
coordinates  of  any  point, 

Since  ~  =  -^-=-^-  =  fc,  (Trig.,  Art.  144) 

sin  A     sin  B     sin  G 

this  relation  may  be  written 

aP+  bQ  +  cR  =  2  A  =  7c(PsiuA  -f  Q  sin  B  +  r  sin  C)  . 

II.  To  find  the  radii  and  tfie  centres  of  the  inscribed, 
circumscribed,  and  escribed  circlesf  in  terms  of  trilinear 
coordinates. 

Let  Ti  and  Rc  denote  the  radii  of  the  inscribed  and  circum- 
scribed circles,  and  r«,  n,  rc,  the  radii  of  the  escribed  circles 
which  are  tangents  externally  to  the  sides  a,  5,  <?,  respectively. 

By  Trigonometry,  Arts.  151,  152,  153, 

A      7?       abc  A  A  A 

rt  =  —  »   R  =—.,   ra=  -  ?  r6  =  -  -?   rc  = 


a  c 

s  4A  s—  a  s—  b  s—c 

in  which  2s  =  a  +  b  +  c.     For  the  inscribed  circle 

r,  =  P,  centre  is  [P  =  Q  =  J2.] 
For  the  circumscribed  circle  the  radius 

#c=Psec^l=  Q  sec  B  =RSQC  C. 
For  the  escribed  circles 

ra  =  —  P,     centre  is  [-  P=  Q  =  R]  ; 

n  =  -  Q,     centre  is  [P=  -  Q  =  K]  ; 

rc  =  -  R,    centre  is  [P=  Q  =  -  R\. 
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III.  To  find  the  equations  of  the  internal  and  external 
bisectors  of  the  angles  A,  B,  C. 

The  required  equations  are 

P±Q  =  0,     Q±jR  =  0,     R±P=0.  (Art.  54) 

A  simple  solution  is  as  follows  : 

By  Geometry,  the  centre  of  the  inscribed  circle  is  at  the 
intersection  of  the  three  internal  bisectors  of  the  angles  ;  and 
the  centres  of  the  escribed  circles  are  at  the  intersections  of  the 
external  bisectors  of  two  of  the  angles  and  the  internal  bisector 
of  the  third  angle. 

But  by  II.,  the  coordinates  of  the  centre  of  the  inscribed 
circle  are  P  =  Q  =  R  ;  or 

P-Q  =  0,     Q-P  =  0,     P-P  =  0, 

are  the  equations  of  the  internal  bisectors,  since  each  is  satis- 
fied by  the  coordinates  of  a  vertex  and  of  this  centre. 

The  coordinates  of  the  centre  of  the  escribed  circle  ra  are 
-P  =  Q  =  R',  or 

P+Q=0,     _K  +  P=0,     Q-K  =  0, 

are  the  equations  of  two  external  bisectors  and  an  internal 
bisector,  since  each  is  satisfied  by  the  coordinates  of  a  vertex 
and  of  this  centre. 

For  the  centres,  rb  and  rc,  the  equations  are 


IV.  Each  internal  bisector  bisects  the  angle  between  the 
other  two  external  bisectors. 

The  internal  bisector  of  the  angle  between  the  external 
bisectors  P  +  Q  =  0  and  R  +  P  =  0  is 


the  third  internal  bisector  ;  and  so  for  the  others,  which  proves 
the  proposition. 


ELEMENTARY  PROPOSITIONS   ON  TRIANGLE.       119 

V.  To  find  the  equations  of  the  lines  drawn  through  the 
vertices  and  the  centre  of  the  circumscribed  circle. 

For  the  centre,  P  sec  A  =  Q  sec  B  =  R  sec  (7,  by  II.,  and  the 
required  equations  are 

Psec^l  —  Qsec.B=0,    QsecB  —  RsecC  =  0,   RsecC  —  PsecA  =  Q, 
since  each  is  also  satisfied  by  the  coordinates  of  a  vertex. 

VI.  To  find  the  equations  of  the  medial  lines  in  trilinear 
coordinates. 

The  medials  divide  the  triangle  into  two  equal  parts.  The  co- 
ordinates of  the  middle  points  of  the  sides  a,  6,  c  are  (0,  Q,  jR), 
(P,  0,  R),  (P,  Q,  0),  and  the  equality  of  the  triangles  give 


the  required  equations  of  the  medials. 

These  equations  may  be  written  (Trig.,  Art.  144) 
Qsin.B-.Rsm  (7  =  0,     ^sin  0-Psin^L=0, 


These  medials  pass  through  the  same  point,  since  the  sum  of 
their  equations  is  zero  (Art.  56). 

VII.    To  find  the  equations  of  the  lines  drawn  through  the 
vertices  perpendicular  to  the  opposite  sides. 

By  Art.  55, 

P^sin.BOO'^cos.B 
Q     sin  AGO     cos  A 

Therefore 

P  cos  A  —  Q  cos  B  =  0  is  the  equation  of  CC'  ; 

similarly 

Q  cos  B  —  R  cos  (7=0  is  the  equation  of  AA', 

and         R  cos  C  —  Pcos  A  =  0  is  the  equation  of  BB1. 
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These  lines  pass  through  the  same  point  since  the  sum  of 
their  equations  is  zero  (Art.  56). 

VIII.  To  find  equations  of  the  transversals  which  pass 
through  the  points  in  which  the  bisectors  of  the  angles  meet 
the  opposite  sides. 


First,  the  external  bisectors.    The  external  bisector 
meets  the  opposite  side  R  =  0  in  the  point  (P  +  Q,  R),  and  the 
equation 


represents  a  line  passing  through  this  point. 

But  the  symmetry  of  this  equation  shows  that  the  line  also 
passes  through  the  points  ($  +  .B,  P)  and  (72  +  P,  $),  and  is 
therefore  the  required  equation.  All  three  points  are  points  of 
external  section. 

Second,  the  internal  bisectors.  In  this  case  the  transversals 
are 


each  of  which  passes  through  two  points  of  internal  and  one 
of  external  section. 

IX.  To  find  the  equations  of  the  transversals  which  pass 
through  the  points  in  which  the  lines  drawn  through  the 
vertices  and  the  centre  of  the  circumscribed  circle  meet  the 
opposite  sides. 

The  line  Q  sec  B  -  R  sec  (7  =  0,  through  A(Q  =  0,  R  =  0)  and 
the  centre  of  the  circumscribed  circle  meets  the  opposite  side  in 
the  point  ($sec.#  —  J2sec  (7,  P),  and 

QsecB-KsecC  +  PsecA  =  0  (a) 

is  the  equation  of  some  line  passing  through  this  point.  But 
the  equation  shows  that  the  line  also  passes  through  (P  sec  A 
—  .72  sec  (7,  §),  the  point  in  which  the  line  through  .B(P  =  0, 
R  =  0)  and  the  centre  meets  the  opposite  side.  Therefore  (a) 
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is  the  equation  of  one  of  the   transversals;   the  equations  of 
the  other  two  are  readily  found  to  be 

Qsec  B  +  RSQC  O  —  PsecA  =  0,     -  QsecB  +  RsecC+PsecA=  0. 


X.   To  find  the  equations  of  the  transversals  which  pass 
through  the  points  in  which  the  medials  meet  the  opposite  sides. 

The  medial  aP  —  bQ  =  Q  meets  the  opposite  side  R  =  Q  in 
the  point  (aP  —  bQ,  R),  and  the  equation 


represents  a  line  passing  through  this  point.  But  this  equation 
shows  that  the  line  also  passes  through  the  point  (cR  —  b  Q,  P) 
of  internal  section,  and  through  the  point  (aP  +  cR,  Q)  of 
external  section.  Therefore 


is  the  required  equation  of  the  transversal. 
The  other  two  are 

aP+  bQ  -  cR=  0,     -  aP  +  bQ  +  cR  =  0. 
These  equations  may  be  written  (Trig,,  Art.  144) 
Psin^l+  Q  sin  £-72  sin  (7=0, 
Psin  A  —  Q  sin  B  +  R  sin  (7  =  0, 
-  Psin  A  +  Q  sin  B+  R  sin  C=  0. 

XI.  To  find  the  equations  of  the  transversals  which  pass 
through  the  points  in  which  the  perpendiculars  meet  the 
opposite  sides. 

By  VII.,  the  equation  of  the  perpendicular  through  (P  =  0, 
Q  =  0)  is  P  cos  A—  Q  cos  B  =  0.  This  perpendicular  meets 
the  opposite  side  in  the  point  (P  cos  A  —  Q  cos  B,  R),  and 

Pcos  A  —  Q  cos  B  4-  R  cos  (7=0 

is  the  equation  of  some  line  passing  through  this  point.     But 
this  equation  shows  that  the  line  also  passes  through  the  point 
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( R  cos  C  —  Q  cos  B,  P)  in  which  the  perpendicular  through 
(§  =  0,^  =  0)  intersects  the  opposite  side,  and  is  therefore 
the  required  equation  of  one  of  the  transversals. 

The  other  two  are 
Pcos^+Qcos^-.Rcos(7=0,     -Pcos^l+Qcos^+^cos  C=  0. 

6 1 .  Given  the  equations  of  the  sides  of  a  complete  quadri- 
lateral, to  find  the  equations  of  its  three  diagonals. 


FIG.  30. 

Let  ABCD  be  a  quadrilateral;  produce  the  opposite  sides 
till  they  meet  in  the  points  0'  and  0";  then  the  lines  AO1, 
AO"  and  BO',  DO"  form  the  complete  quadrilateral;  AC,  BD, 
0'  O'f  are  the  three  diagonals  whose  equations  we  are  to  find. 

Let  the  equations  of  AO',  AO",  BO',  DO"  be  K=0,  L  =  Q, 
M=0,  JV=  0,  as  in  the  figure.  Since  the  diagonals  pass 
through  the  intersections  of  the  given  sides,  we  must  find  values 
of  the  arbitrary  factors  k,  I,  m,  n  which  will  make  the  equa- 
tions 

7cK+  IL    =  0,      and     mM+  nN=  0,   represent  AC ; 

IL  -fmJf=0,      and     fc/f  +7^=0,   represent  BD ; 
7cK+mM=0,      and     IL    +nJV=0,   represent  O'O". 
By  Art.  56, 
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is  the  equation  of  the  transversal  DO",  which  must  be  coinci- 
dent with  N=  0.  Therefore,  the  values  of  k,  I,  m,  n  which 
satisfy  the  identity 

kK+  IL  +  mM  +  nN=  0, 
or  the  equivalent  equations  of  condition, 
kA  +  IA'  +  mA"  +  nA"  =  0, 


kC  +  1C'  +  mC"  +  nC'"  =  0, 

for  coincidence,  will,  by  substitution,  give  the  required  equations 
of  the  diagonals  AC,  BD,  O'O". 

These  three  equations  of  condition  will  determrme  any  three 
of  the  four  arbitraries,  as  k,  I,  m,  in  terms  of  the  fourth,  n,  to 
which  we  can  assign  such  a  value  as  will  make  k,  I,  m,  n  the 
least  integers. 

If,  however,  the  transversal  JcK+  IL  -f  mM=  0  is  not  coinci- 
dent with  -ZV=0,  then  the  equation 

kK+  IL  +  mM  +  nN=  0 

is  not  an  identity,  but  represents  a  straight  line  passing  through 
the  point  (kK-}-  IL,  mM+  nN)  in  which  the  two  lines  drawn 
respectively  through  the  opposite  vertices  A  (jfiT=  0,  L  =  0) 
and  <7(M=0,  JV=0)  intersect;  also  through  the  point 
(kK-\-  nN,  mM-}-  IL),  in  which  the  two  lines  drawn  respec- 
tively through  the  two  opposite  vertices  D(K  =  Q,  N=  0) 
and  J5(J[f=0,  L  =  0)  intersect;  and  also  through  the  point 
(kK+  mM,  nN+  IL),  in  which  the  two  lines  drawn  respec- 
tively through  the  two  opposite  vertices  0'(K=  0,  M  =  0) 
and  0"(JV=0,  Z  =  0)  intersect. 

If,  then,  we  construct  the  quadrilateral  given  by  the  equa- 
tions K=  0,  L  =  Q,  M  =  0,  JV=  0,  and  then  for  given  values  of 
k,  I,  m,  n  construct  the  lines  through  the  six  vertices,  we  shall 
find  that  the  intersections  of  the  lines  through  opposite  vertices 
all  lie  on  the  line  kK+  IL  +  mM+  nN=  0. 
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EXERCISES    ON    LINES    THROUGH    THE    INTERSECTIONS 
OF    LINES. 

1.    Find  the  equation  of  any  straight  line  passing   through   the 
intersection  of  2x  +  3y  +  1  =  0,    3x  —  4y  —  5  =  0. 

Ans.     2 


2.    Find  the  equation  of  a  straight  line  passing  through  the  origin 
and  the  intersection  of  x  +  3y  —  2  =  0,  2x  —  3y-{-l  =  0. 

Ans.  5x  —  3y  =  0. 

3.    Find  the  equation  of  a  straight  line  passing  through  the  point 
(2,  —5)  and  the  intersection  of  2x  —  y—  7  =  0,  x  +  3y  +  2  =  Q. 

Ans.  24  a;  —  5y  —  73  =  0. 

4.    Find  the  equation  of  a  straight  line  passing  through  the  inter- 
section of  2x  —  3y  +  1  =  0,  x  +  2y  —  5  =  0,  and  parallel  to  the  line 
2  =  0.  Ans.  7z-f  28-  57  =  0. 


5.  Find  the  equation  of  a  straight  line  passing  through  the  inter- 
section of  3a?  +  22/+7  =  0,  2x  —  5y  —  3  =  0,  and  perpendicular  to 
the  line  x  —  By  —  2  =  0.  Ans.  57x  +  19y  +  110  =  0. 

6.  Find  the  value  of  Tc  in  terms  of  the  tangent  of  the  angle  which 
any   line   passing   through   the   intersection   of    3x  —  2y  -f  7  =  0, 
x  +  y  —  5  =  0  makes  with  the  axis  of  X.  ^       ^  __  2  tan  0  —  3 

' 


7.  Find  the  length  of  the  perpendicular  dropped  from  the  origin 
on  any  line  passing  through  the  intersection  of 

x  cos  a  +  y  sin  a  —  p  =  0,   x  cos  /?  +  y  sin  ft  —p'=  0. 

Ans.  p  +  kp> 

'  Vl  +  k2  +  2  k  cos  (a  -  ft) 

8.  Find  the  equations  of  the  bisectors  of  the  angles   between 

9  =  0,    12o;+52/  —  3  =  0. 

Ans.  7a-97/  +  34  =  0,  9x+  7y  -  12  =  0. 
Show  that  these  bisectors  are  perpendicular  to  each  other. 

9.  Find  the  equations  of  the  bisectors  of  the  angles  between 

—  12  =  0,    32/4-4oj  —  24  =  0. 

Ans.  y  —  x+  12  =  0,    ly+  7x  —  36  =  0. 
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10.   Find  the  equations  of  the  bisectors  of  the   angles   between 
x  cos  a  +  y  sin  a  —  p  =  0,   x  cos  /5  -f-  y  sin  j3  —  p'=  0. 


(«-ft) 


2  COS  J(a  —  ft) 
11.    Find  the  equations  of  the  bisectors   of  the   angles  between 

b  cos  0  —  b'  cos  0' 


Am.     = 


?~\ 


cos  0  —  cos  6' 
6  cos  0  +  b'  cos  0' 
cos  0  -f-  cos  0' 

12.  Do  the  lines  5a?+3y-7=0,  3o;—  4^-10  =  0,  7^+10^-4 
meet  in  the  same  point?    Apply  second  solution  of  Art.  56. 

13.  Do  the  following  lines  meet  in  a  point? 

—  6    —  21=0. 


14.  Do  the  sets  of  lines  in  Ex.  8,  Art.  40,  and  Exs.  17,  (4),  (5), 
(6),  Art.  52,  meet  in  a  point? 

15.  For  what  values  of  A,  B,  C  will  the  line  Ax  +  By+  <7=  0 
pass  through  the  intersection  of  2x  —  5^-f-7  =  0,  by  —  6x—  2=0? 

-4ns.  A=3,  .8=1,  (7=  -5. 

16.  For  what  values  of  a  and  p  will  the  line  x  cos  a  +  y  sin  a  —  p  =0 
pass  through  the  intersection  of3#  +  42/=12,  5x—  12  y  =  3? 


8V65 

17.  The   equations   of    two   straight  lines   APE  and   CPD  are 
x  +  3y—  a  =  0,   £/  —  #  +  a  =  0.     Find  the  equations  of  two  straight 
lines  passing  through  P,  such  that  the  ratio  of  the  sines  of  their 
inclination  to  AB  and  CD  may  be  as  1  :  V5.    Ans.  y  =  0,  y  -f-  a?  =  a. 

18.  Given  the  equations  of  the  sides  of  a  triangle, 


When  Z=l,  m  =  —  2,  n  =  3,  find  the  equations  of  the  lines  pass- 
ing through  the  vertices  of  the  triangle,  and  also  the  equation  of  the 
corresponding  transversal.  Ans.  Transversal,  5y— 
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19.   Given  the  equations  of  the  sides  of  a  quadrilateral, 

-  7a  =  M  =  0, 
y  +  2a  =  N=  0. 

Find  the  equations  of  the  three  diagonals. 
Ans.  4aj-f  ±y  —  5a  =  0,  x  — 

Also  show  that  for  k  =  1  ,  Z  =  2,  m  =  3,  n  =  4,  the  pairs  of  lines 
5y-  6a=0          7x+20-23a=0  )      8  a- 


-  6a=0|        7x+20y-23a=0  )      8  a-  3?/+  3a=0) 
-13a=0)  '    14o;-  5y+  4a=0  3  '   5aj+2l2/-25a=0  j  ' 


which   pass   through   the   external  angles  of   each  pair  of  opposite 
vertices,  will  intersect  on  the  line  21  x  +I5y—  19a  =  0. 

20.  If  P=0,  Q=0,  JS  =  0,  ^  =  0,  are  the  normal  equations  of 
the  sides  of  a  quadrilateral,  then  the  intersection  of  the  bisectors 
of  the  external  angles  of  each  pair  of  opposite  vertices  will  lie  on 
the  line 


21.  Let  £  =  0,  Jtf=0,  N=0  be  the  equations  of  the  sides  of  a 
triangle.  Draw  any  parallel  to  the  side  i  =  0,  make  rs  =  st,  and 
r's'=s't',  and  complete  the  construction  as  in  the  figure.  Find  the 
equations  of  the  lines  CO',  CO",  BO',  BO111,  00',  '0"0'",  and  show 
that  00'  and  0"0'"  pass  through  the  vertex  A. 


FIG.  81. 
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Equations  above  the  First  Degree  which  represent 
Straight  Lines. 

62.  We  already  know  that  an  equation  of  the  first  degree 
represents  a  straight  line.    If,  then,  any  equation  above  the  first 
degree  can  be  resolved  into  first  degree  factors,  it  will  represent 
the  straight  lines  determined  by  these  factors. 

63.  A  homogeneous  equation  of  the  nth  degree  in  x  and  y 
will  represent  n  straight  lines  passing  through  the  origin. 

Let  the  equation  be 

Ayn  -f  Byn  -1*  4-  Cyn  2x2  4-  —  4-  Lxn  =  0, 

/*,\n  /oA«-l  AAn--2 

or 


Denote  the  roots  of  this  equation  by  mi,  m2,  w3,  ...,  mn  ;  then, 
by  the  theory  of  equations,  the  equation 


is  identical  with  the  given  equation,  and  is  satisfied  by  the  n 
equations  of  the  first  degree, 


and  by  no  others.     The  given  equation  therefore  represents  n 
straight  lines  passing  through  the  origin. 
For  the  given  equation 


the  n  first  degree  equations  are 

y  —  b  =  m1(x—a),  y—b=m2(x—a),  •••,  y—  b=mn(x—  a) 
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and  the   given   equation   represents   n   straight   lines   passing 
through  the  point  (a,  5). 

64.  To  find  the  condition  that  the  general  equation  of  the 
second  degree 

Ay?  +  2Hxy  +  Bif  +  2  Gx  +  2Fy  +  C=  0  (a) 

shall  represent  two  straight  lines. 

Suppose  that  the  required  first  degree  factors  are  lx  +  my  +  n 
and  I'x  +  m'y  +  n',  th£n 

(Ix  +  my  +  n)  (I'x  -f-  wr#  +  n1)  =  0, 

or     ^-h  (lm'+l'm)xy+mm'y2-}-  (ln'+Vri)x+  (mn'+m'n)y+nn'=  0. 
must  be  identical  with  the  given  equation  (a). 
Therefore,  by  equating  coefficients, 


=  lm'+  I'm,     2G  =  In'+Vn,     2F=  mn'+  m'n. 
The  product  of  the  last  three  equations  is 


nn'(l2m'2  +  I'W)  +  mm'(l2ri 


which  reduces  to 

ABC  -  AF2  -  BG2  -  CH2  +  2  FGH=  0, 
the  required  condition. 

A  simple  way  of  obtaining  this  condition  is  to  solve  the  gen- 
eral quadratic  (a)  for  x  or  y.     Solving  for  #,  we  get 

,   (b) 


which  reduces  to  two  equations  of  the  first  degree,  if  the  quan- 
tity under  the  radical  is  a  perfect  square. 
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The  condition  for  this  is 

(H2  -  AB)  (F2  -  BC)  =  (HF  -  BG)2,  (c) 

which  readily  reduces  to  the  required  condition  found  above. 

The  factors  (H2-AB)  and  (F2-BC)  must  have  the  same 
sign,  and  if  either  is  zero,  HF—  B  Gr  will  be  zero  also. 

By  introducing  condition  (<?)  into  equation  (5)  it  becomes 
By  +  Hx  +  F 


and  now  represents  two  straight  lines  which  are 
Real  and  intersecting  for  H2  —  AB  >  0 ; 
Real  and  parallel  for  H2  -  AB  =  0  ; 
Imaginary  and  intersecting  for  H2—AB  <  0. 

If  H2  —  AB  and  F2  —  BO  are  zero  at  the  same  time,  then  the 
two  parallels  are  coincident. 

65.  To  find  the  equation  of  the  two  straight  lines  repre- 
sented by  the  equation  Ay?  -f  2Hxy  +  By*  =  0. 

Solving  for  y  :  x,  we  get 


x  B 

Therefore, 

are  the  required  equations. 

These  lines  are  real  if  H2—AB  >  0 ;  coincident  if  H2- AB  =  0; 
and  imaginary  if  H2  —  AB  <  0,  but  pass  through  the  real  point 
(0,0). 
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66.  To  find  the  angle  between  the  two  straight  lines  given 
by  the  equation  Ax2  +  2  Hxy  +  By2  =  0. 

Write  the  equation*  in  the  form 


13     SM          Z2 

_t5      *v          /j 

If  m  and  w'  are  its  roots,  then,  by  Art.  20, 
_2tf         M,w  =  4 


from  which  we  get 


If  /3  denotes  the  required  angle,  then,  by  Art.  44, 

tan^js^L-lv^E^. 

1  +  m'm  A  +  B 

If  the  two  lines  are  perpendicular  to  each  other,  then 
A  +  B  =  0,  or  the  coefficients  of  #2  and  y^  are  equal  with  oppo- 
site signs. 

If  the  axes  are  oblique,  then,  by  Art.  47, 

tan/3-  (m'-m)smo, 


1+m'm +  (m'+m)  cos  w      A+B  —  2/fcosa> 
and  the  lines  are  perpendicular  to  each  other  if 
A  +  B  —  2Hcoso>=0. 

67.  To  find  the  equations  of  the  bisectors  of  the  angles 
between  the  lines  represented  by  Ax2  +  2  Hxy  -f  By2  =  0. 

If  the  two  lines  given  by  this  quadratic  are 
y  —  mx  =  0,     y  —  m'x  =  0,  9 
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then,  by  Art.  54, 

y  —  mx  y  —  m'x  (y  —  mx)2      (y  —  m'x)2 

•*  =  db  —  • ,    or    — —  —  — — — 5 

Vl+m2          Vl+m'2  1  +  m/  l  +  ra'J 

is  the  equation  of  the  two  bisectors,  which  reduces  to 


by  substituting  the  values  of  m  and  mf  found  in  Art.  65. 

Second  Solution.  —  Suppose  that 

2/=tany#    and     y  =  tanfy  +  -  ]-x 

are   the   equations  of    the    bisectors  of    the   angles  between 
y  —  mx  =  Q  and  y—mfx  =  Q.     Then 

O'+O  ,     7T         O'+O     .     7T. 

y=~^' 
and  in  both  cases 


2tany     _  tan#'+tan0  __  m'+m 
l-tan2y  ~  1-tan^'tan^  ~  l-m'm 

which  reduces  to 


since  tany  =  ^,     m'+m  =  --  ,     m'm=  — 

x  B  B 

These  bisectors  are  real  lines,  even  when  the  lines 
y  —  m'x  =  0  are  imaginary. 
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EXERCISES    ON     EQUATIONS    ABOVE    THE    FIRST     DEGREE    WHICH 
REPRESENT    STRAIGHT    LINES. 

1.   What  loci  do  the  following  equations  represent  ? 

(1)  o;y  =  0.  (4)  a^-Sajy  +  e^ssO.  (7)  y*-x*  =  0. 

(2)  2/2-or  =  0.  (5)  x*  +  xy  =  Q.  (8)  y*-x4  =  Q. 

(3)  2/2  +  z2  =  0.  (6)  ajy-a»  =  0. 

Ans.   (1)  a  =  0,  ?/=0,  the  coordinate  axes. 

(2)  y  —  ic  =  0,  ?/  -f  #  =  0,  the  bisectors  of  the  angles  between 

the  axes. 

(3)  y  =  ±  #V  —  1,   a  pair  of  imaginary  lines   through   the 

origin. 

(4)  The  lines  a;  —  3y  =  0,  a  —  2y  =  0. 

(7)  The  real  line    ?/  —  x  =  0,    and    the    two   imaginaries 


2.  What  loci  are  represented  by  the  following  equations? 

(1)  (x-a)(y-b)  =  Q.  (4)   (y-8a?+  8)  (»+3y-9)  =  0. 

(2)  (aj-a)2  +  (2/-6)2  =  0.  (5)  /-  2a?y  sec0  +  a?=  0. 

(3)  (x-H-a)2+(>+2/-a)2=().     (6)  a^+  2xycot20-y2  =  0. 
J.ns.   (1)  A  parallel  to  each  axis  through  (a,  b). 

(2)  A  pair  of  imaginaries  through  (a,  b). 

(3)  A  pair  of  imaginaries  through  (0,  a). 

(4)  A  pair  of  perpendiculars  through  (|,  *£). 

(5)  a- 

(6)  2/  = 

3.  Find  the  angles  between  the  lines 

o?  +  xy  —  6?/2  =  0,  and  a^  —  2  #?/  sec  ^  +  ?/'2  =  0, 
and  the  equations  of  their  bisectors. 

Ans.  -;  6;  f+  Uxy  -  ^  =  0 
4 
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4.  Find  the  equation  of  the  bisectors  between  the  pair  of  straight 
lines  x2  —  5xy  +  6y2  =  Q.  Am.  dx2  —  Wxy  —  oy2  =  0. 

5.  Show  that  the   pair    6x2-{-5xy  —  Qy2  =  Q    intersect   at  right 
angles. 

6.  Show  that  Qx2  +  5xy—6y2=  0  is  the  equation  of  the  bisectors 
of  the  angles  between  the  pair  2x*  +  I2xy  +  7y2  =  0. 

7.  Find  the  lines  represented  by  x2—  5xy  +  ±y*-\-  x  +  2y  —  2  =  0. 

Ans.  y  —  se+l  =  0,  4?/  —  x  —  2  =  0. 

8.  Show   that    4a;2  -  12 xy  +  9?/2-  4a  +  6y  -  12=  0    represents 
a  pair  of  parallel  lines,  and  find  their  equations. 

Ans.  3y  —  2x  +  l  ±  Vl3  =  0. 

9.  Show  that  4«2—  12xy  +  9y2  —  4x+  6?/  +  l  =  0   denotes   two 
coincident  straight  lines,  and  find  their  equation. 

Ans.  3y-  2^  +  1  =  0. 

10.  For  what  value  of  C  does  the  equation 

12X2  —  Wxy  +  2y2  +  11  x  -  5y  +  O=  0 

represent  two  straight  lines?  Ans.  C=  2. 

Show  that  the  angle  between  them  is  tan"1  ^. 

11.  For  what  values  of  H  does  the  equation 

12x2  +  Hxy  +  2y2  +  11  x  -  5y  +  2  =  0 
represent  straight  lines?     Find  the  lines. 

Ans.  —  10  or  —  \5-. 

y-3x-2  =  0,  2y-4x-l  =  0. 
y  —  8x  —  2  =  0,   4?/  — 3ic  — 2  =  0. 

12.  For  what  value  of  B  does  the  equation 

12s?  +  36  ay  +  By2  +  Qx  +  6y  +  3  =  0 

represent  two  straight  lines  ?    Are  they  real  or  imaginary  ? 

Ans.  28. 
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13.  For  what  value  of  H  does  the  equation  Hxy 

represent  two  straight  lines  ?  Am. 

14.  For  what  values  of  H  does  the  equation 

x2  +  2  Hxy  +  y2  -  5x  -  7y  +  6  =  0 

represent  straight  lines  ?  Ans.  j  and 

Find  the  lines 

-  6)  =  0. 


Problems  on  Loci.  Construct  a  figure  in  accordance  with  the  given 
conditions  ;  choose  a  pair  of  coordinate  axes,  usually  two  principal 
lines  in  the  figure  ;  denote  the  coordinates  of  the  moving  point  by 
(xy)  :  then  the  required  equation  of  the  locus  will  be  the  algebraic 
relation  between  (xy)  and  the  given  data  of  the  problem. 

In  a  triangle  ABC,  given  the  base  AB  =  2  c,  to  find  the  locus  of 
the  vertex  C. 

1,   When  AC2  -  BC2  =  m,  a  constant. 

Solution.  Take  the  base  AB  and  a  perpendicular  through  its 
middle  point  0,  for  the  coordinate  axes  of  X  and  Y;  then  the  coor- 
dinates of  C  are  (ON,  ON)  (xy),  of  A  are  (-c,  0),  of  B  are  (c,  0), 

and  AC2  =  y*  +  (c-xy,     BC2  =  f  +  (c 


.-.  AC2  —  BC2  =  4cic  =  m  is  the  equation  of  the  required  locus,  a 
straight  line  perpendicular  to  the  axis  of  X. 

2,   When  cot  A  -f-  m  cot  B=p. 

Solution,     cot  A  =  -  ?     cot  B  =  -  • 

y  y 

.    c  -f-  x      m  (c  —  x) 

-  -  —  ^-+~^  —  ~  =  P,   or  jjy  +.(»-!>«  0  (m-M)i 

y  y 

and  the  locus  is  a  straight  line.     If  m  =  1,  py  =  2c,  and  the  locus  is 
parallel  to  the  base. 


3,   When  AC  +  BC  =  m2.  Ans. 


4,   When  AC:BC  =  k. 

Ans.      l- 
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5,  When  tan  A  tan  B  —  m.  Ans.   y2  +  raV  =  raV. 

6,  When  A  +  B  is  given.  Ans.   a?  +  y2  —  2  cy  cot  C  =  c*. 

7,  When^-J3  =  Z>.  -4ns.   sc2  -  y2  +  2  o^  cot  D  =  c2. 

8,  WhenJ.  =  2.B.  Ans.    3x?-y*  +  2cx  =  c2. 

9,  When  tan  C=m  tan  5.  -4ws.   m  (x2  +  y2  —  c2)  =  2  c(c  —  a;)  . 

10,  When  ^4(7  +  J3<7  =  m.     Produce  the  ordinate  CW  of  the  vertex 
C  to  a  point  P,  such  that  PN=  AC,  m  BC=m  —  AC=m  —  y\  to 
find  the  locus  of  P. 

Solution.    By  Geometry,  BC2  =  ^UB2  +  AC2  -2AB-  AN. 

.'.  (m  —  y)2—  4c2  +  2/2  —  4c(c  +  a;),   or   2  m?/  —  4  c#  =  m2, 
and  the  locus  is  a  straight  line. 

11,  Given  the  angle  C,  and  (7-4+  CB=s  ;  to  find  the  locus  of  the 
point  P,  which  divides  the  side  AB,  such  that  PJ.  :  PB  =  m:n. 

Solution.  Take  (7  as  the  origin,  and  CM,  <7B  as  the  coordinate 
axes  of  X  and  ^5  then  (PN,  PM)  (xy)  are  the  coordinates  of  P, 
and  from  the  similar  triangles  CAB,  NAP,  MPB,  we  get 


m  +  ni/  %      y 

m          "  S'  C  f  n     m 


and  the  locus  is  a  straight  line. 

12,  To  find  the  locus  of  the  points  of  intersection  of  the  diagonals 
of  the  rectangles  inscribed  in  a  given  triangle.     Let  b  denote  the 
base  and  h  the  altitude,  which  take  for  coordinate  axes. 

Ans.    *?  +  !?=!. 
b        a 

13,  Any  line  is  drawn  parallel  to  the  base  of  a  given  triangle  ;  to 
find  the  locus  of  the  intersections  of  the  diagonals  of  the  trapezoid 
thus  formed.     Take  the  vertex  (7  as  origin,  and  the  sides   (7-4  =  a, 
CB  =  b  as  coordinate  axes.  Ans.    bx  —  ay  =  Q. 

14,  Let  AB  =  a,  AC—  b  be  the  adjacent  sides  of  a  parallelogram  ; 
draw  any  line  PP'  parallel  to  AB,  and  any  line  QQ'  parallel  to  -4(7; 
to  find  the  locus  of  jR,  the  intersection  of  PP'  and  QQ1. 

Ans.    bx  —  ay=  0. 
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15,  Given  an  angle  C  and  the  area  of  the  triangle  ;  the  opposite 
side  AB  is  cut  in  a  given  ratio  at  P ;  to  find  the  locus  of  P. 

Solution.  Let  C  be  the  origin,  and  CA  =  a?,  CB  =  y,  the  coordi- 
nate axes.  The  coordinates  of  P(a,  /?),  which  cut  the  line 

A(x,  0)    .B(0,  y)    in    the    ratio    n :  m,    are    a=-     — ,    /?  =  — 

TH  -\-  n  vfi  -\-  n 

(Art.  5) .     The  area  is 

(m  +  n)2 
$xy  sin  C.=  constant,    or   J  — — —  a/3  sin  C  =  constant. 

.•.  aft  ==  a  constant,  and  a/2  can  now  be  replaced  by  xy. 

16,  If  the  base  instead  of  the  area  is  given. 

Solution.  Then  c2  =  a?  +  y2  —  2  xy  cos  C.  Substitute  the  values  of 
x  and  y  in  terms  of  a  and  /?,  the  coordinates  of  the  required  locus 
(Ex.  15). 

a2        /32       2aficQS(7_          C2 

m2      w2  mn        ~~  (m  +  n)2 

in  which  a/?  can  be  replaced  by  xy. 

17,  If  the  base  AB  pass  through  a  fixed  point  (X1,  Y1). 

Solution.  If  the  current  coordinates  of  AB  are  (X,  I7'),  its  equa- 
tion is 

XY  mX     nY 

-+-  =  1,  or   —  +T  =  m  +  ^(Ex.lo). 

y 

m  +  n  is  the  locus  of  P(a,  /?)  when  AB  passes 
through  a  fixed  point  (X1,  Y') . 

18,  Given  the  vertical  angle   O,  and  the  sum  of  the  reciprocals 

--f  v  =  —  of  the  sides  CM,  (75;  the  base  will  pass  through  a  fixed 
QJ     o     m 

point. 

Solution.    The  equation  of  AB  is 


since  T  = But-  is  indeterminate;  therefore,  Art.   53.  AB 

o     m     a  a 

passes  through  the  intersection  of  x  —  y  =  0,  y  —  m  =  0. 


THE   CIRCLE. 
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CHAPTER  IV. 

THE  CIRCLE, 
The  Equation  of  the  Circle. 

68.  DEFINITION.  —  A  circle  is  the  locus  of  a  point  which  moves 
so  that  its  distance  from  a  fixed  point,  called  the  centre,  is  always 
equal  to  a  constant  length,  called  the  radius. 

It  follows  from  this  definition  that  the  position  of  the  circle 
depends  upon  the  position  of  its  centre,  and  its  size  upon  the 
length  of  its  radius. 

69.  To  find  the  equation  of  the  circle  when  the  axes  are 
rectangular. 

Y 


FIG.  32. 

Let  P  (xy)  be  any  point  on  the  locus,  let  C  (  OD,  CD)  (d,  e) 
be  the  coordinates  of  the  centre,  and  let  r  be  the  constant 
length,  or  radius ;  then 

CQ  =  x-d,     Pq  =  y-e,     CP=r, 
and,  by  Geometry, 

(x-dy  +  (y-ey  =  ^  (a) 

which  is  the  required  equation. 
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Special  Cases.  —  I.    When  the  centre  is  at  the  origin. 
In  this  case  d  =  0,  e  =  (T,  and  (a)  becomes 

a;2  +  2/2=-r2.  (b) 

II.    When  the,  axis  of  X  is  a  diameter,  and  the  axis  of  Y  is  a 
tangent. 

In  this  case  e  =  0,  d  —  r,  and  (a)  becomes 

f  =  <2rx-x*  =  (2r  -  x)x  ;  (c) 

which  shows  that  the  ordinate  y  of  any  point  on  the  curve  is  a 
mean  proportional  between  the  segments  into  which  its  foot 
divides  the  diameter. 

70.   The  general  equation  of  the  second  degree 

Ay?  +  2Hxy  +  By2  +  2  Gx  +  2Fy  +  C=  0 
can  be  reduced  to  the  form  of  the  equation  of  the  circle, 


or  x2  +  y*-2dx-2ey  +  d2  +  e2—r2  =  0, 

when  A  =  B  and  H=  0  ;  for  then  it  becomes 


or,  by  completing  the  squares, 


in  which        1---2.    «--.    ,, 


This  radius  is  real  when  6r2  +  F2  —  A  0  is  positive,  in  which 
case  the  circle  is  real;  it  is  zero  when  6r2  +  F2  —  A  C  =  0,  in 
which  case  the  circle  is  called  the  point-circle  ;  and  it  is  imagi- 
nary when  6r2  +  F2  —  A  0  is  negative,  in  which  case  the  circle 
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is  imaginary,  since  no  real  values  of  x  and  y  will  satisfy  its 
equation. 

So  long  as  J.,  (7,  F  remain  constant,  the  centre  of  the  circle 
will  remain  fixed  in  position  ;  but  as  the  radius  contains  C  in 
addition  to  these  constants,  it  will  vary  when  0  varies,  and 
equation  (d)  will  then  represent  a  series  of  concentric  circles 
corresponding  to  the  different  values  of  0.  It  follows,  there- 
fore, that  circles  whose  equations  differ  only  in  their  independent 
terms  are  concentric. 

Since  the  circle  is  always  completely  determined  by  three 
independent  conditions,  such  as  passing  through  three  given 
points,  or  being  tangent  to  three  given  straight  lines,  its  equa- 
tion will  only  need  the  three  arbitrary  and  independent  parame- 
ters 6r,  .F,  0  to  satisfy  these  conditions.  We  may  therefore  make 
-4  =  1,  and  then  the  coordinates  of  the  centre  are  (—  G-,  —  .F), 
the  negatives  of  the  halves  of  the  coefficients  of  x  and  y,  and  the 
radius  is  V  GP  +  JF2  —  (7,  the  square  root  of  the  sum  of  the  squares 
of  the  coordinates  of  the  centre  diminished  by  the  independent 
term  0. 

7  1  .  To  find  the  equation  of  the  circle  in  terms  of  its  inter- 
cepts on  the  coordinate  axes. 

For  points  on  the  axis  of  JT,  y  =  0,  and  the  general  equation 
of  the  circle 

a?  +  y*+2Gx  +  2Fy  +  C=Q  (d) 

becomes  a2  +2  €rx+  (7  =  0,  a  quadratic  whose  roots  x'  and  x" 
are  the  intercepts  on  the  axis  of  X.  For  x  =  0,  (d)  becomes 
y*  -\-ZFy-\-  (7  =  0,  a  quadratic  whose  roots  y1  and  y"  are  the 
intercepts  on  the  axis  of  T.  But,  by  Art.  20,  the  sums  and 
products  of  these  roots  are 


"=-2JP,  y'y*=C. 
Therefore,  by  substitution,  (d)  becomes 

tf  +  y2  -  (»'+  «")«  -  (y'+y")y  +  *(*'«"+  y'y")  =  0, 
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which  is  the  required  equation. 

If  the  axes  are  tangents  to  the  circle,  x'  =  xrr  and  #'  =  #",  for 
which,  by  Art.  20,  G*=  (7,  F*=  C. 

EXERCISES    ON    THE    CIRCLE. 

Find  the  equations  of  the  circles  corresponding  to  the  following 
data  : 

1.  Centre,  (2,3);  radius,  3.       Ans.  x*  +  y*  -±x-6y  +  1  =  0. 

2.  Centre,  (-1,  2)  ;  radius,  5.  Ans.  x*  +  y2  +  2x-  Ay-  20  =  0. 

3.  Centre,  (—5,  —3)  ;  radius,  4. 

Ans.  x2  +  y2  +  Wx  +  6y  +  18  =  0. 

4.  Centre,  (0,  -8)  ;  radius,  2.         Ans.  x*  +  y2  +  I6y  +  60  =  0. 

5.  Centre,  (a,  b)  ;  radius,  Va2  +  62.  Ans.  a?+y2-2ax-  2by  =  0. 

6.  The  centre  in  the  first  quadrant  and  both  axes  are  tangents. 

Ans. 


7.   The  axis  of  Y  is  a  diameter,  and  the  axis  of  X  a  tangent. 

Ans. 


8.    The  line  joining  the  origin  and  point  (a,  6)  is  a  diameter. 

Ans. 


9.    The  line  joining  the  points  (1,  2)  and  (3,  —4)  is  a  diameter. 

Ans.  cc2  +  /2  —  4ce+2/=  5. 


10.    The  line  joining  the  points  (a,  0)  and  (0,  b)  is  a  diameter. 

Ans. 


11.    The  line  joining  the  points  (3,  4)  and  (—3,  —4)  is  a  diameter. 

Ans. 
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Find  the  centres,  radii,  and  intercepts  of  the  following  circles  : 

12.  a^  +  y2  —  60;  —  4y  —  12  =  0. 

Ans.   (3,2),  5;  on  OX  (3±V21)  ;  on  OF(6  and  -2). 

13.  or>  +  2/2-6a-42/  =  0. 

Ans.   (3,  2),  Vl3  ;  on  OX  (0  and  6)  ;  on  OT  (0  and  4). 

14.  3.2  4.  7/2  _|_ioa;—'2y  +  17  =  0. 

^n«.   (-5,  1),3;  on  OX(-5±2V2)  ;  on  OF(1  ±4V^I). 

15.  x?  +  y2-x-y  =  0. 

Ans.   (i,  £),  -i_  ;  on  OX"  (0  and  1)  ;  on  OF  (0  and  1). 

V2 

16. 


.   (-1,1),—;  on  OX  (_i±iV^2)  ;  on  OF(f  and£)- 

V2 


17.   36a;2  +  362/2-  48  a?  +  36^  +  1  =  0. 

;  on  OF    -1  ± 


18.   Given  the  circles 

orJ+2/2+2G^  +  2.FV+  C  =  0,     a^  +  2/2+  2  G'x  +  2F'y  +  C'=  0. 

(1)  When  are  they  concentric?      (2)  When  tangents  to  the  axes? 

(3)  What  the  distance  between  centres  ?     (4)  When  tangents  inter- 
nally?    (5)  When  tangents  externally?     (6)  When  do  they  cut  each 
other  orthogonally,  or  cross  at  right  angles  ? 

Ans.   (1)  G'=G,  F'=F; 

(2)  #2=<7,  F2=C,  G'2=C',  F'2=C'-, 
(3) 

(4)  and  (5) 


(6)  G'2  +  F'2- 

or  2  GG'+  2FF'-  C-  C'=  0. 

19.   Find  the  equation  of  the  circle  whose  diameter  is  the  line  join- 
ing the  points  (a,  b)  and  (a',  V)  . 


Ans.  f*  -  £±i'Y+  fy  - 
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The  form  of  this  answer  suggests  the  method  of  solution.  Since 
the  lines  through  (a,  6)  and  (a',  &')  ,  which  meet  in  the  point  (xy)  on 
the  circle,  are  perpendicular  to  each  other,  we  also  have 


~rs 
x  —  ci          y  —  u 

the  required  equation. 

20.  Show  that  the  two  circles   a?  +  2/2  —  2  ax  —  2  by  —  2  ab  =  0  and 
^  +  y2  +  2  bx  +  2  CM/  —  2  ab  =  0  cross  at  right  angles. 

21,  Show  that  the  circles  x2  +  /  +  2  cto  +  &2  =  0  and  y?  +  f  +  2  dty 
—  ft2  =  0  intersect  at  right  angles. 


72.  To  /£T^  the  equation  of  the  circle  which  passes  through 
the  three  given  points  A(x'y'),  B(x"y"),  C(xwy'")- 

Since  the  required  circle   circumscribes  the   given  triangle 
AB  C,  its  centre  (d,  e)  is  equidistant  from  the  vertices,  and  the 
equations 
(d_a.')2+  (e  _y)2=  (d-x")2+  (e  -7/")2=  (d-x'")2+  (e-y'")2=  r> 

will  give  the  required  values  of  d  and  e  and  r. 

The  values  of    6r,  F,    C,   derived    from  the   equations  of 
condition, 

+2Fy'    +(7=0, 

'  +(7==0, 


and  substituted  in 


will  also  give  the  required  equation. 

In  the  same  way  we  can  find  the  values  of  6r,  F,  C,  which 
satisfy  any  other  given  conditions  which  the  circle  must  fulfil. 

73.   To  find  the  equation  of  the  circle  when  the  axes  are 
oblique. 
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In  this  case,  the  triangle   CPQ  (Fig.  32)  is  oblique,  and  by 
(<?),  page  9,  the  required  equation  is 


or  o?  +  2  xy  cos  w  +  y2  —  2(d  +  e  cosw)a;  —  2(e  +  d  cosw)?/ 

+  d2  +  e2  +  2  de  cos  <u  -  r2  =  0,  (a) 

which  is  of  the  form 


=0.  (b) 

By  equating  corresponding  coefficients  in  (a)  and  (6), 
d  +  e  cos  co  =  —  6r,  e-\-d  cos  w  =  —  F, 

JI=cosw,  d2  +  e24-2decosw  —  7^=  (7, 

from  which  we  readily  get 

d  sin2  (o  =  .Fcos  w  —  Cr, 
e  sin2  w  =  6r  cos  <a  —  F, 
r2  sin2  o>  =  £2  +  .F2  -  2  G^  cos  w  -  (7  sin2  <o. 

These  equations  will  give  the  values  of  (d,  e),  r,  and  w,  which 
correspond  to  given  values  of  H^  (7,  F,  O. 

EXERCISES    ON    THE   CIRCLE. 

Find  the  equations  of  the  circles  which  pass  through  the  following 
given  points  : 

1.  Points  (0,0),  (0,5),  (3,0).         Ans.  x2  +  y2-3x-  5y=  0. 

2.  Points  (1,2),  (-3,0),  (0,  -2). 

Ans.  14ic2+142/2+18aj-82/-72  =  0. 

3.  Points  (0,1),  (1,0),  (2,1).  Ana.  x*  +  y2-2x-  2y+  1  =  0. 

4.  Points  (0,0),  (a,  0),  (0,6).  Ans.  x*  +  y2-ax-  by  =  0. 

5.  Points  (a,0),  (-a,0),  (0,6). 

Ans.  6(«rJ  +  2/2)  +  (a2-62)2/-a26  =  0. 

6.  Points  (2,  3),  (4,5),  (6,1). 

Ans.  3x2-f-32/2-26a;-162/+  61=0. 
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7.  Points  (4,5),  (-2,3)  ;  radius,  5. 

Ans.   \x  -  (1  ±  JV6)]2+  [>  +  (-  4  ±  f  V6)]2  =  25. 

8.  Find  the  locus  of  the  centres  of  all  circles  which  pass  through 
the  points  (3,4)  and  (-5,6).  Ans.  i/-4a;=9, 

9.  Find  the  locus  of  the  centres  of  all  the  circles  which  pass 
through  the  points  (x'y')  and  (x"y")  • 

Ans.  2(»f-  x")  G  +  2(y>-  y")F+  x'2  +  y'2-  (x"2  +  y"2)  =  0. 


10.    The  centre  of  a  circle  is  on  the  line  y  —  #  +  4  =  0,  and  it 
passes  through  the  points  (1,5)  and  (4,  6)  ;  its  equation  is 


11.   The  equation  of  the   circle  or2  4-  xy  +  y2  —  4oj+6?/+l=0  is 
referred  to  oblique  axes  ;  find  <o,  (d,  e)  ,  and  r. 

Ans.  co  =  60°,  (d,e),(-L4-,  -J/),  r  =  |V219. 


12.  The  equation  of   the  circle   x2  +  y2  +  xy  +  2x  +  2y=Q  is  re- 
ferred to  oblique  axes  ;  find  to,  (d,  e)  ,  and  r. 

Ans.  co=60°,(c*,e),  (-f,  -f);  r  =  -^. 

v  3 

13.  The  diameter  of  a  circle  is  the  line  joining  the  points  (x'y1) 
and  (x"y")  ;  show  that  its  equation,  when  the  axes  are  oblique,  is 

(x  -  x')  (x  -  x")  +  (y-  y')  (y  -  y") 

'     -  x"        -  "  x  -  »'    cos  w  =  °- 


14.    Show  that  the  equation  of  the  circle  which  passes  through  the 
three  points  A(x'y'),  B(x"y"),  C(x'"y"')  ™ 


-  (x'2+  y12)  lx"(y'"-y)  +  x'"(y  -  y")  +  x(y"-  T/"' 
+  (xm  +  y"2)  [x'"  (y  -  y')  +  x(y'-  y'")  +  x'(y'"-  y 


Let  D(xy)  be  any  fourth  point  on  the  circle;  then,  since  the 
expressions  in  the  brackets  [  ]  are  the  double  areas  of  the  triangles 
ABC-,  etc.,  this  equation  may  be  geometrically  expressed  by 
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The  Polar  Equation  of  the  Circle. 

74.  To  find  the  polar  equation  of  the  circle. 

Let  0  be  the  pole,  and  OX  the  initial  line  ;  also  let  <?(/:/,  a) 
and  P(/?,  0)  be  the  polar  coordinates  of  the  centre  and  of  any 
point  on  the  curve,  and  let  r  equal  the  radius  OP. 


O  X 

FIG.  33. 

Then  in  the  triangle  C  OP  we  have,  Trigonometry,  Art.  146, 
OP2+  OC2-20P-OC  cos  COP  =  CP\ 


or  p2-2/0pfcos(0-a)  +  p'2-r2  =  0,  (a) 

the  required  equation. 

This  quadratic  shows  that  for  a  given  value  of  0  there  are 
two  values  of  /o,  OP  and  OP'. 
The  sum  of  these  roots  is,  Art.  20, 


their  product  is 

OP-OP'=p'2-?'2 
and  they  are  equal,  that  is,  OP=  OP'—  OT,  when 


or  0  =  a  ±  sin"1  —  > 

P 


are  the  limits  within  which  6  must  lie  for  real  values  of  p. 


146  PLANE  ANALYTIC   GEOMETRY. 

These  results  are  readily  verified  by  the  figure.  Special  cases 
of  the  polar  equation  of  the  circle  are  given  in  the  exercises  on 
page  23. 

EXERCISES    ON    THE    POLAR    EQUATION    OF    THE    CIRCLE. 

Find  the  polar  equations  of  the  circle  which  correspond  to  the  fol- 
lowing rectangular  equations,  the  pole  at  the  origin  0,  and  the  axis 
of  X  the  polar  axis  : 


r2.  Ans.  p  = 

2.  (x-d)*+(y-e)*  =  i*.   Ans.  p2-  2pp'cos(0-a)  +  p'2-r2= 

3.  *  +  a?=2rx.  Ans.  p  = 


4.  ar>  +  2/2  +  2  Gfc+  2Ify+  0=0. 

Ans.  p2 

5.  If  through  any  fixed  point  0  any  secant  be  drawn  cutting  the 
circle  in  P  and  P',  show  that  the  product  OP-  OP1  is  constant  and' 
equal  to  the  square  of  the  tangent  through  the  same  point. 

6.  If  through  a  fixed  point  0  any  secant  be  drawn  to  the  circle, 
and  OQ  is  the  arithmetic  mean  between  OP  and  OP',  Fig.  33,  to  find 
the  locus  of  Q. 

Ans.  p  =  p'  cos  0,  a  circle  having  00  as  a  diameter.  (See  Ex.  3.) 

7.  If  OQ  is  a  harmonic  mean  between   OP  and  OP',  that  is,  if 

9  OP  DP'  •  n'2  _  r2 

OQ  =  n    ,»  then  the  locus  of  Q  is  p  cos(<9-a)  =  c  —  _L,  the  equa- 

tion of  a  straight  line  perpendicular  to  0(7,  Art.  35,  at  a  distance 

p'2  —  r2 

"  —  -  —  from  the  pole. 

P 

8.  Any  straight  line  is  drawn  from  a  fixed  point  0,  meeting  a  fixed 
circle  in  P,  and  a  point  Q  is  taken  on  this  line,  such  that  the  rectan- 
gle OQ'  OP—  fc,  a  constant  ;  show  that  the  locus  of  Q  is  the  circle 

p2(p,2  _  ^2)  _  2fy/p  COS(0  -  a)  +  *?==  0. 
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The  Straight  Line  and  the  Circle. 

75.  To  find  the  coordinates  of  the  points  in  which  a  chord 
intersects  a  circle. 

Y 


Let 


FIG.  34. 
a?2  -}-  y2  =  r2  and  x  cos  a  +  y  sin  a 


be  the  equations  of  the  circle  and  of  the  chord  SP".  Since  the 
required  points  P'  and  P"  are  on  both  loci,  their  coordinates 
will  be  found  by  eliminating  x  and  y  between  their  equations. 
Equating  values  of  y,  we  get 


or 


sin  a 
x=pcoaa,  ±  sinaVV2  —  p2.  (a) 

Eliminating  x  between  this  equation  and  that  of  the  chord, 
we  get 

y  =p  sin  a  if  eosaVV2—  p2  (b) 


There  are  two  different  real  points  of  intersection  when 
p2  <•  r2 .  ^wo  reaj  j^t  coincident  points  when  p2  =  r2 ;  and  two 
imaginary  points  when  p2  >  r2. 

If  y  =  mx  +  b  is  the  chord,  then  the  coordinates  of  P'  and  Pn 
are 


1+m2 


1+ 


,  , 
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These  roots  are  real  if  (1+m2)  r>>  62;  equal  if  (l+w2>2  =  62; 
and  imaginary  if  (1+  w2)  r2  <  62. 

76.  To  find  the  equation  of  the  locus  of  the  middle  points 
of  a  system  of  parallel  chords  of  the  circle  x2  +  y2  =  r2. 

Let  P'P",  Fig.  34,  be  any  one  of  a  system  of  parallel  chords. 
The  values  of  the  coordinates  P'(x'y')  and  P"(x"y")  found 
in  Art.  75,  and  (c),  Art.  5,  give 


2 

the  coordinates  of  the  middle  point  of  the  chord  P'P".  By 
division, 

^  =  tan  a,     or     y  = x ; 

x  m 

and  since  this  equation  is  true  for  the  middle  point  of  any  chord 
of  the  system,  it  is  the  equation  of  the  required  locus,  and 
shows  that  the  locus  is  a  straight  line  perpendicular  to  the 
system  of  chords,  that  it  passes  through  the  centre  of  the  circle, 
and  is  therefore  a  diameter  of  the  circle. 

77.  To  find  the  equation  of  the  chord  which  intersects  a 
given  circle  in  the  given  points  (x'y1) ,  (x"y") . 


Let  x*  +  y*  =  r2  and   y-y'  =     ZL(z-z'),  Art.  39,  be  the 

equation  of  the  circle  and  of  a  straight  line  passing  through 
any  two  given  points.  Since  these  points  are  to  be  on  the 
circle,  these  equations  must  be  combined  subject  to  this 
condition. 

For  the  points  P'(x'y')  and  P"(x"y"},  Fig.  34,  we  have 

2/'2  +  x'2  =  r2,     ym  +  x"2  =  r2. 
By  subtraction, 

y'2-y"2  =  -(x'2-x"2), 
or  (y1-  y")  (y'+  y")  =  -(x'~  x")  (x'+x")  , 


or 


y'-y"=     sf+s" 
x'-x"          y'+y" 
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Substituting  this  value  of  ^  ~^  ,,  in   the   equation   of    the 

x'—  x" 
line,  it  becomes 


or  y(y'+  y")  +  x(x'+  x1')  =  r2  +  y'y"+  x'x",  (a) 

the  required  equation  of  the  chord  SP'P". 

78.  To  find  the  equation  of  the  chord  which  passes  through 
the  points  of  intersection  of  the  two  given  circles 


We  may  find  the  coordinates  of  the  points  of  intersection  of 
these  two  circles,  as  in  Art.  19,  and  then  find  the  equation 
of  the  chord  which  passes  through  these  points;  or  we  may 
proceed  as  follows  : 

By  Art.  53,  the  equation  L  +  JcM  =  0  represents  all  straight 
lines  which  pass  through  the  point  of  intersection  (_ZJ  =  0,  M=0) 
of  the  two  given  straight  lines  L  =  0  and  M=  0. 

In  the  same  way  the  equation 


represents  a  system  of  circles  all  of  which  pass  through  the  two 
points  ($  =  0,  Sf=  0),  in  which  the  given  circles  S  =  0  and  S'=  0 
intersect.  In  the  single  case,  however,  in  which  the  arbitrary 
constant  k  —  —  1,  this  equation  reduces  to 

S  -  S'=  2(G-  G')x  +  2(F-  F')y  +C-  C'=  0,  (6) 

which  is  of  the  first  degree,  and  is  therefore  the  required  equa- 
tion of  the  chord  which  passes  through  the  intersections  of  the 
two  given  circles. 

This  common  chord  is  also  called  the  radical  axis  of  the  two 
circles. 

To  find  the  equation  of  the  radical  axis  of  two  given  circles, 
we  have  the  following  simple  rule  : 
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Make  the  coefficients  of  x*  and  y^  the  same  in  their  equations, 
and  then  subtract  one  equation  from  the  other. 

The  radical  axis  is  always  a  real  line  whether  the  two  circles 
meet  in  two  real  points  or  in  two  imaginary  points  ;  and  becomes 
a  common  tangent  when  they  meet  in  two  coincident  points. 

EXERCISES    ON    THE    CHORDS    OF    CIRCLES. 

For  examples  on  the  intersections  of  loci,  see  Art.  20. 
Find  the  locus  of  the  middle  points  of  a  system  of  parallel  chords 
for  the  circle  : 

1.  x2  +  f  =  r2,  for  chords  making  45°  with  the  axis  of  X. 

Ans.  y  =  —  x. 

2.  (x  -  d)2  +  (y  —  e)2=  r2,  for  chords  parallel  to  -  +  y-  =  1. 

a     b 

Ans.  ax  —  by  =  ad  —  be. 

3.  x2  +  f  +  2  Ox  +  2Fy  -f  C  =  0,   for   chords   perpendicular   to 
Ax  +  By+C=Q.  Ans.  Ax  +  By  +  BF  +  AG  =  0. 

Find  the  equations  and  lengths  of  the  following  chords  for  the 
circle  x2  +  f  =  25  : 

4.  Whose  middle  point  is  (1,2).  Ans.  2?/  +  £c=5;  4V^T. 

5.  Through  (  —  1,  —3)  parallel  to  3x  +  4:y  =  3. 

Ans.  3#  +  42/-f  15  =  0;  8. 

6.  Through  (2,  1)  perpendicular  to  3x  +  4#  =  3. 

Ans.  3y  —  4ic-}-5  =  0;  4V6. 

Find  the  equation  of  the  radical  axis  and  of  the  line  through  the 
centres  for  each  of  the  following  pairs  of  circles,  and  show  that  they 
are  perpendicular  to  each  other  : 


7.  x2  +  y2-5x  +  3y-12  =  0,     y?  +  /+  8  a?"-  4?/  +  5  =  0. 

Ans.  7y-8x=  17;  16^+14 

8.  ax2+ay2-bx  +  cy  +  d  =  Q,     x2  +  y2  +  cx-  by  +  d'=  0. 

Ans. 
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9.    5^  +  52/2-3ic+7?/-15  =  0,     3^  +  3/  +  Qx-  5y  +  5  =  0. 

-f  390y  +  135  =  0. 


Find  the  length  of  the  chords  which  each  of  the  following  circles 
cuts  from  the  corresponding  line,  and  also  the  equation  of  the  circle 
described  on  the  chord  as  a  diameter  : 

1Q    f  v?  +  f  =  r2  ;  chord,  2  V^^"2. 

'  1  #cosa+?/sina=p;  circle,  x*+y2—  2p(iccosa+2/sina)=r2—  2p2. 


11    (  x2  -f  /  =  25  ;      chord,  7  V2. 

'  U-2/  =  l;          circle,  (x2  +  f)  -  (x  -  y)  -  24  =  0. 

,„   ("^  +  2/2=65;     chord,  VlO. 
J*  U  x  +  ?/  =  25  ;     circle,  or2  +  y2  -  5(3a;  +  y)  -f  60  =  0. 

13   (a2+2/2-6a;+22/-15=0;  chord,  6 
C8—  4jB=5;  circle, 


;  circle,  (l+m2)(i»2+2/2)—  2b(y—  mx) 

=  (l+m2)r2-262. 


Ax+By+C=Q;  circle,  (^.2+52)(^+2/2)+2C'(^  +  By) 

=  ( 
2r 


.  „  =  2ra;   chord,      

16.  j  vT^hm2 

(_2/  =  ma;;  circle,  (l+m2)(«2H-?/2)  — 5 

r  a/-2  +  y2  =  r2 ;  chord,  V4  r2  —  (d2  +  e2) . 

17'{  (a;_d)2+(2/-e)2  =  r2;  circle,  2 (or2  +  2/2)  -  2 (cto 

Find  the  equations  of  the  circles  which  are  tangents 

18.   To  the  lines  oj  =  0,  y  =  0,  x  =  c. 

Ans. 


19.    To  the  lines  ic  =  0,  ic=  a,  and  3ft  +  4y  H-  5a  =  0. 

=  0. 
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20.   To  the  lines  y=0,  3y  —  4o;  =  0, 


64(0?  +     )- 
144  (a?  +  2/2)  -f  24a{a  -  2y)  +  a2  =  .0. 
21.   Circumscribing  the  triangle  2/  =  0,  3  y  —  4  #  =  0,  3  ?/  +  4  x  =  a. 


79.  To  jftfttZ  the  equation  of  a  straight  line  tangent  to  the 
circle 


DEFINITION.  —  A  straight  line  is  tangent  to  a  curve  when  it 
passes  through  any  two  coincident  points  on  the  curve. 

Since  for  the  coincidence  of  the  points  P1  and  Pn,  or  for 
tangency,  p  =  ±  r,  that  is,  OD  =  ±  OP',  Fig.  34,  then  the  equa- 
tion of  the  secant,  Art.  75,  becomes 

x  cos  a  +  y  sin  a  =  ±  r,  (a) 

the  equation  of  two  parallel  lines  both  tangent  to  the  circle 
3j2  _j_  ^2  =  ^  the  one  at  the  point  P\  and  the  other  at  the  end  of 
the  diameter  through  P',  since-  the  distance  between  the  par- 
allels is  2  r. 

Equation  (a)  can  be  readily  expressed  in  terms  of  the  direc- 
tion parameter  m  ;  for  cot  a  =  —  tan  6  =  —  m,  and  (a)  becomes 

y  =  —  cot  a  •  x  ±  r  esc  a, 

or  y  =  mx  ±  rVl  +  m2,  (6) 

in  which  w  is  the  tangent  of  the  angle  STP'. 

Since  m  is  arbitrary,  (6)  repiesents  all  possible  pairs  of  par- 
allel tangents  to  the  circle  x2  +#2  =  r2. 

Instead  of  expressing  the  equation  of  the  tangent  in  terms  of 
the  direction  parameter  ?w,  we  may  express  it  in  terms  of  the 
coordinates  (  ON,  P'N),  (x'yf)  of  P\  the  point  of  tangency  ; 
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for,  since  cot  TOPf=—f  =  —  tan  STPf=  —  m,  equation  (5)  be- 

t7 

comes 

--±^,  (c) 


which  represents  the  pair  of  parallel  tangents  at  the  point 
P'(Vy'),  and  the  point  (—  a;',  —  ?/'),  the  opposite  end  of  the 
diameter  from  P'. 

80.  To  find  the  equation  of  the  tangent  to  a  given  circle 
at  the  point  P'(x'y'). 

The  secant  SP'P",  Fig.  34,  will  become  a  tangent  when  the 
points  of  intersection  P1  and  P"  are  made  coincident.  If  the 
secant  is  supposed  to  revolve  about  the  point  P',  it  is  plain  that 
the  point  Pn  may  be  made  to  approach  P',  and  the  two  points 
will  be  coincident  when  xlf=xf  and  y'^y',  for  which  equation 
(a)  of  the  secant,  Art.  77,  becomes 

xx'+yy'=r*, 

the  same  equation  of  the  tangent  TPf  as  found  in  Art.  79. 
This  equation  of  the  tangent  may  also  be  found  as  follows  : 

The  equation  of  the  circle 

=  r2      or 


shows  that  each  point  P(xx,  yy)  on  the  curve  is  doubly  repre- 
sented, or  may  be  regarded  as  two  coincident  points.  If  one  of 
these  points  is  (#'?/'),  then  xxjryy  =  r*  becomes  xxf+  yy!=  r2, 
an  equation  of  the  first  degree,  and  therefore  of  a  straight  line, 
passing  through  the  two  coincident  points  (xy*)  and  (#y)  on 
the  circle,  which  by  definition  is  a  tangent. 
If  the  equation  of  the  circle  is 


(x-d)2+(y-ey=r>,  or  (x-d)  (x-d)  +  (y-e)  (2/-e)=r2, 

then  (x  —  d,y  —  e),  (x  —  d,y  —  e)  are  the  coordinates  of  two 
coincident  points  on  the  circle,  origin  at  the  centre,  and 
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(x  -  d)  (x'~  d)  +  (y-  e)  (y'-  e)  =  r2 

is  the  equation  of  a  straight  line  passing  through  the  two  coin- 
cident points  (x  —  d,  y  —  e),  (x'—d,  y'—e)  on  the  circle,  and  is 
therefore  a  tangent  at  the  point  (x'y1*),  referred  to  the  origin. 
The  coordinates  (xy)  in  the  general  equation  of  the  second 

degree, 

Ax2  +  2  Hxy  +  By2  +  2  Gx  +  2  Fy  +  C  =  0 , 

or  Axx+H(xy+xy}  +Byy+G(x+x)  +F(y+y)  +  C=  0, 

doubly  represent  each  point  on  the  curve,  and  if  one  of  them  is 
OV)>  then 

Ax'x+H(x'y+xy')  +  By'y+  G(x+x')  +F(y+y')  +  C=  0 

is  an  equation  of  the  first  degree,  and  therefore  of  a  straight  line, 
which  passes  through  the  two  coincident  points  (xy)  and  (x'y1) 
on  the  curve,  and  is  therefore  a  tangent  at  the  point  (x'y1). 

81.  To  find  the  equation  of  a  normal  to  a  given  circle  at 
the  given  point  P'  (x'y1) . 

DEFINITION.  —  A  normal  to  a  curve  at  any  point  on  the  curve 
is  the  straight  line  which  is  perpendicular  to  the  tangent  to  the 
curve  at  this  point. 

The  equation  of  the  tangent  to  the  circle  x2  +  y2  =  r2  at  the 
point  P'OY),  Fig.  34,  is 

yy'+xx'=:r*,     or    y  =  -^-x  +  ^ 

y        y 

The  equation  of  a  line  through  Pf(xfy')  perpendicular  to  the 
tangent,  is,  Art.  46, 

y  —  y'^lL^x—x'),     or     yx'—xy'=0, 

CO 

which  is  the  required  equation,  and  shows  that  the  normal  to  a 
circle  always  passes  through  the  centre. 

The  equations  of  the  normal  and  tangent  to  a  circle  at  a 
given  point  P'(x'y')  may  be  found  as  follows: 
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Assuming  that  the  normal  P'  0  passes  through  the  centre,  as 

we  may  from  Geometry,  then  its  equation  is  y  =  ^-fx,  and  the 

x 

equation  of  the  tangent  TPf  is 


TX  —  XI    °r 


as  already  found. 


82.  To  find  the  lengths  of  the  tangent,  subtangent,  nor- 
mal, and  subnormal  for  a  given  point  P'(x'y')  on  the  circle 


DEFINITION.  —  The  lengths  of  the  tangent  and  normal  to  a 
curve  are  the  distances  measured  on  these  lines  from  the  point  of 
tangency  to  the  points  in  which  they  respectively  cut  the  axis  of  X. 
The  subtangent  and  subnormal  are  the  respective  projections  of  the 
tangent  and  normal  on  the  axis  of  X. 

In  the  case  of  the  circle  x*  +  f  =  r*,  P'T,  P'  0,  NT,  ON, 
Fig.  34,  are  the  tangent,  normal,  subtangent,  and  subnormal 
for  the  point  P'(x'y'). 

We  have  at  once  the 

normal  OP'  =  r  =  V#'2  +  2/'2,     subnormal  ON=  x'. 
The  intercept  OT  of  the  tangent  yy'+  xx'=r2  is,  for  y  =  0, 


x' 
and  the  subtangent 


T-'2    ,     7  7 

==  OT-  ON=  x   V    -  x'=    , 

x'  x' 


The  tangent  is  a  mean  proportional  between  its  intercept  on 
the  axis  of  X  and  the  subtangent ; 

...  tangent  =  Pr=VOrTW=J^2  =  |.'. 
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83.  Tangents  are  drawn  through  a  given  point  T(h,k)  to 
the  circle  x*  +  y2  =  r*;  to  find  the  coordinates  of  the  points  of 
contact. 


FIG.  35. 


If  the  tangent  xxf+yyf—r2  to  the  circle  x2  +  y2  =  r2  at  the 
point  P'(x'y')  passes  through  the  point  T(h,  &),  then 

kx'+ky'=i*,     and    x'2  +  y'2  =  r2, 

both  contain  the  required  coordinates  (x'y1)  of  the   point  of 
contact. 

Solving  these  equations,  we  get 


,_ 


,  _ 


the  required  coordinates  of  the  points  of  contact  ;  from  which 
it  .follows  that  two  tangents  can  be  drawn  to  the  circle  through 
the  given  point  T(h,  &). 

These  tangents  are  real  for  &2-|-&2>r2;  that  is,  when  T(h,k) 
is  outside  the  circle  ;  they  are  real  and  coincident  when 
A2  +  &2  =  r2,  that  is,  when  the  point  T(h,k)  is  on  the  circle; 
and  they  are  imaginary  when  h2  +  &2  <  r2,  that  is,  when  the 
point  T  (A,  &)  is  within  the  circle. 


EQUATION  OF  CHORD   OF  CONTACT.  157 

84.  To  find  the  length  of  the  tangent  drawn  from  a  given 
point  T  (/i,  k)  to  a  given  circle  x*  +  y2  =  r2. 

Let  T(ON,TN),  (A, A),  Fig.  35,  be  the  given  point;  then 
=  r*,  and 


is  the  length  required. 

If  the   centre   of  the   circle   is   at  the   point   (c?,  e),   then 
OT2  =  (h  —  d)2  +  (k  —  e)\  and  the  required  length  is 

TP»=^/(h-d 


These  expressions  for  TP"  are  obtained  from  the  correspond- 
ing equations  of  the  circle 

r^O,  (a) 


by  simply  putting  (A,  &)  in  place  of  (x,  y)  and  extracting  the 
square  root. 

Since  the  general  equation 


can  be  put  in  the  form  of  (6),  it  follows  that 


TP"  =  V/i2  +  Jc2  +  2  Oh  +  2  Fk  +  C. 

85.  To  find  the  equation  of  the  straight  line  passing 
through  the  points  P'  and  P"  of  tangency  of  the  two  tan- 
gents drawn  through  the  given  point  T(h,k).  This  line 
PtP"  is  called  the  chord  of  contact. 

In  Art.  83,  the  values  of  the  coordinates  P'(x'y')>  P"(x"y") 
of  the  points  of  contact  were  found.  Their  differences  are 


,        .;_ 
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i ff  r 

Therefore  ^  ~^    =  —  -,  which  shows  that  the  chord  of  con- 

x'—  x"          k 

tact  P'VP"  is  perpendicular  to  OT.    Fig.  35. 

y! yll 

The  general  equation  y  —  y1^—, — *y,  (x  —  x**)  becomes 


x'—x' 


y 

which  readily  reduces  to 

hx-\-ky  =  r2,  (a) 

the  required  equation  of  the  chord  of  contact. 

Second  Solution.  —  The  equations  of  the  tangents   at  the 
points  P'  and  P"  are 

xx'  4-  yy'  =  f2,    xx"  +  yy"  =  r2. 

But  since  both  of  these  tangents  pass  through  the  point 
T(h,  &),  we  have  the  two  equations  of  condition, 


which  show  that  the  points  (x'y')  and  (x"yn)  are  both  on  the 
line  whose  equation  is  hx  +  Tcy  =  r2,  since  they  both  satisfy  it. 
Therefore  hx -\-ky-  r2  is  the  equation  of  the  chord  of  contact 
as  before  found. 

This  chord  of  contact  will  be  a  real  line  for  all  real  values  of 
(A,  &)  and  r2,  the  parameters  of  its  equation  hx  +  %  =  r2 ;  that 
is,  for  any  real  circle  and  for  any  real  point  in  the  plane  of  this 
circle. 

But  when  the  point  (A,  &)  is  within  the  circle,  the  tangents 
TP'  and  TP",  as  well  as  (xly^  and  (x"y")  the  coordinates  of 
their  points  of  contact  are  imaginary,  and  we  have  the  remark- 
able proposition  that  a  real  line  can  be  drawn  through  the 
imaginary  points  of  contact  of  two  imaginary  tangents  drawn 
from  a  real  point  within  the  circle. 


EXERCISES   ON  TANGENTS  AND  NORMALS.         159 

EXERCISES    ON    TANGENTS,    NORMALS,    AND    CHORDS. 

To  find  the  equations  of  tangents  to  given  circles  which  make 
given  angles  with  the  axis  of  X : 

CIBCLB.  ANGLE.  TANGENT. 

1,  o:2  +  2/2  =  25,  |,  y-arTSv^O. 

2,  0-2  +  ^2=100,  |,  3/-o:V3±20  =  0. 
4, 


5,  a:2+y2_2ro:,  ^^tan-iw,          y  =  m(x  —  r)  ±  r  Vl  +  m2. 

6,  a:2  +  y2_6a:+  lOy  —  2  =  0,        e=tan~1(—  |),    4?/  +  3o:=  19  or  =  —  41. 

7,  a:2  +  3/2  +  80;-  6^-24  =  0,       tf  =  tan-1(-D»    2^  +  o:  =  2±7V5. 

To  find  the  conditions  that  the  following  loci  shall  be  tangents  : 

8,  (#  —  d)2+(y  —  e)2=r2,        a:cosa  +  ^sina  =  pt    r  =  dcosa  +  e  sino—  p. 

9,  *_<f 


VI  +  w2 
10,     ^- 


11.  a:2  +  ^2  =  2 
12, 


13, 
14, 
15, 


16,  o:2+y2+2Go:+2^+C'  =  0,      o;2+i/2+2Fo:+2%+C'=0,     r= 


v2 

To  find  the  equations  of  tangents  and  normals  to  the  following 
circles,  in  terms  of  the  coordinates  of  the  points  of  tangency  : 
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CIRCLE.  POINT.  TANGENT.  NORMAL. 

17.  x*  +  3/2  =  25,  (4,3),  4x  +  3y  =  25,          4  37  —  3#  =  0. 

18.  Gr-2)2  +  (?/-3)2=10,         (5,4),  3x+    37  =  19,  By-    *=7. 

19.  (a:— c)2  +  (3/  — 2c)2  =  25c2,     (5c,  5c),          4a;  +  33/  =  35c,         4 37  —  3a:=5c. 

20.  *2  +  z/2_14:r-4?/-5  =  0,      (10,9),  3a:  +  7y  =  93,  3?/-7a:+43=0. 

21  •   x2  +  3/2  +  2 (£r  +  2F3/+  (7=0,   (#'37'), 

:r(:r'+  (r)+s/(3//+-F)  +  G!a:'+F?/'+  (7=0,  tangent; 
3/(#'+  (r)->a:(«/'+  1^)+  ^r'—  6^?;'=  0,  normal. 

To  find  the  length  of  the  tangent  drawn  from  a  given  point  to  a 
given  circle,  and  also  the  equation  of  the  chord  of  contact : 


22. 

CIRCLE. 

0:2+3/2=  80, 

POINT. 
(12,6), 

LENGTH. 
10, 

EQUATION  OF  CHORD. 
6x+    33/  =  40. 

23. 

(:r-3)2+(3/  +  6 

)a=60,                 (-5,3), 

\/95. 

8x—   9j/  =  28. 

24, 

,2  +  y2+4*-6; 

y  +  12  =  0,            (9,10), 

13, 

11*+    Ty=   0. 

25. 

4(,2  +  y2)-3,4 

.  53,  _  57  =  0,         (5,8), 

9, 

37  x  +  69  37  =  89. 

26, 

x*  +  y*  +  2Gx  + 

2  ^+(7=0,        (0,0), 

Vc, 

£*+*>+  <?  =  0. 

27.  The  length  of  the  tangent  from  (G,  F)  to  the  circle  cc2  +  y2  —  6 
$  =  0  is  twice  the  length  of  the  tangent  from  (6r,  F)  to  the  circle 
:=£':=0.  Show  that  #2  +  .F2  +  4#  +  4^+  2  =  0. 


28.  The  length  of  the  tangent  from  the  point  (xy)  to  the  circle 
^  +  2/2  +  2^  =  ^  =  0    is   three    times   its   length    from   the    circle 
$  +  2/2  —  4  =  $'  =  0.     Show  that  the  point  must  be  on  the  circle 
8  -  9  8'  =  0,  or  4V  +  4/  -  x  -  18  =  0. 

29.  Find  the  equation  of  the  circle  through  the  intersections  of  the 
circles  ar2-}-i/2  +  2x  +  3y  —7=8  =  0  and  or2  +  ?/2+-3a;-22/-l  =  /S"=0, 
and  through  the  point  (1,2).  Ans.  x*  +  yz  +  4:X—  7?/  +  5  =  0. 


30,  Find  the  equation  of  a  circle  through  the  points  of  intersection 
of  v?  +  y*-  4  =  #  =  0  and  x*+y*-  2x-4y  +  5=S'=Q  and  tangent 
to  the  line  x  +  y  —  3  =  0.  Ans.  y?  +  y2  +  2x  +  4#  —  13  =  0. 
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Poles  and  Polars  with  respect  to  a  Circle. 

86.  Since  the  parameters  (A,  &)  and  r2  of  the  equation 
hx  +  ky  =  r2  of  the  chord  of  contact  show  that  the  position  of 
this  chord  depends  upon  the  point  (A,  &)  and  the  radius  r  of  the 
given  circle  x*  +  y*  =  r2,  it  follows  that  there  is  a  fixed  relation 
between  the  point  (^,  &),  the  line  hx  +  ky  =  r2,  and  the  circle 
w*  +  y*  =  r\  which  is  called  the  polar  relation  of  the  point  and 
line  with  respect  to  the  circle.  The  point  is  called  the  pole  of 
the  line  with  respect  to  the  circle,  and  the  line  is  called  the 
polar  of  the  point  with  respect  to  the  circle. 

The  principal  properties  of  poles  and  polars  with  respect  to 
the  circle  are  contained  in  the  following  elementary  propo- 
sitions : 

I.  The  polar  is  perpendicular  to  the  line  which  joins  the 
pole  and  centre  of  the  circle. 


FIG.  36. 

Let  P  (A,  &)  be  the  pole  ;  the  equation  of  OP,  the  line  join- 
ing the  pole  and  centre  of  the  circle  x2  +  y*  =  r2,  is  hy  —  kx  =  0, 
to  which  the  polar  hx-\-lcy  =  r2  is  perpendicular,  by  Art.  46. 

II.  To  construct  the  polar  of  the  point  P(/i,  &)  with  respect 
to  the  circle 


The  distance  of  the  given  pole  P(h,  &)  from  the  centre  of  the 
circle  is  T/^2  -f  &2,  and  the  distance  of  the  polar  from  the  centre 
of  the  circle  is 
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-r 

OP 

Therefore,  TlK2  =  OD  •  OP  ;  that  is,  the  radius  of  the  circle 
is  a  mean  proportional  between  the  distances  of  the  pole  and 
polar  from  the  centre  of  the  circle.  Therefore,  when  the  pole 
P(h,  &),  or  the  distance  OP  =  T/ft2-|-&2,  is  given,  the  distance 
OD  is  known  ;  and  conversely. 

The  relation  OR2  =  OD-OP  involves  the  following  properties  : 

III.  When  the  pole  is  outside  the  circle,  the  polar  cuts  the 
circle. 

IV.  When  the  pole  is  on  the  circle,  the  polar  is  the  tangent 
at  the  pole. 

V.  When  the  pole  is  within  the  circle,  the  polar  is  without 
the  circle. 

VI.  When  the  pole  approaches  indefinitely  near  the  centre, 
the  polar  recedes  indefinitely  from  the  centre. 

VII.  The  locus  of  the  poles  of  a  system  of  parallel  polar  s 
is  a  straight  line  passing  through  the  centre  perpendicular 
to  the  polars. 

VIII.  If  the  polar  of  the  point  P  (ft,  ft)  passes  through  the  \ 
point  Q,  (ft',  k')  ,  then  will  the  polar  of  Q  (ft',  k1)  pass  through 


If  hx-{-ky  =  r2,  the  polar  of  the  point  P  (ft,  A(),  passes  through 
the  point  Q  (ft',  &'),  then 

ftft'+  kk'=  r2, 

the  condition  that  the  polar  of  P(ft,  &)  passes  through  Q(h',k') 
is  also  the  condition  that  the  polar  h'x  +  Wy  =  r2  of  Q  (ft',  &') 
passes  through  P  (ft,  &),  as  was  to  be  proved. 

IX.   If  the  polar  of  P(ft,  ft)  revolves  about  any  fixed  point 
Q  (ft',  k')  in  the  plane  of  the  circle,  giving  a  system  of  polars, 


POLES  AND  POLARS.  163 

then  the  locus  ofP(h,k),  the  pole  of  this  system,  is  a  straight 
line  which  is  the  polar  of  Q  (h1,  &')  . 

Since  the  polar  hx  +  ky  =  r2  of  P  (A,  &)  passes  through  the 
fixed  point  Q  (A',  k'),  the  equation 


is  the  locus  of  P  (A,  &),  which  is  a  straight  line  and  the  polar 
of  <?(»',**). 

X.  If  a  point  Q(h',7c')  moves  along  the  polar  of  P  (ft,  k)  , 
then  the  polar  of  Q  will  revolve  about  P. 

Because  the  polar  of  Q  in  each  new  position  will  pass 
through  P. 

Propositions  IX.  and  X.  may  be  stated  as  follows  : 

If  through  any  fixed  point  in  the  plane  of  a  circle  chords  are 
drawn^  and  through  the  extremities  of  each  tangents  are  drawn, 
then  the  intersection  of  each  pair  of  tangents  will  lie  on  the  same 
straight  line. 

If  from  any  points  in  a  given  straight  line  pairs  of  tangents 
are  drawn  to  a  circle,  the  chords  of  contact  will  all  pass  through  a 
fixed  point. 

XI.  If  in  any  triangle  A(x'y'),  B(x"y")i  C(x"'y'"),  any  two 
vertices,  as  A  and  B,  are  the  poles  of  their  opposite  sides, 
then  the  third  vertex  C  is  also  the  pole  of  its  opposite  side. 

Since  the  polars  xx'-\-yy'=r\  xxn+yyn=r*  of  A(x'y')  and 
B(xnyn)  both  pass  through  C(xinynf)^  we  have  the  equations 
of  condition  x("xf+  y'"y'=r\  xiuxn+y'"y"-=r\  which  show 
that  xx'"+yy"f=r2,  the  polar  of  C(x"'y'")  passes  through  A 
and  J5,  and  is  therefore  the  equation  of  the  side  AB  opposite  C. 


XII.  Given  a  circle  x2  +  y2  =  r2,  and  the  vertices  A  (x*y'^), 
B(x"y"),  CW")  of  a  triangle.  The  polars  of  A,  B,  C  are 
the  sides  of  a  second  triangle  A'B'  C'  called  the  conjugate  of 
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ABC,  the  polars  of  A',  B',  C'  being  respectively  the  sides  BO, 
AC,  AB  of  the  given  triangle,  by  XI. 

When  the  polars  of  A,  B,  0  are  respectively  their  opposite 
sides  BC,  AC,  AB,  the  two  triangles  coincide,  and  the  given 
triangle  is  called  a  self  -conjugate  triangle. 

The  lines  AA',  BB',  CO,  which  join  the  corresponding  ver- 
tices of  a  triangle  and  of  its  conjugate,  meet  in  a  point. 

The  equation  of  the  line  joining  A  (x'y1)  to  A',  the  intersec- 
tion of  the  polars  xx"+yyn=r^,  xx'"-{-  yy"'=  r2,  is,  Art.  53, 

(xx"+yyn-  r2)  (»'»"'+  y'y"'-  r2) 

-  (xW+y'y"-  i*)  (asaj'"  +  yy1"-  r2)  =  0. 

In  like  manner,  the  equations  of  BB'  and  CC'  are 
(xx1"  +  yy1"-  r2)  (x"x'  +y"y'-  i*) 


'+  yy'-  r2)  , 

(xx'+  yy'-i*)  (x'"x"  +  y'"y"-  r2) 

-  (x'"x'+  y'"y'-  r2)  (xx"+  yy"-  r*)  ; 

and  these  lines  pass  through  the  same  point,  since  the  sum  of 
their  equations  is  zero. 

EXERCISES    ON    POLES    AND    POLARS. 

Given  the  following  circles  and  poles,  to  find  the  corresponding 
polars  : 

CIRCLE.  POLES.  POLARS. 

(8,3),  (-5,4)  ; 


2,       - 


4,  *2+#2+2  C?a?+2Fy+  C  =  0  ;  (h,  fc)  ,  (0,  0)  ;          hx+ky+  G  (x+h}  +  F(y  +  Jfc)  +  (7=0, 

##  +  Jfy+  (7=0. 

5,  4(^+^)_4a;+6y-2=0;  (6,7),  (-8,5);    22  o:+31  y+1  =  0,    23  ^-34  *+29  =  0. 
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Given  the  following  circles  and  polars,  to  find  the  corresponding 
poles  : 

CIRCLES.  POLARS.  POLES. 

6,  *2  +  #2=14;  8a:  +  4y  =  7,        x-2y  =  2;  (6,  8),  (7,  -14). 

7,  x*  +  f  =  r*  ;  ax  +  by  =  1,  Ax+By+  C=  0  ;  (ar*,  br^, 


c'    -c' 

(-11,  -16),  (37,-10). 
(7,  -10),  (-6,-!). 

Given  points  of  contact  on  a  given  circle,  to  find  the  equation  of 
the  chord  of  contact  and  the  pole  of  this  chord  : 

CIRCLES.  POINTS.          EQUATION  OF  CHORD.          POLE. 

10,  *2  +  3/2=.65;  (7,4),  (8,1);  y  +  3a  =  25;  (-35V¥)- 

11,  *2  +  3/2=25;  (4,  3),  (-3,  -4);     x-y  =  l;  (25,-25). 

12,  x*  +  y*-5x-3y  +  6  =  Q',    (1,1),  (2,3);  y 


13,  Given  the  polars  of  A  (x'y1)  and  B  (x"y")  with  respect  to  the 
circle  y?  -f-  y2  =  r2.     If  AP  is  the  perpendicular  from  A  on  the  polar 
of  -B,  and  BQ  the  perpendicular  from  B  on  the  polar  of  A,  then 
OA^OB 

AP     BQ 

14,  Show  that  the  polar  hx  +  ky  =  r'2  will  touch  the  circle 

if 


15.  The  distances  of  two  points  from  the  centre  of  a  circle  are  pro- 
portional to  the  distances  of  each  from  the  polar  of  the  other. 

16.  If   a   circle   pass   through    the    three   given   points   A  (x'y'), 
B(x"y"),  C(x'"y'"),  then  the  polars  of  A,  B,  C  with  respect  to  this 
circle  will  form  a  second  triangle  A'B'C'.     If  A,  A',  B,  B',  (7,  C' 
are  corresponding  angles  in  the  two  triangles,  show  that  the  lines, 
AA',  BB',  CO'  will  meet  in  a  point. 


17,  If  any  four  points  A(x'y'),  B(x"y"),  C(x'"y'"),  D^y™)  lie 
on  the  circle  x2  +  y2  =  r2  ;  if  the  tangents  at  A  and  B  meet  in  P,  and 
the  tangents  at  C  and  D  meet  in  Q,  and  the  chords  through  -4,  B 
and  C,  D  meet  in  R  ;  then  R  is  the  pole  of  PQ. 
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18.  Given  the  circle  x*+ y2+2Gx+2Fy+ C  =  0.     Through  the 
origin  0  draw  two  secants,  one  cutting  the  circle  in  the  points  A  and 
A',  and  the  other  in  B,  B'.     Suppose  that  the  chords  AB  and  A'B' 
meet  in  P,  and  the  chords  AB'  and  BA'  meet  in  Q ;  show  that  the 
origin  is  the  pole  of  PQ. 

19.  If  the  four  points  in  Ex.  17  are  so  taken  that  the  tangents  at 
A  and  B  and  the  secant  CD  meet  in  a  point,  then  will  the  tangents 
at  C  and  D  and  the  secant  AB  also  meet  in  a  point. 


Elementary  Propositions  on  Systems  of  Circles.* 

87.  To  find  the  equation  of  a  system  of  circles  concentric 
with  the  circle  8  =  0. 

In  Art.  30  we  found  that  the  equation 


represents  a  system  of  lines  parallel  to  the  line  P  =  0  so  long 
as  the  parameters  A,  B,  C  are  constant,  P  being  a  variable 
function  of  x  and  y  for  different  lines  of  the  system,  but  a  con- 
stant function  of  x  and  y  for  each  separate  line  of  the  system. 
In  the  same  way,  we  shall  find  that  the  equation 

a?  +  y*  +  2Gx  +  2Fy+C=S  (a) 

represents  a  system  of  circles  concentric  with  the  given  circle 
S=Q,  whose  fixed  centre  is  <7(—  6r,  —  JP)  and  radius    OT  = 
Fig.  37. 


For  S  is  such  a  function  of  x  and  y  that  it  will  be  a  constant 
for  trie  locus  of  any  point  P(xy)  in  the  plane  of  the  circle  S  =  0 
which  moves  so  that  its  distance  from  the  fixed  point  (7(—  6r,—  F) 
remains  constant  ;  but  will  be  a  variable  function  of  x  and  y 

*  The  student  who  wishes  a  fuller  treatment  of  this  subject  will  find  it  in 
Salmon's  "  Conic  Sections,"  or  in  Plucker's  "  Analytisch-Geometrische  Entwick- 
lungen." 
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when  the  point  P  (xy)  moves  from  one  concentric   circle  to 
another  of  the  system. 

By  writing  (a)  in  the  form 


we  see  at  once  that  it  represents  a  series  of  circles  having  the 
same  centre  0  (—  6r,  —  F)  as  the  given  circle  S  =  0,  and  radii 
depending  upon  the  varying  values  of  S. 

S  is  positive  for  all  concentrics  external  to  S  —  0,  and  nega- 
tive for  all  concentrics  internal  to  $  =  0. 

88.  To  show  that  S  is  the  square  of  the  tangent  to  the 
given  circle  S  =  0  drawn  from  any  point  P(xy)  in  any  one 
of  its  concentric  circles. 


FIG.  37. 


If  C  (-#,-^)  is  the   centre   of  tf  =  0,  CT  its  radius,  and 
P(xy)  any  point  on  any  circle  concentric  with  $=0,  then 
But 


OP2  =  (a?  +  G)2+  (y  +  FY  and  CT2  =  <?  +  F2  -  C. 


(Art.  74)  ;  and  S  is  the  square  of  the  required  tangent. 

For  all  points  P  (#«/),  on  external  concentrics,  S  is  positive, 
and  the  tangents  to  S  =  0  are  real ;  and  for  all  points 
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on  internal  con  Gentries,  8  is  negative,  and  the  tangents  to  8=  0 
are  imaginary.  But  in  this  case  —  S  =  PL  •  PL',  the  segments 
PL  and  PL'  being  measured  in  opposite  directions  from  P. 

89.  If  8  =  0  and  #'=  0  are  the  equations  of  two  given 
circles,  centres  at  0  and  C!,  then  kS±lS'=0  is  the  equation 
of  a  system  of  circles  all  passing  through  the  two  points  of 
intersection  of  the  two  given  circles,  k  and  I  being  arbi- 
trary constants. 


First,  the  equation 
kS  ±  IS'=  (k  ± 


0 


(a) 


represents  circles  referred  to  rectangular  axes,  since  (Art.  70) 
it  does  not  contain  the  product  xy  of  the  coordinates,  and  the 
coefficients  of  x2  and  y^  are  equal;  and  second,  they  all  pass 
through  the  points  of  intersection  of  S  =  0  and  jS'=  0,  since  the 
coordinates  ($  =  0,  8'=  0)  of  these  points  satisfy  the  equation 
kS±lJS'=0. 


FIG.  38. 


The  coordinates  of  the  centres  of  the  two  systems  of  circles, 
kS+lS'=.Q  and  kS-lS'=Q,  are 


(-*f 


+  IG'     _kF+lF 
+  1     '   "      k  +  l 


(     JcG-lG-'        kF-lF'\ 
(        k-l     '   "      k-l    / 
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which,  by  Art.  5,  are  the  points  found  by  dividing  the  distance 
between  the  centres  C(-&,  -F)  and  #'(-#',  --F')>  called  the 
central  line,  internally  and  externally  in  the  ratio  k  :  I.  It 
follows  then  that  all  the  centres  of  the  system  kS+  IS'=Q  are 
on  the  central  line,  and  all  the  centres  of  the  system  kS—lSf=Q 
are  on  the  central  line  produced. 

If  we  denote  the  radii  of  the  circles  of  these  two  systems  by 
and  also  put 


-C,    r'2=G'2+F'2-C',    D2=(G-G')2+(F-F')2, 
then  J?±  =  (*±0(^±^;)T^. 

The  circle  of  each  of  these  systems  for  which  k  —  I  is  the 
limiting  circle  of  the  system. 

As  k  and  I  approach  equality,  the  centre   of  kS  +IS  =  Q 

(Gr  -f-  Grf  F  -f-  F  f\ 

-  —  •£  —  ,        —  -^  —  ),  the  middle  point  of  the 
Z  2      J 

central  line,  as  the  limit,  its  radius  becomes 


_2(r2+rf2)-.D2 
~~ 


and  its  equation  is 


As  k  and  I  approach  equality,  the  centre  of  kS—  18=  0  recedes 
from  d,  its  radius  increases  indefinitely  ;  at  the  limit  the  circle 
becomes  the  straight  line  PQ,  the  common  chord,  or  radical 
axis  of  all  the  circles  of  the  system,  and  its  equation  is 

8-  S'=  2(G  -  G')  x  +  2(F-  F')  y  +  C  -  C'=  0. 

The  equation  (a)  may  be  written  in  a  simple  form  by  taking 
the  central  line  CO'  and  the  radical  axis  PQ  as  the  axes  of 
coordinates. 

Let  the  constant  length  RQ  =  d  or  dV—  1  according  as  S=Q, 
Sf=Q  intersect  in  two  real  or  in  two  imaginary  points;  let  the 
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coordinates  of  the  centre  of  the  system  of  circles  be  (±  A,  0), 
h  being  a  variable  distance  from  the  origin  Q.     Then 


or 


is  the  equation  of  the  system  of  circles  all  passing  through  the 
two  points  of  intersection  of  iS  =  0  and  Sr  =  0. 

90.  To  find  the  locus  of  a  point  P(xy)  which  moves  so  that 
the  tangents  drawn  from  it  to  the  given  circles  S  =  0  and 
S'=0  are  always  equal. 

By  Art.  88,  8  and  81  are  the  squares  of  the  tangents  drawn 
from  the  point  P  (#«/)  to  the  circles  8  —  0  and  S'=  0.  Since 
these  tangents  are  equal,  we  have  at  once 


or        -= 


the  equation  of  the  required  locus,  which,  by  Art.  89,  is  the 
radical  axis  of  the  two  given  circles. 

It  is  obvious  also  that  kS—  ljSf=  0  is  the  equation  of  the 
locus  of  a  point  which  moves  so  that  the  lengths  of  the  tangents 
drawn  from  the  point  P  (xy)  to  the  circles  $=0  and  Sf=Q  are 
in  the  ratio  of  i/F:  Vk  ;  and  that  the  locus  is  a  circle  passing 
through  the  intersections  of  $  =  0  and  S'=  0. 

91.  To  show  that  the  radical  axes  of  the  three  given  circles 
S  =  0.  /S"  =  0,  S"  =  0,  taken  two  and  two  meet  in  a  point. 

The  equations  of  the  three  radical  axes  are 


and  their  sum  is  zero.  Therefore  the  radical  axes  meet  in  a 
point.  This  point  is  called  the  radical  centre  of  the  three 
circles. 
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92.  To  find  the  coordinates  of  the  internal  and  external 
points  of  section  of  the  central  line  of  the  two  given  circles 
S  =  0  and  S'  =  0  in  which  the  two  pairs  of  common  tangents 
intersect. 

DEFINITIONS.  —  These  points  are  called  the  centres  of  simili- 
tude of  the  two  circles. 

A  direct  tangent  touches  the  two  circles  on  the  same  side  of 
the  central  line,  and  meets  the  central  line  produced  in  the 
direct  centre  of  similitude. 

An  inverse  tangent  touches  the  two  circles  on  opposite  sides 
of  the  central  line  which  it  meets  in  the  inverse  centre  of  simil- 
itude. 

The  centres  of  similitude  Pi(xy)  and  Pe(xy),  together  with 
the  centres  (7,  Cr  and  the  points  of  tangency  T,  Tf  are  the  ver- 
tices of  similar  right  triangles  whose  homologous  sides  are  in 
the  ratio  r  :  r'  of  the  radii  of  the  two  circles.  Therefore,  by 
Art.  5, 

r'G  +  rG'         r'F+rF' 


r  +  r'   / 


(     r'G-rG'         r'F-rF'\ 
V         r-r1  r-r'   ) 


are  the  required  coordinates  of  the  centres  of  similitude. 

It  is  also  obvious  that  lines  drawn  through  the  ends  of  any 
two  parallel  radii  both  lying  on  the  same  side  of  the  central 
line,  or  lying  on  opposite  sides  of  the  central  line,  will  pass 
through  a  centre  of  similitude. 

Or,  if  these  parallel  radii  are  divided  both  internally  or  exter- 
nally in  the  ratio  of  r  :  r',  the  lines  drawn  through  these  points 
will  also  pass  through  a  centre  of  similitude. 

93.  To  find  the  equations  of  the  two  circles  which  have 
their  centres  at  the  centres  of  similitude  of  the  circles  8=0 
and  $'=0  and  pass  through  the  intersections  of  these  circles. 

If  r  and  r'  are  the  radii  of  S  =  0  and  S'=  0,  then 
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are  the  required  equations,  since  their  centres  are  the  same  as 
the  centres  of  similitude,  and  they  pass  through  the  intersec- 
tions of  8  =  0  and  S'=  0,  by  Art.  89. 

94.  To  find  the  four  common  tangents  to  two  given  circles 
S  =  QandS'=0. 

The  tangent  to  S—  0  in  terms  of  m  is  of  the  form 


=  mx±  rVl  4-  w2,     or     (y  —  e)  =  m(x  —  d)  ±  rVl  +  m 


according  as  the  centre  is  at  the  origin  (0,  0)  or  at  the  point 
(d,  e).  Since  the  required  tangents  must  pass  through  the 
centres  of  similitude,  put  the  coordinates  of  these  centres  for  x 
and  y  in  the  equations  of  the  tangents,  and  then  find  the  values 
of  m.  Since  the  equations  of  the  tangents  to  S  =  0  and  »Sr=  0 
are  quadratics  in  m,  we  shall  find  four  values  of  m,  which  will 
give  the  four  common  tangents  required. 

95.  To  find  the  condition  that  the  two  circles  S  =  0  and 
S'=  0,  shall  cut  each  other  at  right  angles^  or  orthogonally. 

DEFINITION.  —  The  direction  of  a  curve  at  any  point  is  the 
same  as  the  direction  of  the  tangent  at  this  point. 

It  follows  then  that  the  angle  made  by  two  curves  at  a  point 
of  intersection  is  the  same  as  the  angle  made  by  their  tangents 
at  this  point.  If  two  circles  cross  at  right  angles,  their  tan- 
gents, and  therefore  their  radii  at  the  point  of  crossing,  are 
perpendicular  to  each  other.  Therefore 

(#  _  G')2  +  (F-  F')2  =G2  +  F2-C+G'2  +  F'2  -  C'] 


or 

is  the  required  condition. 

96.  To  find  the  equation  of  the  circle  having  its  centre  at 
the  radical  centre  of  three  given  circles,  S  =  0,  $'=0,  Sn=  0, 
and  cutting  them  orthogonally. 
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Let  (#cyc)  be  the  coordinates  of  the  radical  centre,  and  (xy) 
any  point  on  the  required  circle  ;  then 

(x  -  xcy  +(y-  yc)*  =  Scc  =  S'cc  =  S"cc 

is  its  equation  in  which  Scc  denotes  the  square  of  the  tangent 
from  the  radical  centre  to  the  circle  S=Q. 

97.  Let  P(h,  Jc),  Fig.  37,  be  any  point  in  the  plane  of  the 
circle  S  —  0  ;  to  find  the  the  equation  of  the  circle  orthogonal 
to  S  =  0,  having  P(h,  k)  as  Us  centre. 

Let  (xy)  be  any  point  on  the  orthogonal  circle  ;  then 


or 

is  the  required  equation. 

98.  To  find  the  equation  of  the  system  of  circles  which 
cut  the  two  given  circles  S'=  0  and  8"=  0  orthogonally. 

If  the  circle  >S  =  0  cuts  both  S'=Q  and  #"=0  orthogonally, 
then  the  two  equations  of  condition 


2GG"+2FF"-C-C"=0, 

will  give  the  values  of  any  two  of  the  three  parameters  6r,  -F, 
O  in  terms  of  the  third;  and  by  substituting  these  values  in 
/Sr=  0,  we  shall  have  the  required  equation.  Since  this  equation 
still  contains  one  arbitrary  parameter,  the  circle  can  be  made 
to  fulfil  one  additional  condition,  such  as  passing  through  a 
given  point  or  cutting  a  third  circle  S'"=Q  orthogonally. 
The  values  of  6r,  F,  0  found  by  solving  the  equations 

2GG'+  2FF'-  C-  C'=  0, 
2GG"+2FF>'-C-C"=0, 
2  GG'"+2FF'"-  O-  C'"=  0, 

will  make  the  circle  S  —  0  orthogonal  to  the  three  given  circles. 
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EXERCISES    ON    SYSTEMS    OF    CIRCLES. 

Given  the  circle  or2  +  f  -  2x  +  40  +  1  =  0,  to  find  the  equation  of 
the  concentric  circle  — 

1.  Through  (3,  2).  Ana.  or>  +  f-  2x+  40-    15  =  0. 

2.  Through  (-5,  7).  Ana.  x*  +  y2-  %x  +  40-  112  =  0. 

3.  Through  (-3,  -5).  Ans.  x2  +  y2  -2x  +  ±y  -    20  =  0. 

To  find  the  length  of  the  tangent  to  the  circle  x*+y*+6x  —  40 
+  4  =  0  from- 

4.  The  point  (3,  4).  Ans.  V3l. 

5.  The  point  (  —  5,  6).  Ans.  Vll. 

6.  The  point  (3,  -7).  Ans.  6V3. 

7.  The  point  (-3,  -5).  Ans.  2VlO. 

To  find  the  equation  of  the  circle  orthogonal  to  3?  +  y2  —  6x  +  \y 
—  12  =  0  having  its  centre  at  — 

8.  The  point  (5,  3).  Ans.  x*  +  y*-  Wx-    62/  +  30=0. 

9.  The  point  (-3,  7).  Ans.x2  +  y*+    Qx-  Uy-34:  =  0. 
10.    The  point  (-2,  -5).        Ans.  x2  +  f  +    4a;  +  10y  +  20  =  0. 
Given  the  circles    S   =  x*  +  f  —  2x  -  ±y  -  2  =  0, 

6o;-4  =0, 


to  find  their  — 

11.  Radical  axes. 

Ans.  2a>— 

12.  Central  lines. 

Ans.  2/  +  ic—  3  =  0,    70  —  aj  +  3  =  0,   50  —  3ic—  7  =  0. 


13.   Radical  centre  and  common  orthogonal  circle. 
Am.  (-If,  -A),  (*  +  « 
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14.  Given    tf  +  f  —  ±x-  2y  +  ±  =  0,    tf  +  y*  +  ±x+2y  -4  =  0, 
to  find  the  centres  of  similitude  and  the  four  common  tangents. 

Ans.  Direct  centre,      (4,2);  tangents,  3  y  —  kx+  10  =  0,  y=  2. 
Inverse  centre,   (1,-J);  tangents,  4  y-\-  3  x—  5  =  0,  x=l. 

15.  Given  x2  +  y2  —lOx  —  ly  +  20  =  0,    x*  +  y2  —  2y  —  3  =  0,  to 
find  the  centres  of  similitude  and  the  four  common  tangents. 

Ans.  Direct  centre,     (  —  10,  —1)  ;  tangents,  I2y—  5cc=38,  2/+l  =  0. 
Inverse  centre,   (2,  £)  ;  tangents,  2/+  2.4  x  =  6.2,  #  =  2. 

16.  Determine  the  circle  S  =  x*  +  y*  +  2Gx  +  2Fy  +  C=Q  so  that 
it  shall  cut  the  circles 

/S"=a2+2/2-4a;-22/  +  4  =  0,   S"=&  +  y*  +  4z  +  2y-  1  =  0 
orthogonally,  and  show  that  the  resulting  equation  represents  a  system 
of  circles  having  a  common  radical  axis. 

17.  If  a  circle  cuts  S'=  0,  S"=  0,  S'"=  0  orthogonally,  it  wiU  cut 
any  circle  JcS'  +  lS"+mS'"=  0  orthogonally. 

18.  If  A  B  be  the  diameter  of  a  given  circle,  the  polar  of  A  with 
respect  to  any  circle  which  cuts  the  given  circle  orthogonally  will 
pass  through  B. 

19.  The  square  of  the  tangent  from  any  point  of  one  circle  to 
another  is  proportional  to  the  perpendicular  from  that  point  upon 
their  radical  axis. 

20.  Find  the  equation  of  the  circle  which  passes  through  the  inter- 
sections of  the  circles  orJ  +  2/2=25,  a?+y2  —  2a?  +  4y  =  31,  and  the 
point  (-8,  9). 

21.  Show  that  the  length  of  the  common  chord  of  the  two  circles 

(x-ay  +  (y-by 

is  [4c2-2(a-6)2]i 

(-£       7? 

—  =  —  j 


(-£       7? 

22.   If  —  =  —  j,  show  that  the  circles 


0, 
touch  at  the  origin. 
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PROBLEMS    ON    THE    CIRCLE. 

1.  A  point  so  moves  that  the  square  of  its  distance  from  a  fixed 
point  varies  as  its  perpendicular  distance  from  a  fixed  straight  line  ; 
show  that  the  locus  is  a  circle. 

2.  A  point  so  moves  that  the  sum  of  the  squares  of  its  distances 
from  the  four  sides  of  a  given  square  is  constant  ;  show  that  the  locus 
is  a  circle. 

3.  The  locus  of  a  point,  the  sum  of  the  squares  of  whose  distances 
from  n  fixed  points  is  constant,  is  a  circle. 

4.  Find  the  locus  of  a  point  whose  distances  from  two  fixed  points 
have  a  given  ratio. 

5.  Show  that  the  circle  whose  equation  is 

y?  +  f  +  (2  O  +  AC)x  +  (2F+  BC)y  =  0 
passes  through  the  origin  and  the  points  of  intersection  of 
=l  and 


6.  What  is  the  locus  of  the  middle  point  of  a  straight  line  whose 
length  is  Z,  and  whose  ends  move  on  a  pair  of  rectangular  coordinate 
axes? 

7.  Find  the  equation  of  the  circle  which  passes  through  the  origin 
and  cuts  off  the  positive  intercepts  a  and  b  from  the  coordinate  axes 
X  and  y,  respectively. 

8.  Find  the  equation  of  a  straight  line  passing  through  the  point 
(x'y1)  from  which  the  circle  x2  •+•  y2  =  r2  cuts  a  chord  whose  length 
is  d. 


9.   Find  the  equation  of  the  chord  of  the  circle  x2  +  y2  =  r2  whose 
middle  point  is  (x'y')  . 

10.  A  and  B  are  two  fixed  points,  and  P  so  moves  that  PA=k  •  PB. 
Show  that  the  locus  of  P  is  a  circle,  and  that  all  the  circles  for  differ- 
ent values  of  fe  have  a  common  radical  axis. 
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11.  Find  the  locus  of  a  point  which  so  moves  that  the  square  of  its 
distance  from  the  base  of  an  isosceles  triangle  is  equal  to  the  product 
of  its  distances  from  the  other  sides. 

12.  Find  the  locus  of  a  point  whose  polars.with  respect  to  two 
given  circles  make  a  given  angle  with  one  another. 

13.  Show  that  the  radical  axis  of  two  circles  bisects  their  four 
common  tangents. 

14.  If  a  circle  be  described  on  the  line  joining  the  centres  of  simil- 
itude of  two  given  circles  as  a  diameter,  show  that  the  tangents 
drawn  from  any  point  on  this  circle  to  the  two  given  circles  are  in 
the  ratio  of  the  corresponding  radii. 

15.  Find  the  locus  of  a  point  such  that  tangents  from  it  to  two 
concentric  circles  are  inversely  as  their  radii. 

16.  -4,  .B,  (7,  D,  are  four  fixed  points  on  a  straight  line,  and  P  a 
moving  point  such  that  the  angles  APB  and  CPD  are  equal ;  show 
that  the  locus  of  P  is  a  circle. 

17.  Find  the  equation  for  determining  the  values  of  r  for  the 
points  of  intersection  of  the  circle  and  the  straight  line  whose  equa- 
tions are 

r=2acos0  and  r  cos(0  —  a)=p. 

Show  that  p  =  2  a  cos2-  when  the  straight  line  becomes  a  tangent. 

18.  The  polar  equation  of  the  circle  on   (a,  a)   and  (6,  @)  as  a 
diameter  is 

r2  -  [a  cos(0  -  a)  +  b  cos(0  -  0)]  +  ab  cos(a  —  0)  =  0. 

19.  A  circle  passes  through  the  origin  and  cuts  the  rectangular  co- 
ordinate axes  X  and  Y  in  points  P  and  Q,  such  that  the  line  PQ 
always  passes  through  a  fixed  point  (/i,  fe)  ;  show  that  the  locus  of 

the  centre  of  the  circle  is  -  -f-  ^  =  2. 
h      k 
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CHAPTER   V. 

THE  CONIC!  SECTIONS, 

The  Equations  of  the  Conic  Sections. 

99.  The  sections  of  a  right  cone  made  by  a  plane  may  be 
designated  by  the  general  term  "  the  conic,"  and  are  included 
in  the  following  simple  definition. 

A  conic  is  the  locus  of  a  point  which  moves  so  that  its  distance 
from  a  fixed  point  is  in  a  constant  ratio  to  its  distance  from  a 
fixed  straight  line. 

The  fixed  point  is  called  the  focus  of  the  conic ;  the  fixed 
straight  line  is  called  its  directrix;  and  the  constant  ratio,  which 
is  denoted  by  e,  is  called  the  eccentricity  of  the  conic. 


x 


FIG.  39. 


Let  $be  the  focus,  and  the  line  OM  the  directrix.  Through 
the  focus  draw  SO  perpendicular  to  OM,  and  take  OX,  OM  as 
the  rectangular  axes  of  the  conic.  Put  the  given  distance 
OS  =  2p.  Let  P(ON,  PN),  (xy)  be  any  point  on  the 

PS 

conic,  and  let  PS  —  r ;  then,  by  definition,   -5--—  e->  or  r  =  eXt 
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When   e  =  l,   the  conic  is  called  the  parabola. 
When   e  <  1,   the  conic  is  called  the  ellipse. 
When   e  >  1,   the  conic  is  called  the  hyperbola. 

100.   To  find  the  equation  of  the  conic  referred  to  the  rec- 
tangular axes  OX.,  OM. 

Y 
B 


M 


From  the  definition  we  get 


But 

...  f+(x-ZPy  =  e*x>  (a) 

is  the  required  equation. 

To  find  the  points  in  which  the  conic  cuts  the  axis  of  X, 
which  are  called  its  vertices. 

For  points  on  the  axis  of  X,   y  =  0,   for  which  (a)  becomes 


l  +  e  l-e 

are  the  required  distances  from  the  directrix  to  the  vertices  A 
and  A'  of  the  conic. 

For  points  on  the  axis  OM,  or  directrix,  x  =  Q,  for  which 
(a)  becomes  ?/2  -f  4jt?2  =  0,  which  shows  that  y  is  imaginary, 
or  that  the  conic  does  not  cut  the  directrix. 
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For  the  parabola  (Fig.  39), 

1  +e  1  —  e 

For  the  ellipse  (Fig.  40), 

6<1,     x1=-^->p=OA,     x2=^P->2p=OA'. 
1  -\-  e  I  —  e 


£/ 


FIG.  41. 
For  the  hyperbola  (Fig.  41), 


1  +e 


I  —e 


=  -  OA'. 


101.  The  following  properties  of  the  conic  are  already 
apparent  or  are  readily  deduced. 

I.  The  conic  is  symmetrical  with  reference  to  the  axis  of  #, 
since  the  definition  PS  =  ePM  for  any  point  P  above  the  axis 
of  x  holds  equally  for  the  corresponding  point  P'  below  this 
axis  (Fig.  39). 

'       II.   The  conic  does  not  cut  the  directrix. 

III.  The  point  0  midway  between  the  vertices  A  and  A'  is 
called  the  centre  of  the  conic. 

IV.  The  parabola  is  said  to  have  but  one  vertex,  since  the 
other  lies  at  an   infinite   distance  from    the    directrix.      The 
parabola  is  a  non-central  curve. 


EQUATIONS   OF   THE   CONIC  SECTIONS.  181 

Since,  from  the  definition,  the  fixed  point  8  might  have  been 
taken  to  the  left  of  the  directrix,  it  follows  : 

V.  That  if  p  is  minus,  the  parabola  lies  to  the  left  of  the 
directrix. 

VI.  That  the  ellipse  has  two  vertices  J.,  A',  and  two  foci 
8)  S',  lying  between  the  two  directrices  OM  and  OM'  . 

VII.  That  the   hyperbola  has  two  vertices  A,  A1  and  two 
foci  $,  8'  lying  outside  of  the  directrices  OM  and  OMf  . 

DEFINITIONS.  —  The  distance  A  A'  between  the  vertices  is 
called  the  major  or  transverse  axis  of  the  conic. 

The  middle  point  0  of  the  major  axis  is  called  the  centre  of 
the  conic. 

The  distance  BB'  which  the  conic  cuts  from  the  perpendicular 
to  the  major  axis  drawn  through  the  centre  0  is  called  the 
minor  or  conjugate  axis. 

The  distance  LLf  which  the  conic  cuts  from  the  perpendicular 
to  the  major  axis  drawn  through  the  focus  S  is  called  the  lotus- 
rectum.  It  is  the  double  ordinate  through  the  focus. 

VIII.  To  find  the  length  AA'  of  the  major  axis  of  the  conic, 
which  denote  by  2  a,  and  the  distance  of  its  centre  C  from 
the  directrix.   (Figs.  40,  41-) 


Length    AA'=OA'-OA  =        ---     _  =  --  =  ±  2  a. 

1-e      1+e     1-e2 


Distance  00=  (M  +  .40  =  +  =         -=  ±     ; 

1  +  e      1  -  e2     1-e2         e 

in  which  the  signs  simply  indicate  the  direction  of  the  vertex 
A'  from  the  vertex  A,  +  for  the  ellipse  and  —  for  the  hyperbola. 

IX.  To  find  the  length  BB'  of  the  minor  axis  of  the 
conic,  denoted  by  26  for  the  ellipse,  and  by  26V—  1  for  the 
hyperbola. 
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The  abscissa  of  the  centre  C  is  -,  and  2p =a(   ~e  ^  by  VIII, 

e  e 

which  substituted  for  x  and  2p  in  equation  (a),  Art.  100,  give 


the  plus  sign  corresponding  to  the  ellipse  and  the  minus  sign 
to  the  hyperbola  ; 

.-.  BB'=2b  for  the  ellipse,  and  2&V^1  for  the  hyperbola. 

X.    To  find  the  length  LL1  of  the  lotus-rectum  of  the  conic. 

The  abscissa  of  the  focus  S  is  2^?,  which  substituted  for  x  in 
equation  (CL)  gives  ?/2  =  4jt?V.     The  double  ordinate 


LL'=  2y  =  ±pe  =  2a(l-e2),  by  VIIL,  =  —  ,  by  IX. 

a 

XI.   To  find  the  eccentricity  e  in  terms  of  a  and  6,  the 

semi-axes. 

From  IX. 


XII.  To  find  the  distance  SC  between  the  focus  and  the 
centre,  which  denote  ~by  c.     This  distance  is  called  the  linear 
eccentricity  of  the  conic. 

SC=OC-OJS=--2p  =  ae,l)jVIII.  .-.  ae  =  c,  or-  =  e; 
e  a 

that  is,  the  ratio  of  the  linear  eccentricity  to  the  semi-major 
axis  is  the  eccentricity  e. 

XIII.  For  any  point  P(xy)  on  the  ellipse  or  hyperbola  the 
lines  PS  and  PS'  are  called  the  focal  distances  of  this  point. 
Figs.  40,  41. 
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For  the  ellipse  the  sum,  and  for  the  hyperbola  the  difference, 
of  the  focal  distances  of  any  point  P(xy)  on  the  curve  is  equal  to 
the  major  axis  AA'=  2  a. 

By  definition 

PS  =  ePM,     PS'=  ePM',     and  OC  =  -  ,  by  VIII. 

e 

For  the  ellipse 

PS  +  PS'  =  e  (PM  +  PM1)  =  6-20(7=2  a. 
For  the  hyperbola 

PS'-  PS  =  e(PM>-  PM)  =  e>20C=2a. 

XIV.  To  express  the  focal  distances  of  any  point  P(xy)  on 
the  ellipse  or  hyperbola  in  terms  of  the  abscissa  of  this  point. 

PS=ePM=e(OC  +  CN)  =  e(-  +  x\=a  +  e 

Y       (  ellipse. 

P/S'=  ePM'=  e(0'C-  CN)  =  e(--  a?=  a  -ex 


=  e(CN-  OC)  =  efx--\=ex-a  ^ 

,         N  [  hyperbola. 

PS'=  ePM'  =  e(CN  +  O'C)  =  e  x  +  -  ]=  ex  +  a  ) 

V        ej 

These  equations  are  called  the  linear  equations  of  the  ellipse 
and  hyperbola,  the  origin  being  at  the  centre  (7. 

1  02.  To  find  the  equation  of  the  conic  when  the  origin  is 
at  the  vertex  A.  (Fig.  39.) 

Since  the  new  origin  A  is  on  the  axis  of  Jf,  the  ordinate  y 


will  remain  the  same,  but  we  must  put  x  =  x'+—--.  Art. 

1-j-e 

21,  Case  I.     Substituting  this  value  of  x  in  equation  (a)  and 
dropping  the  prime,  it  becomes 

y2+>(l-e*)x*=±pex,  (b) 

the  required  equation  of  the  conic  having  its   origin  at  the 
vertex  A. 
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For  e  ^=  1,  (#)  reduces  to  y*  —  4  jo#,  which  is  the  simplest  form 
of  the  equation  of  the  parabola. 

For  the  ellipse  and  hyperbola,  (5)  may  be  written 


since       1  -  e2  =  ±    2,  by  IX.  ,  and  2  =  2  a,  by  VHI.  , 

the  origin  for  both  curves  being  at  the  left-hand  vertex,  A  for 
the  ellipse  and  A'  for  the  hyperbola  (Figs.  40,  41). 

If  we  put  the  semi-latus-rectum,  Art.  101,  X.,  2pe  =  P,  then 
by  VIII.  (5)  may  be  written 

f  =  ±pex  -(l-e2)x2  =  ±pex  ±^™x2  =  ±pex  T  —  a?, 

a  a 

which  shows  that  when  e  =  1,  the  semi-transverse  axis  becomes 
infinite,  and  both  the  ellipse  and  hyperbola  become  the  parabola 


103.  To  find  the  equations  of  the  conic  when  the  origin  is 
at  the  focus  S.  (Fig.  38.) 

In  this  case  y  =  y'  and  x  —  xr  +  2  p,  since  the  origin  is 
changed  from  0  to  S,  a  distance  equal  to  2p.  Substituting  this 
value  of  x  in  equation  (a),  Art.  100,  we  get  at  once 


or  2/2  +  (l-e2)x2-2Pex-P2  =  0,  (c) 

in  which  the  eccentricity  and  semi-latus-rectum  are  the  given 
parameters.     For  the  parabola  e  =  1,  and  its  equation  becomes 


104.  To  find  the  equations  of  the  ellipse  and  hyperbola 
when  the  origin  is  at  the  centre  C.  (Figs.  40,  41  •) 

In  this  case,  y  —  y1  and  x  ~  x'  +  a  if  we  remove  the  origin 
from  the  left-hand  vertex  to  the  centre  C. 

Substituting  this  value  of  x  in  (6'),  Art.  102,  we  get 
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are  the  required  equations  of  the  ellipse  and  hyperbola  when 
the  origin  is  at  the  centre  0. 

We  may  also  find  these  equations  as  follows  : 

PN2  +  SN2  =  PS2,  or   PN2+  (SC  +  CN)2  =  PS\  Fig.  40. 
But  by  XII.  and  XIV.,  Art.  101, 

PN  =  y,     SC  +  CN  =  ae  +  #,     PS  =  a  +  ea;. 


or  -2+   „/     2   =1,   or   -*+-^r2=l,  by  IX.,  Art.  101. 

a2     a2(l  —  e2)  a2      ±  62 

These  equations  may  be  written 

+  -i.  (c'} 


since  from  VIII.  and  IX.,  Art.  101,  we  readily  get 

2  _     4p2e2  ,o  _  4p2e2 

-(T^T)"2'  "fZ7 

If  the  coordinates  of  the  vertex  are  (^,  ^),  and  the  new  axes 
are  parallel  to  the  old,  the  equation  ?/2  =  4px  of  the  parabola 
referred  to  this  new  origin  and  axes  is 


and  when  (A,  &)  are  the  coordinates  of  the  centre  of  the  ellipse 
and  hyperbola,  then  their  equations  become 

^T~+  y±w   =1' 

The  Ellipse.  —  When  b  >  a,  BBJ  becomes  the  major  axis  on 
which  the  foci  lie. 

When  b=  a,  the  ellipse  becomes  the  circle  x2  +  y2  =  a2,  hav- 
ing the  major  axis  as  a  diameter,  and  is  called  the  major  auxiliary 
circle. 
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When  a  —  5,  the  ellipse  becomes  the  circle  x*-\-y2  =  b2,  having 
the  minor  axis  as  a  diameter,  and  is  called  the  minor  auxiliary 
circle. 

The  Hyperbola.  —  When  the  axis  AA'  becomes  imaginary, 

o  9 

and  BB'  real,  the  hyperbola  -^-3+  f^  =  l  *s   ca^e(i  tne 


When  5  =  a,  the  conjugate  hyperbolas  become  y*  —  x2  =  a2 
and  x*  —  y2  =  a2,  and  are  called  equilateral  conjugates. 


1  05.  To  /£?&$  the  equation  of  the  conic  when  the  focus  S 
is  on  the  directrix. 

In  this  case  2p  =  0,  and  equation  (6),  Art.  102,  becomes 


=      or  y  = 

two  straight  lines  which  are  real  for  e  >  1,  coincident  for  <?  =  1, 
and  imaginary  for  e  <  1,  and  must  be  classed  among  the  conic 
sections. 

1  06.  DEFINITIONS.  —  A  diameter  of  an  ellipse  or  hyperbola 
is  any  line  drawn  through  the  centre  0  and  terminating  in  the 
curve. 

The  axes  are  called  the  principal  diameters.  In  the  parabola 
a  diameter  is  any  line  parallel  to  the  axis  of  the  curve. 

1  07.  A  diameter  of  the  ellipse  or  hyperbola  is  bisected  at 

the  centre  C. 

If  P  (xy)  is  any  point  on  the  curve, 


then  the  point  (—a?,  —y)  is  also  on  the  curve,  for  its  coordinates 
satisfy  the  equations  of  the  curve. 

But  the  line  joining  the  points  (xy)  and  (—  x9  —  y)  is  bisected 
at  the  centre  0. 
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1  08.  To   trace  the  general  form  of  the  conic  from    its 
equation. 

For  this  purpose  let  us  take  y^  —  ^px,  the  equation  of  the 


parabola,  and  -^+~o  =  l?  the  equations  of  the   ellipse   and 

CL          ~r~  0 

hyperbola,  as  the  simplest  forms,  and  for  this  reason  the  ones 
to  be  mainly  used  hereafter  in  deducing  the  more  important 
properties  of  these  curves. 

First,  let  us  examine  the  parabola  (Fig.  39)  : 

I.  The  equation  y  —  ±  V^px  shows  that  for  every  value  of  x 
there  are  two  equal  values  of  y  with  opposite  signs.    The  curve 
is  therefore  symmetrical  with  respect  to  the  axis  of  X. 

II.  As  there  is  no  limit  to  the  positive  values  of  #,  there  is 
no  limit  to   the   corresponding  plus  and  minus  values   of  y. 
Therefore  the  halves  of  the  curve  above  and  below  the  axis  of 
X  extend  to  infinity. 

III.  For  any  negative  value  of  #,  y  is  imaginary.     Therefore 
no  part  of  the  curve  lies  to  the  left  of  the  axis  of  Y  through  the 
vertex  A. 

Second,  the  ellipse  (Fig.  40)  : 

z     _ 

IV.  The  equation  y=±-  i/aP—x2  shows  that  y  is  imaginary 

Cv 

for  values  of  x  numerically  greater  than  +  a  or  —  a.  Therefore 
the  curve  lies  between  the  parallels  x  =  ±  a,  through  A  and  A1, 
and  is  symmetrical  with  respect  to  the  major  axis  AAf. 

V.  The  equation  of  the  ellipse  can  also  be  written 


which  shows  that  the  curve  lies  between  the  parallels  y  =  ±  5, 
through  B  and  B'  ,  and  that  the  curve  is  symmetrical  with 
respect  to  the  minor  axis  BB'. 
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VI.  The  curve  lies  wholly  within  the  rectangle  whose  area  is 
4a£  to  which  it  is  tangent  at  the  points  -4,  A1,  B,  B1. 

Third,  the  hyperbola  (Fig.  41)  ; 

VII.  The  equation   y  =  ±  -  Vz2  —  a2  show  that  y  is  imagi- 

nary for  all  values  of  x  numerically  less  than  +  a  or  —  a. 
Therefore  the  curve  lies  outside  of  the  parallels  x  =  ±a,  through 
the  vertices  A  and  A'. 

VIII.  The  curve  is  symmetrical  with  respect  to  the  axis  of 
x,  and  as  y  is  real  for  all  values  of  x  numerically  greater  than 
±  a,  both  branches  of  the  curve  extend  to  infinity. 

IX.  The  curve  is  also  symmetrical   with   reference  to  the 
minor  axis  BB1. 

1  09.    To  construct  a  conic,  having  given  its  equation. 
This  method  has  been  given  in  Art.  18  on  the  construction 
of  loci. 

110.  To  trace  a  conic  by  points  determined  from  known 
properties  of  the  curve. 

The  Parabola  (Fig.  39).  —  Having  given  OS  the  distance 
between  the  focus  and  directrix,  which  lay  down  on  any  as- 
sumed line  OX.  The  point  A  midway  between  0  and  S  is  the 
vertex  of  the  curve.  At  any  point  N  on  the  axis  draw  a  line 
perpendicular  to  the  axis.  With  S  as  a  centre  and  ON  as  a 
radius,  find  the  points  P  and  P'  on  this  perpendicular,  which 
are  points  on  the  curve,  since  SP=ON=PM,  by  definition. 
In  this  way  find  as  many  points  as  are  needed,  through  which 
to  trace  a  sufficiently  near  approximation  to  the  true  curve. 


The  Ellipse  (Fig.  40).  —  Having  given  SC  =  c,  the  linear 
eccentricity,  and  AAf  —2  a,  the  major  axis.  On  any  assumed 
line  00'  lay  off  2  SO  =  88',  and  from  (7,  the  middle  of  88  ', 
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lay  off  CA  =  ±  a,  and  find  the  major  axis  A  A'.  Now  since  for 
any  point  P  on  the  locus,  PS+PS'  =  2  a,  by  Art.  101,  XIII., 
we  have  this  simple  rule  for  finding  points  on  the  curve. 
Divide  A  A'  into  any  two  parts.  With  these  parts  as  radii 
and  the  foci  as  centres,  describe  arcs  of  circles.  These  circles 
will  meet  on  the  ellipse  since  the  sum  of  their  radii  equals  AA' . 
In  this  way  find  as  many  points  as  are  needed  to  trace  the 
curve  with  sufficient  accuracy. 

The  Hyperbola  (Fig.  41). —  Having  given  SC=c  the 
linear  eccentricity,  and  AA'  =  2a  the  major  axis.  As  in  the 
ellipse  find  the  points  S,  /S",  A,  A  on  any  assumed  line.  Since 
for  any  point  P  on  the  locus  PS f  —  PS  =  2  a,  we  have  the 
following  simple  rule  for  finding  points  on  the  curve.  On  A' A 
produced  take  any  point  X,  then  A'X  —  AX  =  A'A.  With 
AX  and  AX  as  radii,  describe  circles  with  the  foci  $,  S1  as 
centres;  these  circles  will  intersect  on  the  curve  since  the 
difference  of  their  radii  equals  A' A.  In  this  way  find  as  many 
points  as  are  needed  to  trace  the  curve. 

111.  To  trace  a  conic  by  motion  with  the  data  given  in 
the  last  article. 

The  Parabola  (Fig.  39).  —  Let  the  right-hand  edge  of  a 
ruler  coincide  with  the  directrix  OM.  Place  the  altitude  of  a 
triangular  ruler  against  the  directrix  ruler,  and  let  its  base 
coincide  with  MP.  Take  a  string  equal  to  the  base  MB  of  the 
triangular  ruler,  fasten  one  end  of  it  at  the  focus  $,  and  the 
other  end  at  the  end  B  of  the  base  of  the  triangular  ruler.  A 
pencil  tightly  pressed  against  the  string  will  touch  the  base  at 
P,  a  point  on  the  curve,  since  SP  =  PM.  As  the  triangular 
ruler  slides  along  the  directrix  ruler,  the  point  P  of  the  pencil 
will  move  along  and  trace  the  curve. 

The  Ellipse  (Fig.  40).  —  Find  the  points  #,  S1,  as  in  the  last 
article.  Take  a  string  equal  in  length  to  AA'=  2  a ;  fasten  an 
end  at  each  focus,  press  a  pencil  tightly  against  the  string; 
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then  its  point  P  is  on  the  curve,  since  PS  +  PS'=  2  a  =  the 
length  of  the  string.  The  point  of  the  pencil  will  move  along 
and  trace  the  curve,  since  PS+PS'  is  equal  to  2  a  for  all 
points  on  the  curve. 

The  Hyperbola  (Fig.  41).  —  Find  the  points  $,  $',  as  in  the 
last  article.  Let  the  length  r  of  a  ruler  exceed  AA'—  2  a  by  d, 
and  take  a  string  equal  to  d  in  length  ;  then  r  —  d  =  2  a.  Fasten 
one  end  of  the  ruler  at  the  focus  Sf  about  which  it  can  turn  ;  at 
the  other  or  movable  end  of  the  ruler  fasten  one  end  of  the 
string,  and  the  other  end  of  the  string  at  the  focus  !Sr.  Now 
press  the  string  tightly  with  a  pencil  against  the  ruler  at  the 
point  P,  which  is  also  on  the  curve,  since  PS'—PS  =  2a, 
The  point  P  of  the  pencil  will  move  along  and  trace  the  right- 
hand  branch  of  the  hyperbola.  The  left-hand  branch  can  be 
traced  in  the  same  way  by  fastening  the  ruler  at  S  and  the 
string  at  S'. 

112.  To  find  the  equation  of  the  conic  referred  to  a  new 
pair  of  axes  respectively  parallel  to  OX  and  OM  (Fig.  39}  , 
when  the  coordinates  of  the  old  origin  are  (h,  ft)  . 

The  equations  for  transformation  of  coordinates  are 

(Art.  21} 


The  Parabola.  —  If  we  take  the  equation  y2  =  4px,  the  coor- 
dinates of  the  vertex  are  (A,  &),  and  we  get 


or  y2  -  2%  -  4pa;  +  W  +  4hp  =  0, 

for  the  transformed  equation. 

This  equation  is  of  the  general  form 


and  if  we  suppose  that  the  two  are  identical,  then  we  find  by 
comparing  coefficients  that 
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Therefore,    the     latus-rectum  =   -  -  2  G- ;      the     vertex     is 
— - — — ,  —f\  '•>  the  focus  is  I — — -,  —F  j ;  the  equation 

of  the   axis   is  y—  —  F-,    the   equation    of    the    directrix    is 

x  = o~7^ * 

The  Ellipse  and  Hyperbola.  —  Since  the  equations  of  the 
ellipse  and  hyperbola,  when  the  centre  is  the  origin,  are  of  the 
simple  forms 


it  will  be  easier  to  proceed,  as  in  Art.  70,  to  determine  under 
what  conditions  the  equation 

Ax*  +  By2  +  2Gx+2Fy  +  C=0  (a) 

will  represent  the  one  or  the  other  of  these  curves,  for  which 
neither  A  nor  B  is  zero. 

By  completing  the  squares  (a)  becomes 


/         Q_  T1 

ich  f  —  —  ,      -  — 
\      -A-          -tj 


_ 

in  which  f  —  —       -  —    are  the  coordinates  of  the  centre. 


If  we  take  the  centre  as  the  origin,  then  (a)  reduces  to  the 
simple  form 


y*  =  K,  (6) 

and  the  axes  of  the  conic  coincide  with  the  coordinate  axes. 
Now  let  us  find  the  major  and  minor  axes.  By  making  y  and 
x  equal  zero  in  succession,  we  get  the  intercepts  on  the  coordi- 
nate axes,  which  are 
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or  za  = 

the  required  axes  of  the  conic. 

If  JTis  minus,  we  can  make  it  plus  by  changing  all  the  signs 
in  equation  (6). 

It  follows  then,  assuming  that  JTis  always  plus,  that 
I.   If  A  and  B  are  plus,  (6)  represents  an  ellipse. 
II.   If  A  <  B,  then  2  a  is  the  major  axis. 

III.  If  A  and  B  are  both  minus,  (5)  represents  an  imaginary 
ellipse. 

IV.  If  A  and  B  have  opposite  signs,  (5)  represents  an  hyper- 
bola. 

The  following  results  are  readily  found : 

[K  \K 

V.   The  semi-axes  are  a  =  •v-j»     &  =  \# ' 

VI.   The  eccentricity  is 


VII.   The  linear  eccentricity  S0  =  ae  = 


VIII.   The  distance  OS=2    = 


IX.    The  latus-rectum  is  4^e  =  —  V~KA. 

B 


=  2  =  J 

c    M 


X.   The  distance  00  =  2  = 


XI.   The  coordinates  of  the  centre  are  (—  —, 

\     A         Jo 
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113.  To  find  the  polar  equation  of  the  conic,  the  pole  being 
at  the  focus  S,  and  the  axis  of  X  the  polar  axis.    (Fig.  39.} 

The  rectangular  equation  of  the  conic,  when  the  origin  is  at 
the  focus  S,  is 

f  +  y?  =  e\x  +  2p)2  (Art.  103)  .  (c) 

If  (r,  #)  are  the  polar  coordinates  of  any  point  P(xy)  on  the 
curve,  then  x  =  r  cos  0,  y  =  r  sin  0,  and  (c*)  becomes 


or  r  —  ±  e(rcos0  -j-  2j9), 

2pe  , 

or  r  =  -  ±-  -  ,    r'  =  ---  --  , 

1  —  e  cos  0  1  4-  e  cos  0 

in  which  the  positive  root  r  =  SP  is  one  segment  of  the  focal 
chord  PSP",  and  the  negative  root  r'  =  SP",  the  other  seg- 
ment measured  in  the  opposite  direction  from  the  focus  S. 

If  the  vectorial  angle  is  measured  from  the  line  SA,  that  is, 
from  the  vertex  A  to  the  right,  then  these  values  of  r  become 


2pe 

r  —  0^       l+eros<9'  I 

(a) 
2pe 


l+ecos(7r  — 0)          1- 
the  best  forms  for  use. 

If  the  polar  axis  makes  an  angle  a  with  /&A,  then 


)  —  a)  1  — -  ecos(0  —  a) 

If  the  semi-latus-rectum  is  denoted  by  P,  as   in  Art.  102, 
then  by  X.,  Art.  101, 

a 
and  equations  (a)  become 

r=        P       ,     r'=-      P       . 
1  +ecosO  1  —  ecos0 
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We  can  deduce  a  positive  value  of  rf  from  the  value  of  r  by 
increasing  0  by  TT  ;  then 

nJ_  P  =        P 

)      1  —  e  cos  0 

114.  To  find  the  polar  equation  of  the  ellipse  and  hyper- 
bola when  the  pole  is  at  the  centre. 

The  equation  .— +  ~7^~1  becomes 

±/~»27>2 
t*  u 


which  may  readily  be  reduced  to 


r- 


l-e2cos20 
the  required  equation. 

EXERCISES   ON    EQUATIONS   OF  THE  CONIC. 

Given  the  values  of  (p,  e),  the  axis  of  the  curve,  and  the  origin  ; 
to  find  the  lengths  of  the  semi-axes  a,  6  ;  the  linear  eccentricity  c  ; 
the  latus-rectum  LL'  ;  and  the  equation  of  the  curve.  (See  Figs.  39, 
40,  41.) 

Given  p  =  2,  e  =  £,  for  the  ellipse  : 


2.  4  /  +  3  x2-  32  a?  +  64  =  0,  origin  on  axis  at  O. 

3.  4?/2  +  3ar2  —  16»  =  0,  origin  on  axis  at  A. 

4.  42/2  +  3aj2-8a-16=:0,  origin  on  axis  at  S. 

5.  122/2+  9a^=  64,  origin  on  axis  at  C. 

6.  12?/2  +  90T5  -  96  i/-54a;  +  209  =  0,  coordinates  of  O  (3,4). 
Given  p  =  5,  e  =  f  ,  for  the  hyperbola  : 

7.  a  =  12,  6  =  6V^5,  c  =  18,  ZZ/=30. 

8.  5  x2  -  4  f  +  80  g  -  400  =  0,  origin  on  axis  at  O. 
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9.  5x>  -  ±f  +  120  #  =  0,  origin  on  axis  at  A. 

10.  5o2-42/2+180z  +  900  =  0,  origin  on  axis  at  S. 

11.  5x*  —  4#2  =  720,  origin  on  axis  at  C. 

12.  5a2  -  40s  +  200s;  -  8y  +1276  =  0,  coordinates  of  S  (-2,-  1). 
Given  p  =  3,  e  =  1,  for  the  parabola  : 

13.  LL'  =  12,  ?/2  =  12  a;,  origin  on  axis  at  'A. 

14.  2/2  —  12a;  +  36  =  0,  origin  on  axis  at  0. 

15.  2/2  —  12  x  —  36  =  0,  origin  on  axis  at  S. 

16.  y2  -6y-l2x-  57  =  0,  coordinates  of  J.  (-5,3). 

17.  /  +  2y-12x-  11  =  0,  coordinates  of  /S  (2,  -1). 


To  find  the  equations  of  the  following  lines  when  the  axis  of  X  is 
the  axis  of  the  conic,  and  the  origin  is  (Fig.  39)  : 

18.   At  0.     The  equation  of  LV  is  x  =  2p  ;  of  OL  is  y  =  ex  ; 
of  SQ  is  y  +  ex  =  2pe  ;  of  AQ  is  y  +  e(l  +  e)x=  2pe  ; 
of  AL  is  y  —  (1  +  e)a;  +  2p  =  0. 


19.   At  A.     Of  OJfis  a  =  -  --  ;  of  ££'  is  x  = 

l+e  1  + 


of  0£is7/-ea;  =  --;  of  SQ  is 
l+e 


y  =  (l+e)x;  of  AQis  y  + 
20.   Attf.     Of  OM  isx  =  -2-,   of 


-- 

1  +e 
of  OL  is  y  —  ex=  2pe. 


21.   At  C.     Of  AB  is  ay-bx  =  ab  (Fig.  40)  ; 
of  LB'  is  aey  +  (2pe  +  b)x  +  abe  =  0. 

Take  a  new  pair  of  axes  (Fig.  40)  respectively  parallel  to  the  axis 
of  the  conic  and  its  directrix.  Let  (ft,  ft)  be  the  coordinates  of  the 
vertex  A  ;  then  the  following  lines  and  points  are  expressed  by : 

2i  l-M 


-e 
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VI  —  e 

the  equation  of  OM  is  x  =  li  — ^—  ;  of  LL1  is  x  =  h  H , 

1-f-e  1+e 

otOO'iay  =  k;    of  .RB'  is  x  =  h+-^-- 

1— e2 

Find  the  latus-rectum,  vertex,  focus,  axis,  and  directrix  of  each  of 
the  following  parabolas : 

23.   y2  —  Qy  —  8x  —  7  =  0.  28.  5#2  —  3»  +  2v  —  4  =  0. 


24.  a^+  lOoj  —  2?/  +  4  =  0.  29.  32/2  +  9?/  —  8a  —  2  =  0. 

25.  52/2-102/-9x-10  =  0.  30.  x2  -  4x  —  2y  +  3  =  0. 

26.  3^  +  12^  —  8 y=  0.  31.  y*  +  8y—  12x  +  2  =  0. 

27.  v2  — 4v  — 5x— 16  =  0.  32.  x2-\-2Gx  +  2Fy  +  (7=0. 


LATUS- 
RECTUM.          VERTEX. 

Focus. 

EQUATION                 EQUATION 
OP  Axis.              OF  DIRECTRIX. 

(23) 

8;           (-2,3); 

(0,3); 

y  =  3  ;             a:  =  —  4. 

(24) 

2;        (-5,—  V-); 

(-5,  -10); 

*  =  -5;        y  =  -ll. 

(25) 

f;       (-1,1); 

(-«*!>! 

y  =  l;            ar  =  -W- 

(26) 

I;       (-2,  -f); 

(-2,-|); 

x=-2;       y  =  -^. 

(27) 

5;           (-4,2); 

(-¥,2); 

y  =  2;            a?  =  -V. 

(28) 

-  f  ;     (A,  H)  ; 

(A.  V)  ; 

0:  =  ^;           y  =  |§. 

(29) 

t;        (-fi,-f); 

(-fi-f); 

y  =  -f;        *  =  -W» 

(30) 

2/9         IN  . 
,               (  «,  —  ^^  , 

(2,0); 

a:  =  2;            y  =  -  1. 

(31) 
(32} 

12;       (-f,-4); 

2F:  f     G,G<2~G^ 

\   ^                 &*£=£ 

%F     )' 

Find  the  semi-axes,  eccentricity,  latus-rectum,  centre,  and  foci  of 
each  of  the  following  ellipses  and  hyperbolas  : 

33. 


34.  16ic2+252/2+32a;-1002/- 284  =  0. 

35.  4o2  +  9/2-8o;  +  18/-23=  0. 
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36.  20^  +  242/2  +  80s;  +  144^  +  281  =  0. 
37. 

38.  3or2- 

39.  5aj2- 

40.  4a2- 


SEMI-AXES.       ECCENTRICITY.         LL'.          CENTRES.  Foci. 

(33)  5,3;  I;  if  ;  (2,3);  (2  ±4,  3). 

(34)  5,4;  I;  ^;  (-1,2);         (-1±3,2). 

(35)  3,2;  £V5;  f;  (1,  - 1)  ; 

(36)  £\/3,  i-\/10;  £V6;  |V3;  (-2, -3) 

(37)  V2,£V6;  £;  |V2;  (1, -1); 

(38)  J  V^3,  £  \/2  ;  J\/l5  ;  f  V2  ;  (-  1,  -  1) 
(39) 

(40)     ^Vl05;  ^V=35;     iVl2;       f;  (-  f ,  £)  ;         (_f±£V§5,£). 

41.  For  what  value  of  p  will  the  parabola  y2  =  4=px  pass  through 

the  point  (x'y1)  ?  y'2 

Ans.  p  =  -2—i. 

42.  The  focal  distance  of  any  point  (xy)  on  the  parabola  y2  =  ±px 
is  p  +  x. 

43.  When  the  axis  of  the  parabola  and  its  directrix  are  coordinate 
axes,  its  equation  is  y2  —  ±px  +  4//  =  0. 


44.   With  the  same  axis  of  X,  and  the  focus  at  the  origin,  the 
equation  is  y2  —  ±px  —  4p2  =  0. 


45.  In  the  parabola  y2  =  ±px  the  squares  of  the  ordinates  of  any 
two  points  on  the  curve  have  the  same  ratio  as  the  abscissae  of  these 
points. 

46.  A  parabola  has  the  point  A  as  its  vertex,  and  passes  through 
the  points  5,  B'  (Fig.  40)  ;  find  its  equation.  Ans.  y2=  2pex. 
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47.  If  S  is  the  vertex,  and  the  parabola  passes  through  the  points 
JB,  JB',  what  is  its  equation  ?  Ans.  y2  =  2px. 

48.  If  B'  is  the  vertex  of  a  parabola  and  it  passes  through  the  foci 
#,  #',  what  is  its  equation  ?  ^ng    ^  _  a?  —  b2 

b 

49.  If  the  parabola  has  its  vertex  at  B'  and  passes  through  A,  A', 

its  equation  is  y?  =  ~  y. 
o 

50.  How  are  the  four  parabolas  y2  —  ±  4p#,  y?  =  ±  4py  situated? 
They  meet  in  the  four  points  (±4jp,  ±4p).    The  circle  through  these 
points  is  x2  +  y2  =  32p2  (l),tind  the  circle  through  the  four  foci  is 

y2=p2^(2).     The  length  of  the  tangent  from  any  point  in  (1)  to 


(2)i 

51.   For  what  point  on  the  parabola  is  the  ordinate  n  times  the 

abscissa  ? 


52.  If  the  focal  distance  of  a  point  on  a  parabola  is  n  times  the 
latus-rectum,  what  is  the  abscissa  of  the  point?  -4ns.  x  =  (4w  —  l)p. 

53.  What  are  equations  of  the  focal  chords  for  x  =  4(w  —  l)p? 

Ans.  2(n—  l)y^-V4:n  —  l(x—p)  =  0. 

54.  In  the  ellipse  or  hyperbola  the  semi-conjugate  axis  is  a  mean 
proportional  between  the  focal  segments  SA  and  JSA1  of  the  trans- 
verse axis.     (Figs.  40,  41.) 

NOTE.  —  In  the  ellipse  the  focus  is  a  point  of  internal  section ;  while  in  the 
hyperbola  the  focus  is  a  point  of  external  section. 

55.  In  the  ellipse  and  hyperbola  the  semi-latus-rectum  is  a  har- 
monic mean  between  the  focal  segments  of  the  transverse  axis. 

56.  In  any  conic  the  semi-latus-rectum  is  a  harmonic  mean  between 
the  segments  r  and  r'  of  any  focal  chord. 

57.  In  any  conic  the  sum  of  the  reciprocals  of  any  two  perpendicu- 

2  —  e2 
lar  focal  chords  is 
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58.   If  the  segments  of  any  two  perpendicular  focal  chords  of  a 
conic  are  SP,  SP',  and  SQ,  SQ',  show  that 

1  1  2-e2 


59.  If  in  any  conic  r',  r,  r"  are  the  radius  vectors  which  correspond 

to  B  -  60°,  0,  0  +  60°,  then  J-  +  -1      1  =  i. 

r1      r"      r     2pe 

60.  If  r  and  r'  are  the  lengths  of  any  two  perpendicular  radius 
vectors  drawn  from  the  vertex  of  the  parabola  y2  =  4p#,  show  that 


61.  In  the  ellipse  or  hyperbola  the  squares  of  the  ordinates  of  any 
two  points  on  the  curve  are  in  the  same  ratio  as  the  products  of  the 
segments  of  the  transverse  axis  made  by  the  feet  of  these  ordinates. 

62.  If  through  a  fixed  point  0  on  the  axis  of  a  parabola  any  chord 
POP'  be  drawn,  show  that  the  product  of  the  ordinates  of  P  and  P' 
will  be  constant  ;  as  will  also  the  product  of  the  abscissae  of  these 
points. 

63.  Two  straight  lines  are  drawn  through  the  vertex  of  a  parabola, 
at  right  angles  to  each  other,  meeting  the  curve  in  P  and  Q  ;  show 
that  the  line  PQ  cuts  the  axis  in  a  fixed  point. 

64.  If  the  circle  tf  +  y2  +  2  Gx  +  2  Fy+C=0  cuts  the  parabola 
y2  —  ±px  =  0  in  four  points,  the  algebraic  sum  of  the  ordinates  of 
these  points  will  be  zero. 

65.  Show  that  the  area  of  the  triangle  inscribed  in  the  parabola 

f  =  ±px  is  J-  (y-  y")  (y"-y'")  (y'"-  yf)  in  which  y',  y",  y'"  are  the 

«p 

ordinates  of  the  angular  points. 

66.  Find  the  equation  of  the  circle  which  passes  through  the  vertex 
and  the  ends  of  the  latus-rectum  of  the  parabola  y2  =  4px. 

Ans.  y2  =  (5p  —  x)x. 

67.  If  PSQ  be  a  focal  chord  of  a  parabola,  and  PA  meets  the 
directrix  in  Jf,  then  MQ  is  parallel  to  the  axis  of  the  parabola. 
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68.  Circles  are  described  on  any  two  perpendicular  focal  chords  of 
a  parabola  as  diameters ;  show  that  their  common  chord  passes  through 
the  vertex  of  the  parabola. 

69.  The  equation  of  the  ellipse  which  has  the  point  (  —  1,  1)  for  its 
focus,  the  line  4#—  3y  =  0  for  its  directrix,  and  f  for  its  eccentricity 
is 


70.  Show  that  the  circle  described  on  SP  as  a  diameter  (Fig.  40) 
touches  the  circle  described  on  the  transverse  axis  as  a  diameter. 

71.  If  the  ordinate  MP  of  an  hyperbola  be  produced  to  Q,  so  that 
MQ  =  SP,  find  the  locus  of  Q. 

72.  A  chord  PQ  of  an  ellipse  is  perpendicular  to  the  major  axis 
AA  ;  PA,  QA  are  produced  to  meet  at  R ;  show  that  the  locus  of  R 
is  an  hyperbola  having  the  same  axis  as  the  ellipse. 

73.  In  an  ellipse,  if  PP  and  QQ'  be  focal  chords  at  right  angles 
to  each  other,  then 

1  —  e2  1  —  e2  1  1 

I      -*•      e     _     x      I      L 

I       a  s~\       rv  s~\ '  T  4  S^Q     ' 


SP-SP'      SQ-SQ       AC2      BC2 

74.  Find  the  equation  of  the  ellipse  referred  to  coordinate  axes 
passing  through  the  ends  of  the  minor  axis,  and  meeting  at  one  end 
of  the  major  axis. 


CHAPTER  VI. 

THE  PAKABOLA  f  =  ±px. 

The  Parabola  is  Concave  towards  the  Axis. 

115.  Prove  that  the  parabola  y2  =  ±px  is  concave  towards  its 
axis  AX.    (Fig.  42.) 


S  N 


FIG.  42. 

Let  P'(z'y)  be  any  point  on  the  curve ;  draw  AP',  and  at 
any  point  N  between  A  and  Nf  erect  a  perpendicular  to  the 
axis  AX.  Let  P(xy)  and  Q(xk)  be  corresponding  points  on 
the  curve  and  line. 

For  the  point  Q(xfc),  on  the  line  AP',  k  =  —  x,  and 

10  J 

Ar5  =  ^or2  = -7  x2,  since  y2  =  4p#'. 

For  the  point  P(xy) ,  on  the  curve,  #2  —  ^px  ;  and  by  divis- 

?/2     ^; 
ion    T2  —  —  •       But  x'  >  x,  and  therefore  y>~k\    that  is,   the 

curve  is  concave  towards  AX,  as  was  to  be  proved. 
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The  ellipse  and  hyperbola,  origin  at  left-hand  vertex, 

,         (6')  Art.  102 


a  ct    \  x 

are  also  concave  towards  the  axis  of  x. 
For  the  point  (?(#&),  on  the  line  AP', 


*-,    and  --iV.  (c) 


and  dividing  (5')  by  (<?), 
2«_1 


But  for  xr>x,  —  -l>-£-l,and  .-.*/>&;    that   is,  the 

3/  2/ 

curve  is  concave  towards  the  axis  of  X. 

116.  To  find  when  the  point  (h,  k)  is  without,  on,  or  within 
the  parabola  yz  =  &px.     (Fig. 


The  three  points  Qr,  P,  Q  have  the  same  abscissa  AN=  x=h, 
and  kph  is  the  same  for  each  ;  but  for  the  ordinates,  Q'N>  PN 
>QN  (Art.  115).  Therefore 


For  the  point  Q'(lik)  without  the  curve,  k2  —  ^pJi  >  0. 
For  the  point  P(Jik)  on  the  curve,  k2  —  4ph  =  0. 
For  the  point  QQik)  within  the  curve,  k2  —  4ph  <  0. 

In  the  same  way  it  can  be  shown  that  for  the  ellipse  and 

(F  '11 

hyperbola,  —2  +  —^  =  1,  we  have 

ak*  ±  bW  if  a?b2  >  0,    =0,    <  0, 
for  points  without,  on,  or  within  the  curves. 
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The  Parabola  and  the  Secant  Line. 

117.  To  find  the  equation  of  the  secant  which  intersects  the 
parabola  y2  =  kpx  in  the  two  given  points  P'(x'y')  and  P"(x"y") . 
(Fig.  43.) 


M 


0 


N1 


\ 


FIG.  43. 
For  these  given  points  y2  =  4px  becomes 


from  which,  by  subtraction  and  division,  we  get 


(a) 


which  is  the  tangent  of  the  angle  0,  which  the  secant  P'P" 
makes  with  the  axis  of  X  (Art.  4). 

This  value  of  m,  substituted  in  the  equation  of  the  straight 
line  through  two  given  points, 


y'-y" 

x'  —  x" 


gives  y  —  y'  = 

Or  (y1  +  y")  y-^px-  y'y"  =  0, 

the  required  equation  of  the  secant  P'P". 
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The  Tangent  and  Normal. 

118.  To  find  the  equations  of  the  tangent  and  normal  to 
the  parabola  f  =  ±px  at  the  point  P'(x'y') .     (Fig.  43.) 

I.  The  Tangent.  —  The  secant  P'P"  will  become  a  tangent 
at  the  point  P'(x'y')  by  revolving  it  about  P'  until  P"  and  P' 
coincide,  when  x"  =x'  and  y"  =y'.     Introducing  these  condi- 
tions into  (6),  the  equation  of  the  secant  (Art.  117),  it  becomes 

or  .     yy'  =  2p  (#  +  #'),   .  (a) 

the  required  equation  of  the  tangent  PfT. 

II.  The  Normal.  —  The  equation  of  a  line  through  the  point 
P'(x'y'),  perpendicular  to  the  tangent  (a),  is  (Art.  50) 


or  (y-y')2p  +  (x-x')y'  =  0,  (6) 

the  required  equation  of  the  normal  P'N. 

119.  To  find  the  equations  of  the  tangent  and  normal  in 
terms  of  the  direction  parameter  m. 

I.    The  Tangent.  —  The  equation  yy*  =  2p  (x  +  x)  of  the  tan- 
gent may  be  written 


zpx     Zpx      Zpx     y 

%p  yf      p 

But  —7  =772,  and  -&  =  — ,  and  therefore 
<j 


(a) 

is  the  required  equation. 

Since  m  is  arbitrary,  this  is  the  equation  of  any  tangent  to 
the  parabola  y*  = 
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If  the  coordinates  of  the  vertex  A  are  (h,  &),  then  the  equa- 
tion of  the  tangent  is 

y  —  Jc  =  m  (x  —  7i)  -f-  — .  (6) 

m 

II.    The  Normal.  —  The   equation   of    the    normal  may    be 
written 


uf 
But  —  |f-  =  m,  from  which  we  get 

2/'  =  — 2pm,  and  J— ^  =  —  pm3. 

.•.  2/  =  mx  —  2pm  —pm3  (c) 

is  the  required  equation. 


III.   To  /&7&$  £&e  subtangent  TN1  and  the  subnormal  HFN. 
(Fig.  43.) 

(1)  The  Subtangent.  —  For  y  =  0,  the  tangent  yyf  =  2p  (x  -f-  a;') 

gives 

2p  (a;  -f  a?')  =  0,    or  x  =  —  x'  =  —  J.27; 

that  is,  TA  =  AN',  or  the  subtangent  TN'  is  bisected  by  the 
vertex  A     Therefore  TN'  =  2xr. 

(2)  The  Subnormal.  —  For  y  =  0,  the  normal 


gives  a;=2p-|-a;f  = 

or  x  —  x'  =  2p  = 

which  shows  that  the  subnormal  N'N  is  constant  and  equal  to 
OS,  the  distance  from  the  focus  to  the  directrix. 
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IV.   To  find  the  value  of  m  for  the  tangent  to  the  parabola 
y2  =  ±px,  which  passes  through  the  point  (7i,  k). 

P 
If  the  tangent  y  =  mx  -\ —  passes  through  (A,  &),  then 


from  which  we  readily  get 

k±  V&2- 


which  shows  that  two  real  tangents  can  be  drawn  to  the  parabola 
when  the  point  (^,  &)  is  without  the  curve  ;  two  real  and  coin- 
cident ones  when  (A,  k)  is  on  the  curve  ;  and  two  imaginary 
ones  when  (^,  &)  is  within  the  curve  (Art.  116). 

120.  A  pair  of  perpendicular  tangents  to  the  parabola 
intersect  on  the  directrix. 

P 
If  the  equation  of  one  tangent  is  y  =  mx  -f-  —  ,  the  perpendicu- 

/y 

lar  one  is  y  =  ---  mp.  Eliminating  #,  by  subtraction,  we 
get 


or  x=—  p, 

which  is  the  equation  of  the  directrix,  the  locus  of  the  inter- 
sections of  all  perpendicular  tangents. 

121.  The  tangent  P'T  makes  equal  angles  with  the  focal 
distance  P'S  and  the  axis  of  X;  the  normal  P'N  makes  equal 
angles  with  the  focal  distance  P'S  and  the  diameter  P'X'. 
(Fig.  43.) 

I.  The  Tangent.  —  Since  TA  =  AN'  and  AS  =  OA,  we  get 
by  addition 


or 

or  the  triangle  P'/STis  isosceles,  and  TP'S  =  P'TS=  TP'M. 
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II.  The  Normal  —  The  angles  NP'8  and  NP'X'  each  equals 
a  right  angle  diminished  by  the  equal  angles 

TP'S  =  T'P'X'.     .  -  .  NP'S  =  NP'X'. 

This  shows  that  a  ray  of  light,  or  a  wave  of  sound,  which  is 
parallel  to  the  axis  AX,  and  strikes  the  curve  at  any  internal 
point  P',  will  be  reflected  to  the  focus  ;  or  if  originating  at  the 
focus,  will  be  reflected  in  lines  parallel  to  the  axis. 

122.  A  line  drawn  through  the  focus  S(p,  0)  perpendic- 
ular to  the  tangent  at  P'(x'y')  meets  it  on  AY,  the  tangent 
at  the  vertex  A;  and  meets  the  diameter  P'X'  correspond- 
ing to  this  tangent  on  the  directrix  at  M.  (Fig.  43.) 


The   line   through    $(jt?,  0)   perpendicular    to   the   tangent 
yy<  =  2p  O  +  a;')  is  (Art.  50) 


The  point  of  intersection  of  these  two  lines  is  R(  0,  ^—  \  which 
is  on  the  line  x  =  0,  or  A  Y. 

Since  OS  =  2  AS,  OM  =  2RA  =  y\  the  ordinate  of  any  point 
on  P'  X',  and  M  is  on  the  diameter  P'X'. 

Also,  since  the  tangent  P'T  is  perpendicular  to  SM  at  its 
middle  point,  all  points  on  this  tangent  are  equidistant  from 
the  focus  S,  and  the  point  M  in  which  its  diameter  P'X'  meets 
the  directrix. 

123.  A  line  drawn  through  the  focus  S(p,  0)  perpendicu- 
lar to  the  focal  distance  SP'  meets  the  tangent  P'T  on  the 
directrix  OM.  (Fig.  43.) 

The  equation  of  the  line  SP\  through  S(p,  0)  and  P'(x'y'), 
is  (Art.  39) 
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and   the  equation  of  the  line   SM'  perpendicular  to  SP*  is 
(Art.  46) 

F—  Sy«<—  J»- 

The  point  of  intersection  of  SM1  and  the  tangent 


a  point  on  the  directrix  OM  whose  equation  is  x  =  —  p. 


124.   To  draw  a  tangent  to  the  parabola  y2  =  4:px  at  the 
point  P'  (a?y  )  .     (Fig.  43.) 


Draw  a  perpendicular  to  the  focal  distance  8P\  and  the  line 
drawn  through  the  points  M'  and  P1  will  be  the  required  tan- 
gent. 

Or,  take  N*N=Zp,  and  draw  the  normal  P'N.  Through  P', 
perpendicular  to  the  normal,  draw  the  required  tangent.  ' 

125.  Through  any  point  P  without  the  parabola  to  draw 
two  tangents. 

With  P  as  a  centre,  and  PS  as  a  radius,  describe  a  circle 
cutting  the  directrix  in  the  points  M  and  M'.  The  diameters 
of  the  parabola  drawn  through  these  points  will  intersect  the 
curve  in  the  required  points  of  tangency. 

For  the  point  P  on  each  tangent  will  be  equidistant  from  S 
and  the  point  in  which  its  diameter  meets  the  directrix  (Art. 
122). 


126.  A  tangent  is  drawn  to  the  parabola  2/2  =  4jp#  through 
a  given  point  P(h,k),  to  find  the  coordinates  of  the  point 
of  tangency.  (Fig.  44») 

The  tangent  to  the  parabola  at  the  point  P'fx'y')  is 


THE    TANGENT  AND  NORMAL. 


209 


and  since  the  tangent  is  drawn  through  the  point  P(A,  &),  we 
have 


But  for  the  point  of  contact  y'2  —  4px^  and  by  combining  these 
equations,  we  readily  get 

,_»LJi!L«_*_ii*  .          (6) 

the  required  coordinates  of  the  point  of  tangency. 


FIG.  44. 

.These  values  show  that  there  are  two  real  tangents  for 
&2  —  4:ph  >  0,  a  point  without  the  curve  ;  two  real  and  coin- 
cident tangents  for  k2  —  4ph=Q,  a  point  on  the  curve;  and 
two  imaginary  tangents  for  k2  —  4ph  <  0,  a  point  within  the 
curve. 

127.  To  find  the  equation  of  P'P",  the  ehord  of  contact, 
of  two  tangents  drawn  to  the  parabola  from  any  point  P(7i,  &). 

The  differences  of  the  roots  in  (a)  and  (6)  (Art.  126)  are 


and  x'  -  x"  = 


P 
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and  the  equation  of  P'P1'  is  therefore 

/T2  —  i—  7  N      2  »  /        A;2  -  2  »ft  4-  A;  V&2  -  4p&\ 
y-(k+-Vk2-±ph)  =  -£tx  --  -HI—  -J, 

which  readily  reduces  to 


the  required  equation. 

Second    Solution.  —  Since   the    tangents   at   P1  (x'y1)   and 

P"(x"y")  both  pass  through  the  point  P(/i,  &),  we  have  the 
two  equations  of  condition 


which  show  that  ky  =  2p  (x  -f  A)  is  the  required  equation  of 
the  chord  P'P",  since  it  is  satisfied  by  the  coordinates  (x'y'~) 
and  (Vy)  of  the  points  of  tangency. 

As  in  the  circle  (Art.  86),  this  chord  is  also  called  the  polar 
of  the  point  P(h,  &)  with  respect  to  the  parabola  y*  = 


EXERCISES  AND   PROBLEMS   ON    CHORDS,   TANGENTS,  AND 
NORMALS. 

1.  Are  the  points  (3,  6),  (2,  4),  (4,  5),  without,  on,  or  within  the 
parabola  y2  =  8x? 

2.  What  is  the  equation  of  the  secant  which  intersects  the  parabola 
f  =  4  x  in  the  points  (1,  2)  and  (2,  4)  ?  Ans.  3y  —  2#  =  4. 

Find  the  points  in  which  the  following  parabolas  and  straight  lines 
meet  : 

3.  y2  =  8x,       3y-9x  =  2.       Touch  at  (f,  f). 

4.  y2  =  4px,     y  =  3x-p.        Intersect  in  (p, 

5.  2/2  =  4px,     y  =  2»+.         Touch  at       , 


6.  2/2-7«-82/  +  14  =  0,     7a  +  62/=13.     Touch  at  (1,  1). 

7.  For  what  value  of  p  will  the  parabola  y2  =  4p#  pass  through 
the  point  (4,  -  8)  ?  Ans.  p  =  ±. 
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8.   Find  the  equations  of  the  tangent  and  normal  to  the  parabola 
=  9x  at  the  point  (1,  3). 

Ans.  Tangent,  2  y  —  3  x  =  3  ;  normal,  3y  +  2x=  11. 


9.  Find  the  lengths  of  the  tangent,  normal,  subtangent,  and  sub- 
normal of  the  last  example.  Ans.  Vl3  ;  f  Vl3  ;  2  ;  4-J. 

10.  For  what  value  of  p  will  the  parabola  y2  =  ±px  touch  the  line 
2y-3x=l?  Ans.  p  =  f. 

11.  Show  that  y  —  x—  p  =  0,   y  +  x-}-p  =  Q   are  the  tangents  at 
the  ends  of  the  latus-rectum  of  the  parabola  y2  =  4cpx,   and  that 
y  +  x  —  3p  =  0,    y  —  x  +  3p  =  Q   are  the  normals  at  the  same  points. 


12.  The  equation  of  the  line  through  the  vertex  A  and  the  upper 
end  L  of  the  latus-rectum  of  the  parabola  y2  =  kpx  is  y  =  2x.     (Fig. 
39,  Art.  99.) 

13.  What  angle  does  the  line  AL  make  with  the  tangent  at  i? 

Ans.  tan"1^. 

14.  Find  the  point  in  which  the  normal  at  L  again  meets  the 
parabola  y2  =  4|>ic,  and  also  the  length  of  the  intercepted  chord. 

Ans.   (9p,  —  Qp)  ;  8pV2. 


15.  The  tangents  at  the  ends  L  and  L1  of  the  latus-rectum  are 
perpendicular  to  each  other. 

16.  The  tangents  to  the  parabola  y2  =  4px  at  the  points  (x'y1)  and 

v 


'    2  A      2\ 

EL £.]  are  perpendicular  to  each  other. 

x  y  J 


P 

17.  Show  that  for  all   values  of  m  the   line   y  =  m  (x+p)  +  — 

7/fc 

is  tangent  to  the  parabola  y2  =kp(x-\-p). 

18.  Tangents  to  the  parabolas  y2  =  4p(x+p)  and  y2  —  4:p'(x+p') , 
which  are  perpendicular  to  each  other,  meet  on  the  straight  line 
x+p+p'=Q. 

19.  "What  angles  do  the  tangents  to  the  parabola  y2  =  8x,  which 
pass  through  the  point  (3,  7),  make  with  the  axis  of  #? 

Ans.  0  =  tan~J2    or  =tan~1. 
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20.  Tangents  to  the   parabola   y2  =  9x  pass   through   the   point 
(4,  10)  ;  find  the  coordinates  of  the  points  of  tangency. 

Ana.   (36,  18);   (f,  2). 

21.  Find  the  coordinates  of  the  point  of  tangency  when  the  tan- 
gent makes  an  angle  of  30°  with  the  axis  of  x.       Ans.   (3p,  2p  V3)  . 

22.  The  length  of  the  perpendicular  from  0  (Fig.  43)  on  the  tan- 

gent at  P'(x'y')  is    P(X'~P)   . 
•\/p(x'+p) 

23.  The  perpendicular  from  the  focus  S  on  the  tangent  at  P'(x'y') 
is  a  mean  proportional  between  p  and  P'S,  the  focal  distance  of  the 
point  of  tangency. 

24.  Show  that  the  length  of  a  focal  chord  of  the  parabola  y2  =  kpx, 

which  makes  an  angle  0  with  the  axis  of  aj,  is  —  2L  . 

sin20 

25.  Show  that  the  product  of  the  segments  of  any  focal  chord  of 
the  parabola  y2  =  kpx  equals  p  times  the  length  of  this  chord. 

26.  Show  that  the  sum  of  the  subtangent  and  subnormal  for  any 
point  P'  (x'y1)  on  the  parabola  y2  =  4px  equals  one-half  of  the  focal 
chord  parallel  to  the  tangent. 

27.  Find  the  equations  of  the  tangents  to  the  parabola  y2  = 


which  are  respectively  parallel  and  perpendicular  to  the  line  -  +  1  =  1  . 
Ans.    oby  +  b2x  -f  o?p  =  0  ;  oby  —  o?x  —  b2p  =  0. 

28.  The  locus   of   the   intersection  of  the  tangents   y  =  mx  +  — 

p  m 

and  y  =  m'x  -f-  —,  is  a  straight  line  when  mm'  is  constant  ;  and  when 

mm'  =  —  1,  this  line  is  the  directrix. 

29.  Find  the  points  of  contact  of  the  tangents  the  perpendiculars 
on  which  from  0  (Fig.  43)   are  equal  to  one-fourth  of  the  latus- 
rectum.  Ans.   (0,0);   (3j>,  2pV3). 

30.  A  circle  has  its  centre  at  A  (Fig.  43)  ,  and  its  diameter  is  3  AS  ; 
show  that  the  common  chord  of  the  circle  and  parabola  bisects  AS. 

31.  The  tangent  at  any  point  P'(x'y')  of  the  parabola  y2=4px 
will  meet  the  directrix  and  latus-rectum  produced  in  two  points  equi- 
distant from  the  focus. 
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Poles  and  Polars  of  the  Parabola. 

1  28.  If  the  polar  of  the  point  P(h,  Jc)  passes  through  the 
point  Q(/i',  A;'),  then  will  the  polar  of  Q(h',k')  pass  through 
P(h,k). 


If   %  =  Zp(x  +  A),  the   polar    of  P(A,  &),  passes    through 
Q(h',kf),  then 


the  condition  that  the  polar  of  P(h,  k)  passes  through  Q(hf,  kf) 
is  also  the  condition  that  the  polar  k'y  =  2p(xjrh')  of  Q(Ji',k') 
passes  through  P(h,  &),  as  was  to  be  proved. 

129.  The  polar  of  the  focus  #O,  0)  is  the  directrix. 

For  the  polar  of  S(p,  0)  is  x  =  —  p,  the  equation  of  the 
directrix. 

130.  The  polar  of  any  point  Q,  on  the  directrix,  passes 
through  the  focus  S(p,Q). 

This  follows  from  Arts.  128,  129.  It  follows,  then,  that  if 
tangents  be  drawn  to  the  parabola  from  any  point  on  the  direc- 
trix, the  chords  of  contact  will  all  pass  through  the  focus. 


Diameters  of  the  Parabola. 

131.  The  locus  of  the  middle  points  of  a  system  of  parallel 
chords  of  a  parabola  is  a  straight  line  parallel  to  the  axis  of 
the  parabola.  (Fig.  44-) 

In  Art.  117  we  found  that 

4» 
—7— — TI  =  m,  (a) 

y'  +  y" 
is  the  tangent  of  the  angle  0,  which  the  chord  P'Pn  makes 
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with,  the  axis  of  x.     But  for  B,  the  middle  point  of  this  chord, 
2^  =y'  -f  y,  by  (c),  Art.  5,  and  (a)  becomes 

2,  =  5  =  2pcot0.  (b) 

But  since  P'P"  is  any  chord  of  the  system,  (5)  is  the  equa- 
tion of  the  required  locus,  which  is  a  straight  line  A'  X',  parallel 
to  AX,  the  axis  of  the  parabola,  and  is  therefore  a  diameter  of 
the  curve. 

1  32.  To  find  the  equation  of  the  locus  of  the  intersections 
of  the  pairs  of  tangents  to  the  parabola  drawn  through  the 
ends  of  a  system  of  parallel  chords.  (Fig.  44") 

The  equations  of  the  tangents  through  the  ends  P!(xfy')^ 
P"(Vy  ')>  of  an7  chord  P'P"  of  the  system  are 

yy'  = 


which  by  subtraction  give 


is  the  required  equation  of  the  locus,  which  by  Art.  131  is  also 
the  equation  of  the  locus  of  the  middle  points  of  the  system  of 
parallel  chords. 

1  33.  The  tangent  to  the  parabola  at  the  vertex  A1  of  the 
diameter  A'X'  is  parallel  to  the  chords  bisected  by  this  diam- 
eter. (Fig.  44.) 

The  ordinate  A'N  of  A1  is  y=  ~  (Art.  131)  ;  therefore 
4t?2  „ 

^2-  =  ±px,  and  x  =  ^  =  AN  is  the  abscissa  of  A'.     The  line 

through  A?(jp    ^\   parallel  to  the  chord  P'P",  is 
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2p          (        p\  p 

y  --  -  =  m  a?  —  ~)  =  mx  —  —  , 
m         \       my  m 

P 

or  ;?/  =  w#  H  —  » 

which  is  the  equation  of  a  tangent  (Art.  119). 

The  Parabola  referred  to  Oblique  Axes. 

134.  To  find  the  equation  of  the  parabola  referred  to 
any  diameter  A'X'  and  the  tangent  A'Y'  at  the  vertex  A' 
of  this  diameter  as  coordinate  axes.  (Fig.  44-) 

Let  the  rectangular  coordinates  of  P'  be  (AR,  P'R),  (xy), 
and  its  oblique  coordinates  be  (A'B,  PfB),  (x'y'). 

Then        AR  =  AN+  A'B  +  BQ,  PR  =  A'N+  P'Q. 
But          A'N=  2p  cot  0,  AN=p  cot2  (9,  (Arts.  131,  133) 

and  BQ  =y'cosO,    P'Q  =  y'&mO. 

.-.  ic=pcot2^  +  a;'  +  2/'cos^,   y  =  2p  cot  6  -f  y1  sin  0. 
Substituting  these  values  of  x  and  y  in  y2  =  4px,  we  have 

(2p  cot  0  +  y  sin  0)2  =  4p(p  cot2  0  +  x'  +  y'  cos  0)  , 
which  readily  reduces  to 


But       ra=^-^'  =J°'  =  tne  f°cal  distance  of  the  vertex  ^'  ;  for 


8  A'  =  OJV=  -45  +  AN=p  +p  cot20  =  - 


sin 

Therefore,  omitting  primes  on  x  and  #,  we  have 
2/2  = 


the  required  equation  of  the  parabola  referred  to  a  diameter 
and  to  the  tangent  at  its  vertex  as  coordinate  axes. 
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1 35.  As  the  equations  of  the  parabola  y*=4px  and  yz  =  4:prx, 
referred  to  rectangular  and  oblique  coordinates,  do  not  differ  in 
form,  but  only  in  the  value  of  the  parameters  p  and  pf,  it  follows 

that  y  =  mx  +  —  is  a  tangent  for  all  values  of  m ;  the  tangent  at 

P'(x'y')  is  yy'  =  2pr  (x  +  a;')  ;  for  y  =  0,  x  =  -  x',  that  is,  the 
subtangent  is  bisected  by  the  vertex  A' ;  the  polar  of  the  point 
P  (A,  &)  is  ky  =  2p'  (x  +  A)  ;  and  the  locus  of  the  middle  points 
of  a  system  of  chords,  whose  direction  parameter  is  w,  is 


y  =— — , 
9       m 


PROBLEMS  AND  EXERCISES  ON  THE  PARABOLA. 


1.  When  the  axis  of  the  parabola  and  its  directrix  are  coordinate 
axes,  the  tangent  at  the  point  P'(x'y')  is  yy'  =  2p(x  +  x'  —  2p)  . 

2.  When  the  origin  is  at  the  focus  $,  the  tangent  at  P'(x'y')  is 


The  general  equation  of  the  parabola,  whose  axis  is  parallel  to  the 
axis  of  a,  is  y2  +  2Fy  -j-  2  Gx  -f  C  =  0  (Art.  112)  .  Find  the  equation 
of  the  parabola  whose  axis  is  parallel  to  the  axis  of  xs  when  it  passes 
through  three  given  points. 

3.  The  points  (3,  1),  (2,  -  2),  (-  1,  5). 

Ans.  4?/2-32/  +  21a;-64  =  0. 

4.  The  points  (2,  -  1),  (1,  0),  (3,  2). 

Ans.  2/-y- 

5.  The  points  (1,1),  (0,0),  (-1,5). 

Ans.  32/2-132 

6.  What  is  the  polar  of  the  point  (1,  2)  with  respect  to  the  para 
bola   /2  +  2o;-6?/  +  15  =  0?  Ans.  aj- 


7.  In  what  points  does  this  polar  intersect  the  parabola  ? 

Ans.   (-5,5),  (-11,  -1). 

8.  What  are  the  tangents  at  these  points  ? 

Ans. 
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9.  Show  that  these  tangents  intersect  in  the  point  (1,  2). 

10.  The  polars  of  all  points  on  the  latus-rectum,  or  latus-rectum 
produced,  pass  through  the  point  0  (Fig.  39). 

11.  Tangents  are  drawn  at  the  ends  of  two  focal  radii  of  the  para- 
bola y2  =  4px  ;  show  that  the  angle  between  these  radii  is  double  the 
angle  between  the  tangents. 


12.  What  is  the  equation  of  the  diameter  of  the  parabola  y2  = 
which   corresponds   to  the   system  of  chords   parallel  to  x  cos  a  + 
y  sin  a  =  p  ?  Ans.  y  =  —2p  tan  a. 

13.  In  the  parabola  y2  =  4p#  the  chord  bisected  at  the  point  (ft,  k) 
is  Jc(y  —  ft)  =  2p(x  —ft)  . 

14.  Show  that  the   parameter  of  any  diameter  of  the  parabola 
y2  =  Ip'x  is  the  double  ordinate  through  the  focus. 

15.  The  equation  of  the  parabola  referred  to  the  tangents  at  the 
ends  of  the  latus-rectum  as  coordinate  axes  is  V#  -f-  Vy  = 


16.  The  equation  of  the  parabola  referred  to  the  tangent  and  nor- 
mal at  the  upper  end  of  the  latus-rectum  is  (y  —  x)2  =  8px-\/2. 

17.  Find  the  equation  of  the  circle  whose  diameter  is  SPf,  the  focal 
distance  of  P'(x'y')  on  the  parabola  y2  =  4:px. 

Ans.  x2  -f  y2  —  x  (p  -f-  x')  —  yy'  +px'  =  0. 

18.  Find  the  equation  of  the  tangent  which  is  parallel  to  the  polar 
of   (—1,2)   with  respect  to  the  parabola  2/2=12aj;   also  find  the 
coordinates  of  the  points  of  tangency.  Ans.  y  —  3x=  1,   (£,  2). 

19.  Find  the  equation  of  the  locus  of  the  middle  points  of  a  system 
of  chords  parallel  to  the  polar  of  the  point  (5,  3)  with  respect  to  the 
parabola  y2  =  8x.  Ans.  y  =  3. 

20.  Show  that  the  tangents  through  the  ends  of  any  one  of  these 
chords  intersect  on  the  diameter     =  3. 


21.  The  line  y  =  mx  +  b  intersects  the  parabola  y2  =  4px  in  two 
points  ;  find  the  ordinate  of  the  point  midway  between  them. 


218  PLANE  ANALYTIC   GEOMETRY. 

22.  If  the  normal  at  any  point  P'(x'y')  on  the  parabola  y2  =  4px 
again  meets  the  curve  in  Q,  and  P'S  =  r,  and  I  is  the  length  of  the 

4Zr 
perpendicular  from  S  to  the  tangent  at  P1  ;  then  P'Q  =  —  — 

23.  Show  that  the  circle  described  on  SP'  as  a  diameter  touches 
the  tangent  at  the  vertex  A  of  y2  =  kpx. 

24.  If    the   straight  line    y  =  m(x—p)    meets    the   parabola  in 
(o?y),   (&"#")»  show  that 


7/6' 

25.  A  circle  is  described  on  a  focal  chord  of  y2  =  kpx  as  a  diameter  ; 
if  m  is  the  tangent  of  the  angle  which  this  chord  makes  with  the 
axis  of  a?,  the  equation  of  the  circle  is 


26.  Any  circle  described  on  a  focal  chord  as  diameter  touches  the 
directrix  of  the  parabola. 

27.  If  a  chord  of  the  parabola  y2  =  kpx  is  a  tangent  to  the  para- 
bola y2  =  Sp  (x  —  c)  ,  show  that  the  straight  line  x  =  c  bisects  that 
chord. 

28.  Find  the  length  of  the  perpendicular  from  an  external  point 
(7i,  k)  on  the  chord  of  contact  of  the  tangents  to  y2  =  ±px  drawn 
through  (ft,  fc). 


29.   From  an  external  point  (ft,  fc)  tangents  are  drawn  to  the  para- 
bola y2  =  4  px  ;  the  length  of  the  chord  of  contact  is 


30.   From  an  external  point  (ft,  Jc)  two  tangents  are  drawn  to  the 
parabola  y2  =  ±px ;  the  area  of  the  triangle  formed  by  the  tangents 

and  chord  of  contact  is      (k2 


PROBLEMS  AND  EXERCISES  ON  THE  PARABOLA.     219 

31.  The  normal  at  i,  the  upper  end  of  the  latus-rectum,  meets 
y2  =  4=px  again  in  a  point  P.     Show  that  the  diameter  on  which  the 
tangents  at  L  and  P  intersect  passes  through  the  other  end  L'  of  the 
latus-rectum. 

32.  If  the  chord  PQ  is  a  normal  at  P,  and  the  tangents  at  P  and 
Q  meet  in  T,  show  that  PT  is  bisected  by  the  directrix. 

33.  Find  the  ordinate  of  the  point  on  y2  =  &px  at  which  the  tan- 
gent makes  equal  angles  with  the  coordinate  axes.  Ans.  y=2p. 

34.  Find  the  locus  of  the  intersection  of  perpendiculars  from  the 
focus  S  on  the  normal  to  y2  =  kpx.  Ans.  y2=p(x—p). 

35.  Two   normals   to   the   parabola  y2  —  4pce  are  always  at  right 
angles  to  each  other  ;  find  the  locus  of  their  intersections. 

Ans.  y2  =  p  (x  —  3p) . 

36.  Find  the  condition  that  the  line  -  +  f  =  1   shall  be  tangent 

a     b 

to  the  parabola  y2  =  ±px.  Ans.  b2  =  —  ap. 

37.  If  two  tangents  be  drawn  to  y2  =  4j9i»,  and  a  third  be  drawn 
parallel  to  their  chord  of  contact,  show  that  the  third  will  bisect  the 
parts  of  the  other  two  included  between  their  point  of  intersection 
and  points  of  contact. 

38.  If  0,  O1  be  the  inclinations  to  the  axis  of  two  tangents  to 
y2  =  £px  drawn  through  the  point  (ft,  &) ,  then 

tan  0  +  tan  &  =  ^  ;     tan  0  tan  O1  =? . 
ft  ti 

39.  If  the  line  y  =  mx  is  the  locus  of  the  pole  (h,  ft)  with  respect 
to  the  parabola  y2  =  4pcc,  then  the  polars  of  (&,  fc)  all  pass  through 

the  point  (0,  ^?Y 


CHAPTER  VII. 


THE  ELLIPSE  —  +  £-  =  1. 
a2     b2 

The  Ellipse  and  the  Secant  Line. 

1 36.  To  find  the  equation  of  the  secant  which  intersects  the 

ellipse  —2  -f  ^  =  1  in  the  two  given  points  P'(x'y')  and  P"(x"y"). 
a      o 


(Fig.  45.) 


FIG.  45. 

For  these  given  points  the  equations  of  condition  are 

~a?~^~~b2  =  ^'    ^2~^~^2~==1' 
from  which,  by  subtraction  and  division,  we  get 

^  =  m  =  tan  XSP"    (a)  (Art.  4) 
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This  value  of  m,  substituted  in 
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the  equation  of  the  straight  line  through  two  given  points,  gives 


the  required  equation  of  the  secant  P'Pn^  which  may  be  re- 
duced to  the  form 


since 


The  Tangent  and  Normal. 

137.  To  find  the  equations  of  the  tangent  and  normal  to 
the  ellipse  at  the  given  point  P'(x'y').  (Fig.  ^5.) 

I.  The  Tangent.  —  The  secant  P'P"  will  become  a  tangent 
at  the  point  P'^x'y')  by  revolving  it  about  Pr  until  P"  and 
Pf  coincide,  when  x"=x'  and  y"=yr. 

Introducing  these  conditions  into  equations  (a)  and  (<?) 
(Art.  136),  they  become 


and  K+™.,.-!.  (a) 

Therefore  (a)  is  the  equation  of  the  tangent  P'T. 

II,    The  Normal.  —  The  equation  of  the  normal  is  (Art.  50) 


or 


a?' 


(5) 
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1  38.  To  find  the  length  of  the  subtangent  NT,  and  of  the 
subnormal  GN.     (Fig.  45-) 

I.    The  Subtangent  NT.  —  For  y  =  0,  the  equation  (a)  of  the 
tangent  (Art.  137)  gives 

x=a*=CT,   or 
x' 

=  CT-  CN=  -  -  x1  = 


t 
x1  x' 

Also,  for  x  =  0, 


y  =     =,   or 

y1 

.'.N'T'=CT'-  CN'  =  -,  -  y1  =  b*  ~  y" 

y'  y' 

=  the  subtangent  on  the  axis  of  Y". 

II.    The  Subnormal  G-N.  —  For  y  =  0,  the  equation  (6)  of  the 
normal  (Art.  137)  gives 

TiV  /          7i2\ 

x-x'=-°-^>   or  x  =  (l--\x'  =  e2x'=CG. 
a2  \       a2/ 

.-.  GN=  CN-  CG  =  x'-  eV  =  (1  -  e*)x'  =  ^x'. 

a2 


CA>2 
Also,  for  x  =  0, 

^<=-gy,   or  ,=    l-=-/=CS'. 

Also, 

G"JV  =  06" 


the  subnormal  on  the  axis  of  Y. 
Also, 

•  CG'  =  ^  .  ^V  =  «2e2  = 
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1 39.  To  find  the  equations  of  the  tangent  and  normal  in 
terms  of  the  direction  parameter  m. 

I.    The  Tangent.  — The  equation  (a)  of  the  tangent  (Art. 
137)  may  be  written 

_Vx<       b\ 

y~    ^y  +y< 

h2<r'  /r'2        i/'2 

But     -^-  =  m;  and  since  ^-  +  ^-=1, 
ay  2        2 

J«  =  ± 
2/'     2/ 

and  therefore 


y  =  mx  ±  Vo-2m2  •+-  b2  (a) 

is  the  required  equation  in  terms  of  m. 

Since  m  is  arbitrary,  this  is  the  equation  of  any  tangent  to 

the  ellipse  —%  +  -p  =  1. 

If  the  coordinates  of  the  centre  O  of  the  ellipse  are  (A,  &), 
then  the  equation  of  the  tangent  is 

y  —  Jc  =  m(x  —  h)  ± 


Equation  (a)  can  be  put  in  the  form  a;  cos  a        sn  a  = 
for  m  —  tan  0  =  —  cot  a,  and  it  becomes 


x  cos  a  +  y  sin  a  =  Va2  cos2  a  +  62  sin2  a  =  a  Vl  —  e2  sin2  a,  (6) 
the  normal  equation  of  the  tangent. 

II.  The  Normal.  —  The  equation  (6)  of  the  normal  (Art.  137) 
may  be  written 


But  =  m;  and  since 
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a2     y'  «Y 

y'          x'  X  b2  6V          _±          m 

&2~~a2    \ti\f      J_,  ,  ^Y2" 

^W+P          M  6V 

therefore 

(a2  —  62)ra 


, 

Va2 

is  the  required  equation  of  the  normal  in  terms  of  m. 
This  equation  can  be  put  in  the  normal  form 

x  cos  a  -f-  y  sin  a  =  p  ; 
for  m  =  —  cot  a,  and  (6)  readily  reduces  to 

acosa4-ysma=ae2siaacosa.  (6) 

Vl  —  e2  cos2  a 

1  40.  To  find  the  value  of  m  for  the  tangent  to  the  ellipse 

t)  n 

—  4-^=1  which  passes  through  the  point  P(h,  k). 

tt         0 


If  the  tangent  y  =  mx  +  l/a'2w2  +  62  passes  through  the  point 
PQi,  &),  then 


•V 


am 


from  which  we  readily  get 
kli  ±  Va4 


h2-a2 


which  shows  that  two  real  tangents  can  be  drawn  to  the  ellipse 
when  the  point  (A,  &)  is  without  the  curve,  two  real  and  coin- 
cident ones  when  (^,  &)  is  on  the  curve,  and  two  imaginary 
ones  when  (A,  &)  is  within  the  curve  (Art.  116). 

141  .  To  find  the  coordinates  (x'y1)  of  the  point  of  tangency 
of  the  tangent  to  the  ellipse  which  passes-  through  the  point 
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X3j  1111^ 

If  the  tangent  -^  -f  -p"  =  1  passes  through  P(A,  A),  then  the 
two  equations 

hx'     fy'  x'2     y'2 

7+--gT-l,   and   ^  +  ^  =  1, 

give  by  solution  the  required  coordinates 


,  =  i* «/ »  ±  - 

=      22       22  ' 


r  -         =  .,  , 

'      22  ' 


by  putting  -R  =  T/  a2&2  +  62A2  —  a?b2  for  brevity  ;  which  show 
that  two  real  tangents  can  be  drawn  to  the  ellipse  when  the 
point  (A,  K)  is  without  the  curve,  two  real  and  coincident  ones 
when  (A,  &)  is  on  the  curve,  and  two  imaginary  ones  when 
(A,  &)  is  within  the  curve  (Art.  116). 

142.  To  find  the  equation  of  the  chord  of  contact  of  the  two 
tangents  drawn  to  the  ellipse  through  the  point  P(h,  k). 

If  (x'y1)  and  (xrryfr)  are  the  coordinates  of  the  points  of 
tangency,  then  from  (a)  and  (5)  (Art.  141), 

»*** 


x' —  x"  — — »    y  — 


is  the  tangent  of  the  angle  which  the  chord  of  contact  makes 
with  the  axis  of  X. 

The  equation  of  this  chord  is 


^      b2hf       a2b2h  +  a? 
'  '' 


which  readily  reduces  to 
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Second  Solution.  —  Since  the  tangents  at  the  points  Pf(xfyf) 
and  Pn(xny")  both  pass  through  the  point  P(h,  &),  the  equa- 
tions of  condition 

~&2~  +  '^=:  *'  t2"*"!^1  ' 

show  that  -p  +  ^  =  1  is  the  equation  of  the  chord  of  contact, 

for  it  is  satisfied  by  the  coordinates  (V«/')  and  (xny")  of  the 
points  of  tangency.  As  in  the  circle  (Art.  86),  this  chord  is 
also  called  the  polar  of  the  point  P(A,  &)  with  respect  to  the 

ellipse  3 +  13  =  1. 


143.  If  the  polar  of  the  point  P(h,  k)  with  respect  to  the 
ellipse  -^-j-|^  =  1  passes  through  the  point  Q(h',  &'),  then  will 
the  polar  of  Q(h',  k')  pass  through  the  point  P(h,  k). 

This  proposition  is  proved  in  the  same  way  as  the  correspond- 
ing one  relating  to  the  parabola,  in  Art.  128.  The  polar  of 
(^,  &)  is 

ky  ,  hx 

J +  —  =  i; 

ft2      a2 
and  if  (A,  &)  is  the  focus  #(—  ae,  0),  its  polar  is 

-2?=1,    or  .--2, 

a2  e 

which  is  the  equation  of  the  corresponding  directrix. 

EXERCISES    ON    TANGENTS,    NORMALS,    AND    POLARS. 

1.  Are  the  points  (3,4),   (3,1),  (2,1)  without,  on,  or  within 
the  ellipse  z2  +  3?/2=12? 

2.  Find  the  equations  of  the  tangent  and  normal  to  the  ellipse 
2^  +  32/2=11  at  the  point  (2,1). 

Ans.  4 
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Given  the  ellipse  $  +  ±y2  =  13,  and  the  pole  (^,  f|  )  : 

3.  Find  the  equation  of  the  polar.  Ans.  x+2y=5. 

4.  Find  the  points  in  which  the  polar  intersects  the  ellipse. 

Ans.   (2,|),  (3,1). 

5.  Find  the  equations  of  the  tangents  which  pass  through  the 
pole  (J^-,  if).  Ans. 


6.   Find  the  equations  of  the  corresponding  normals. 
Ans.  2y- 


7.  In  what  points  does  the  line  passing  through  the  pole  perpen- 
dicular to  the  polar  intersect  the  coordinate  axes  ? 

Ans.   (ff,  0)  on  the  axis  of  X,  and  (0,  —  f  f  )  on  the  axis  of  T. 

8.  Is  the  line  y  =  x  +  Vf  tangent  to  2  a2  +  3y2  =  1  ? 

For  the  ellipse  a?y2  +  6V  =  a262  find 

9.  The  two  tangents  which  make  an  angle  of  60°  with  the  axis 
of  x.  Ans.  y  =  xV3  ±  V3  a2  +  62. 

10.   The  two  normals  which  make  an  angle  of  45°  with  the  axis  of  x. 

22 

Ans.      =  x± 


11.  The  ratio  of  the  axes  when  the  major  axis  equals  n  times  the 
distance  between  the  foci.  Ans.  n  :  vV2  —  1. 

12.  The  ratio  of  the  axes  when  the  centre  and  foci  divide  the  major 
axis  into  four  equal  parts.  Ans.    2  :  V3. 

13.  A  tangent  and  normal  each  parallel  to  3x  —  4y  =  5. 

14.  A  tangent  and  normal  at  L  (Fig.  40,  p.  179). 

Ans.  y  —  ex=  a\  ey  -±-x  -\-  ae3  =  0. 

15.  The  equation  of  the  line  AL  (Fig.  40),  and  the  angle  which 
AL  makes  with  the  tangent  at  L. 

Ans.  y=(l+e)(x  +  a),  0  =  tan"1         * 

1  -j-  e 
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16.  The  equations  of  the  four  tangents  which  make  equal  intercepts 
on  the  axes.  Ans.  y=±x±  Va2  -f-  b2. 

17.  The  eccentricity  when  the  latus-rectum  equals  -  th  of  the  minor 

n 

axis-  Ans.  e2  =  ^l=ll. 


18.  The   eccentricity   when  the   normal   at  L  (Fig.  40)    passes 
through  B'.  Ans.  e4  +  e2  —  1  =  0. 

19.  The  equations  of  the  lines  A'B  and  CL  (Fig.  40) ,  and  the 
eccentricity  when  these  lines  are  parallel. 

Ans.   ay  +  bx  =  ab',   a?ey  +  b2x  =  0  ;  parallel  if  2  e2  =  1 . 


20.  The  coordinates  of  the  point  (x'y')  such  that  the  intercepts  on 
the  coordinate  axes  by  the  tangent  at  this  point  are  in  the  ratio  a :  b. 

Ans.  x'  =  —  ,    y'  =    b 

V2  V2 

21.  The  coordinates  of  a  point  (x'y')  such  that  the  tangent  at  this 
point  makes  equal  angles  with  the  coordinate  axes. 

Ans.  x'  =  —  t    y'  =  —  . 

Va2  +  b2  Va2  +  b2 

22.  The  coordinates  of  the  point  (x'y')  for  which  the  subtangent 
equals  the  subnormal.  Ans.  Same  point  as  in  last  example. 

23.  The  length  of  the  perpendicular  from  the  point  T(h,  k)  to  its 
polar  is 


24.   The  area  of  the  triangle  formed  by  the  tangents  through  the 
point  T(h,  k)  and  the  chord  of  contact  is 


a2A;2  +  b2h2 

25.   If  P'  and  P"  are  the  points  of  tangency,  and  C  the  centre  of 
the  ellipse,  the  area  of  the  triangle  P'CP"  is 


).   The  area  of  the  quadrilateral  TP'CP"  is  Va2fc2  +  b2h2  -  a2b2. 
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27.  If  any  ordinate  MP  be  produced  to  meet  the  tangent  at  the 
end  of  the  latus-rectum,  through  the  focus  S  in  Q,  then  QM=  JSP. 

28.  The  length  of  the  chord  cut  from  the  line  y  =  mx  +  c  is 

2ab  [(1  +  m2)  (q*m*  +  b2  -  c2)]? 
a2m2  +  b2 

29.  The  coordinates  of  the  middle  point  of  this  chord  are 

_o2mc_  _&!c  __ 

a2m2  +  62  aV  +  62 

30.  The  coordinates  of  the  points  of  tangency  of  the  tangents 
parallel  to  y  =  mx  +  c  are 


Va2m 
31.   The  equations  of  the  tangents  at  these  points  are 


+  b2. 

32.  The  circle  described  on  the  focal  distance  P(x'y')  S(—  ae,  0) 

is  y2  +  ic2  —  yy'  —  x(x'  —  ae)  —  aex'  =  0. 

33.  If  m  and  m'  are  the  tangents  of  the  angles  which  the  two  tan- 
gents through  the  point  (7i,  fc)  make  with  the  axis  of  X,  then 


—  a  —  a 


34.   From  any  external  point  (7i,  fc)  two  tangents  are  drawn  ;  if 
a;',  a?"  are  the  abscissas  of  the  points  of  tangency,  then 


,        „ 


Elementary  Propositions  relating  to  Tangents  and  Normals. 


1  44.  2%e  locus  of  the  intersections  of  all  pairs  of  perpen- 
dicular tangents  to  the  ellipse  is  the  circle  y2  +  x2  —  a2  +  62, 
which  is  called  the  director  circle  of  the  ellipse.  (Fig.  46-) 

The  tangent  P"I  perpendicular  to  the  tangent  P1T', 

y-mx=  Va2wi2  +  b2,  (a)  (Art.  136) 

is  my  +  x  =  Va2  -f  62m2.  (Art.  46) 
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Squaring  both  sides  of  these  equations,  adding,  and  dividing 
the  sum  by  (1  +  w2),  gives 


the  equation  x>f  the  director  circle.  If,  then,  with  0  as  a  centre 
and  V  a2  +  b2  as  a  radius,  a  circle  be  described  around  the  ellipse, 
it  will  pass  through  /,  and  also  through  the  intersections  of  all 
other  perpendicular  tangents.  It  appears  also  that  CI=AB. 


FIG.  46. 


145.  If  a  line  "be  drawn  through  the  focus  S'(ae,  0)  perpen- 
dicular to  any  tangent  P'2\  the  locus  of  R\  the  point  of  inter- 
section will  be  the  major  auxiliary  circle  x2  +  y2  =  a?  of  the 
ellipse.  (Fig.  46.) 

The  equation  of  a  line  through  S'(ae,  0),  perpendicular  to 
the  tangent 

y-mx=  VaV  +  62,  (a)  (Art.  136) 


is 


y  =  --  (x  —  ae)  ,   or  my  +  x  = 


(Art.  46) 
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Squaring  both  sides  of  these  equations,  adding,  and  dividing 
the  sum  by  (1  +  wz2),  gives 


the  major  auxiliary  circle.  We  shall  get  the  same  result  by 
taking  the  focus  S(—ae,  0).  If,  then,  with  (7  as  a  centre  and 
a  as  a  radius,  a  circle  be  described  about  the  ellipse,  it  will  pass 
through  R  and  R',  an"  also  through  the  intersections  of  all 
other  lines  through  the'  foci,  which  are  perpendicular  to  the 
corresponding  tangents.  It  also  follows  that  OR  =  CRf  =  CA'. 

146.  The  normal  bisects  the  angle  SP'S'  between  the  focal 
distances  P'S  =  a  -f-  ex'  =  r  and  P'8'  =  a  —  ex'  =  r1. 

By  Art.  101,  XII.,  and  Art.  138,  II., 

=  SC  +  CG  =  ae  +  eV,    G8'  =  OS'  -CG  =  ae-  M. 

.  101,  XIV.) 


Therefore,  by  Geometry,  SP'  a  =  (IP'S1. 
It  follows  that  SP'R  =  S'P'R'  ;  that  is,  the  tangent  at  any 
point  P'  makes  equal  angles  with  the  focal  distances  of  this  point. 

1  47.  The  product  of  the  perpendiculars  from  the  foci  upon 
any  tangent  equals  the  square  of  the  semi-minor  axis  ;  or 

SR  •  S'K'  =CB*  =  b2.     (Fig.  46.) 
If  we  take  the  normal  equation  of  the  tangent  at  P'(x!y'), 


x  cos  a  +  y  sin  a  =  aVl  —  e2  sin2  a,  (Art.  139) 

then  the  perpendiculars  from  S(—ae,  0)  and  S'(ae,  0)  on  this 
tangent  are  (Art.  42) 


SR  =  aVl  —  e2  sin2  a  -j-  ae  cos  a, 


S'E'  =  a  Vl  —  e2  sin2  a  —  ae  cos  a. 
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.-.SR.  S'R'  =  a\l  -  e2  sin2 a)  -  a2e2  cos2  a  =  62, 
since  a2(l  -  e2)  =  £2  (Art.  101,  IX.). 

1 48.  To  find  the  lengths  of  the  perpendiculars  from 

S(-ae,  0),  0(0,  0),  S'(ae,  0),  £(eV,  0),   G'fo,  -  ^j- y\ 

on  the  tangent  TT'  in  terms  of  the  focal  distances  of  the  point 
of  tangency.     (Fig.  46.) 

The  equation  of  the  tangent  TT'  is 

a2y'y  +  b2x'x  =  a262.  (a)  (Art.  136) 

Then  by  Art.  42, 

a?b\a  +  ex')2  _  b2r  f.       ..„. 

~ 


since  from  the  equation  of  the  ellipse  a2?/2  +  62#2  = 

a4?/'2  +  6V2  =  a262(a2  -  x12)  +  bV  =  a2b2(a2  -  eV)  =  a?b2rr'. 
In  the  same  way  find 

S'R'2^—,   and    C^2  =  ^=a2(l-e2sin2a),  '(6)  (Art.  139) 
=  -rr'     and 


,  .        .  - 

a2  b2  P'G'     a2 


- 
CK     aVl-e2sin2a      Vl-e2sin2a 

1  49.  A  diameter  DD',  parallel  to  the  tangent  TT',  cuts  from 
the  focal  distance  of  the  point  of  tangency  a  constant  P'M=  a, 
the  semi-major  axis. 

The  similar  triangles  MP'E  and  SP'R  give 
P'M 


or 
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150.  If  Q  is  the  middle  point  of  the  focal  chord  P'p,  and 
QH  is  parallel  to  6r/S",  then  the  similar  triangles  HP' Q  and 
give 

- -«>-** 


Diameters  of  the  Ellipse. 

151.  To  find  the  equation  of  the  locus  of  the  middle  points 
of  a  system  of  parallel  chords  of  an  ellipse.     (Fig.  47.) 


x 


FIG.  47. 


Let  R(x'y')  and  R'(x"yn)  be  the  two  points  in  which  any 
one  of  the  chords  of  the  parallel  system  intersects  the  ellipse. 
The  tangent  of  the  angle  XQEf,  which  this  chord  makes  with 
the  axis  of  X,  is  (a)  (Art.  136) 


If  the  coordinates  of  M,  the  middle  point  of  RR!,  are  (xy), 
then,  2  x  -  x'  +  x",    and   2y  =  y'  +  y".  (c)  (Art.  5) 
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Making  these  substitutions  in  the  value  of  m,  it  becomes 

2  2 

(a) 


ary 


-—, 
arm 


the  required  equation  of  the  locus,  since  it  is  true  for  the 
middle  points  M  of  all  the  chords  of  the  system. 

I.  The  equation  (a)  shows  that  the  locus  P  C  passes  through 
(7,  the  centre  of  the  ellipse  ;  it  is  therefore  a  diameter  of  the 
ellipse. 

b2 

II.  The  tangent  XCP  =  ---  —  =  m\  and  the  equation  (a) 

of.  PC  may  be  written  y  =  mrx. 

b2 

III.  Therefore  mm'  -      -  -^  ;  that  is,  the  product  of  the  tan- 

gents of  the  angles  which  the  parallel  chords  and  the  locus  of 
their  middle  points  make  with  the  axis  of  X  equals  minus  the 
square  of  the  ratio  of  the  semi-axes  b2  :  a2. 

IV.  If  a  =  b,  then  mm'  =  —  1  ;  that  is,  in  the  circle  the  locus 
of  any  system  of  parallel  chords  is  perpendicular  to  these  chords. 

V.  In  the  ellipse,  if  m  =  0,  then  m'  =  <x>  ;  that  is,  the  axes 
are  the  only  diameters  of  the  ellipse  which  are  perpendicular 
to  the  systems  of  chords  they  bisect. 

VI.  The  equation  of  the  diameter  DDf  is  y  =  mx,  since  it  is 
one  of  the  chords  parallel  to  RE'  ;  and  it  bisects  a  system  of 
chords  parallel  to  PPr,  whose  equation  is  y  =  m'x,  since  the 

70 

relation  mm1  =     •  —  remains  unchanged. 

VII.  Conjugate   Diameters.  —  Any  two   diameters,  such  as 
PP1  and  DD\  each  of  which  is  parallel  to  the  system  of  chords 
which  the  other  bisects,  are  called  conjugate  diameters  ;  and  the 
points  P  and  D  are  conjugate  points. 
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Since  the  product  mm'  of  the  tangents  of  the  angles  Af  OP 
and  A1  CD  is  minus,  it  follows  that  if  the  angle  A1  OP  is  acute, 
the  angle  A'  CD  must  be  obtuse,  and  that  conjugate  diameters 
always  lie  on  opposite  sides  of  BB',  the  minor  axis. 

VIII.  The  axes  of  the  ellipse  are  the  only  pair  of  conjugate 
diameters  which  are  perpendicular  to  each  other. 

IX.  The  tangent  at  P,  the  end  of  a  diameter,  is  the  limiting 
chord  of  the  system  which  the  diameter  PC  bisects,  since  the 
equal  ordinates  MR  and  MR'  approach  zero,  as  the  points  R 
and  R'  approach  coincidence  at  P. 

X.  Supplemental   Chords.  —  The  two  straight   lines   drawn 
from  any  point  on  the  ellipse  to  the  ends  of  any  diameter  are 
called  supplemental  chords. 

XL  Diameters  which  are  respectively  parallel  to  a  pair 
of  supplemental  chords  are  conjugates. 

Let  P(x'y'~)  and  Pf(—xf,  —y')  be  the  ends  of  any  diameter; 
then 

y  —  y'  =  m(x  —  xf)   and  y  +  y'  =  m'(x  +  x')  (a) 

are  the  equations  of  the  two  chords.     If  these  chords  meet  at 

x2     y2 
any  point  D,  on  the  ellipse  -%  +  j^  =  1,  then  for  this  point 


But  from  the  equation  of  the  ellipse  we  have 


therefore  mfm  —  --  ^,  which  shows  that  diameters  parallel  to 
these  supplemental  chords  are  conjugate,  by  VI. 
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Auxiliary  Circles  and  the  Eccentric  Angle. 


x 

152.  On  the  major  and  minor  axes  of  the  ellipse  -S 

2 


a2      b2 


=  1 


as  diameters  describe  the  auxiliary  circles  as  in  Fig.  48.  From 
the  point  p  on  the  major  auxiliary  circle,  and  the  point  p'  on  the 
minor  auxiliary  circle,  drop  the  perpendiculars  pN  and  p'M  on 
the  axes  A  Ar  and  BB1,  re'spectively.  These  perpendiculars  meet 
the  ellipse  in  the  points  P  and  P\  called  the  points  on  the  ellipse 
corresponding  to  the  points  p  and  p'  on  the  auxiliary  circles. 


FIG.  48. 

I.    The  corresponding  ordinates  pN  and  PN  are  as  a  :  b. 

Letp(CN,pN),  O,  T)  and  P(CN,  PN),  (x,y)  be  the  coor- 
dinates of  the  corresponding  points  p  and  P.  The  equations  of 
the  ellipse  and  auxiliary  circle  for  these  points  are 

iH".  -  5-1='. 

which,  by  subtraction,  give 

?-{-,,   «   f-J   .  ,_},. 

which  shows  that  the  major  auxiliary  circle  will  become  the 
ellipse  by  reducing  all  its  ordinates  in  the  ratio  of  b :  a. 
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II.  The  corresponding  abscissas  p'M  and  P'M  on  the  minor 
auxiliary  circle  and  the  ellipse  are  in  the  ratio  b  :  a. 

For  the  points  P'  and^/,  the  equations  of  the  ellipse  and  of 
the  minor  auxiliary  circle  are 


which  give,  by  subtraction, 

^-f  =  0,   or    *=»,   or  x  =  «X, 

a2       b2  x      a  b 

which  shows  that  the  minor  auxiliary  circle  will  become  the 
ellipse  by  increasing  all  its  abscissas  in  the  ratio  a  :  b. 

III.  The  angle  A1  Cp,  measured  on  the  major  auxiliary  circle, 
is  called  the  eccentric  angle  of  the  corresponding  point  P  on  the 
ellipse. 

If  this  angle  is  denoted  by  <£,  then  the  coordinates  of  p 
are  (a  cos  0,  a  sin  $)  ;  and  the  coordinates  of  P  are  (a  cos  0, 

-  •  a  sin  (/>),  or  (a  cos  $,  b  sin  </>). 

If  the  eccentric  angle  is  measured  on  the  minor  auxiliary 
circle,  then  the  coordinates  of  pf  and  Pf  are  (b  cos  <£,  b  sin  $) 
and  (a  cos  <£,  b  sin  </>). 

IV.  Draw  PR1  parallel  to  pC\  then  PR'  =  pC=a.    Also, 
AfRP=AfCp  =  (f>',  therefore  RP  sin  0  =  PN=  b  sin  £  ;  there- 
fore RP  =  b,  R'R  =  a  —  b.     If  the  points  .R'  and  .#  move  on 
the  axes,  then  the  point  P  will  describe  the  ellipse  ;  and  any 
other  point  on  R'P  will  also  describe  an  ellipse,  the  difference 
of  whose  semi-axes  equals  a  —  5,  except  a  point  midway  between 
R'  and  R,  which  will  describe  a  circle.     This  is  the  principle 
of  the  elliptic  compasses. 

V.  To  construct  a  point  P  on  the  ellipse  for  a  given  eccentric 
angle  A'Cp. 

First  draw  pN  perpendicular  to  AA  r,  and  through  the  point 
in  which  pC  cuts  the  minor  auxiliary  circle  draw  a  parallel  to 
AA1  ;  this  parallel  will  meet  pN  in  P,  a  point  on  the  ellipse. 
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VI.  The  tangents  at  the  corresponding  points  p(x'y")  and 
P(x'y')  meet  on  the  axis  of  X;  while  tangents  at  the  corre- 
sponding points  p'  and  P'  meet  on  the  axis  of  Y. 

The  tangents  of  the  ellipse  and  major  auxiliary  circle  are 

yy'      xx'  .   yy"      xx' 

+       =  l,  and         +       =l, 


both  of  which,  for  y  —  0,  give  x  =  —  =  CT;  while  the  tangents 

x  b2 

for  the  ellipse  and  minor  auxiliary  circle  both  give  y  —  —  for 

& 


VII.  To  express  the  equations  of  the  tangent  and  normal 
at  a  given  point  P(x'y')  in  terms  of  the  eccentric  angle  of 
this  point. 

For  the  point  P,  x1  =  a  cos  </>,  y1  =  b  sin  <£,  and  the  tangent 
at  P(x'yr), 

xx'      yy'  x  v 

—  +  ^-=1,   becomes    -  cos  <£  -f  |sin</>  =  1. 

The  normal  (6)  (Art.  137),  which  may  be  written 

^x-^  =  a2-62,   becomes   -^  ---  ^-=aV. 
yy       y  cos  <f>     sin  ^> 

VIII.  If  P(x'y')  and  D(x"y")  are  the  ends  of  a  pair  of  con- 
jugate diameters  whose  eccentric  angles  are  </>  and  <£',  then 


The  equations  of  PP'  and  DD'  are 

2/f  y" 

y  =  -,x,   and  y  =     x.     .'. 
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b2 
Substituting  these  values  of  mr  and  m  in  mrm  = ^    (Art. 

151,  VI.),  it  becomes 


y'y"        &2        y'y" 


(a) 


But    x1  —  a  cos  0,    £/'  =  5  sin  <£,   a;"  =  a  cos  <//,   y/;  =  5  sin  <£', 
and  (a)  becomes 

cos  <£'  cos  ^  +  sin  <£'  sin  <^>  =  0.     .•.<£'  —  <£  =  -• 


FIG.  49. 


IX.   T&e  coordinates  of  D  and  D1  can  be  expressed  in  terms 
of  the  coordinates  of  P,  their  conjugate  point. 

The  coordinates  of  D  and  Z>'  are 


x"  =  a  cos  <'  =  a  cos 


a  sn   >  = 


2/rf  =  6  sin  </>'  =  6  sin        ±       =  ±  6  cos  <£  =  ±  —  • 
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The  equations  of  the  conjugate  diameters  PPf  and  DDf  are, 

therefore, 

b  b 

,   y=--xcot<l>. 


X.    The  squares  of  the  semi-conjugate  diameters  CP  and 
CD,  usually  denoted  by  a'  and  V,  are 

a'2=a?  cos2  <£+62  sin2  <£=  62+  (a2-62)  cos2  0=  tf+eW, 

cos2  <j>=a2-  (a2-62)  cos2  <£=a2-eV2=r  •  rr. 


XI.  27z,0  sz^Tft/  o/  the  squares  of  any  pair  of  semi-conjugate 
diameters  is  equal  to  the  sum  of  the  squares  of  the  semi-axes. 

For  a'2  +  b'2  =  a2  +  52,  by  VIII. 

XII.  The  area  of  any  parallelogram  formed  by  the  tangents 
drawn  at  the  ends  of  any  pair  of  conjugate  diameters  equals 
the  area  of  the  rectangle  described  on  the  axes,  and  is  there- 
fore constant.     (Fig.  4?>) 


For  CD  •  CK=  ab,  since  OK2  =     7  (Art.  148),  and  C&=rrf, 
by  VIII.     .'.4:CD'CK=4:ab. 

It  also  follows  that  the  area  of  the  triangle  PCD,  formed  by 
joining  the  ends  of  any  pair  of  conjugate  diameters,  is  constant. 

XIII.    To  find  the  angle  PCD  =  0'  —  0  between  any  pair  of 
conjugate  diameters. 

From  X., 

CP  •  CD  sin  PCD  =  a'b'  sin  (ff  -0)  =  ab. 


. 

XIV.    To  find  the  position  of  a  pair  of  equi-conjugate  diam- 
eters. 
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If  a'  =  b',  then,  from  VIII., 

a'2  -  b'2  =  (a2  -  b2)  (cos2  4  -  sin2  <£)  =  (a2  -  b2)  cos  2  <£  =  0. 

.-.  cos2(£  =  0,   or   2<£  =  -»    or   —  •     .-.<£  =  -,    or   -TT. 
22  44 

The  equations  of  the  equi-conjugate  diameters  are  therefore 

y  =  -x,   and   y= x  (IX),   since   <£  =  T; 

ct  ci  4 

and  they  coincide  with  the  diagonals  of  the  rectangle  described 
on  the  axes. 

Therefore,  for  a  pair  of  equi-conjugate  diameters, 

or  2ab 


XV.    The  acute  angle  PCD'  made  by  two  conjugate  diam- 
eters is  least  when  these  diameters  are  equal. 

FromXm.,smP<7D'=-^|r     Since  ab  is  constant,  PCD'  is 

a'V 

least  when  afbr  is  greatest;  but  afbf  is  greatest  when  ar  =bf, 
since  a12  +  b'2  =  a2  +  b2  is  constant;  that  is,  PCD'  is  least  for 

equi-conjugate  diameters,  for  which  sin  PCD'  —   2       2,  by  XIV. 


XVI.    To  construct  a  pair  of  conjugate  diameters  which 
make  a  given  angle  with  each  other. 

By  XIII.,  this  angle  must  be  greater  than  PCD',  or  sin""1  —  —  —  • 

On  any  diameter  PCP'  describe  the  segment  of  a  circle  which 
shall  contain  the  given  angle.  The  circle  will  cut  the  ellipse 
in  some  point  Z>;  DP  and  DP'  are  supplemental  chords  making 
the  given  angle  with  each  other,  and  the  diameters  parallel  to 
these  chords  are  the  required  conjugates,  by  Art.  151,  XI. 


242  PLANE  ANALYTIC   GEOMETRY. 


EXERCISES    AND    PROBLEMS    ON    THE    ECCENTRIC    ANGLE    OF 
THE    ELLIPSE. 

Given  the  ellipse  3^  +  4  /  =12  and  the  eccentric  angle  <f>  =  30°, 
to  find  (see  Fig.  47) 

1.  The  equations  of  the  conjugate  diameters  PP'  and  DD'. 

Ans.  y  =  ^x,  y  =  —  $x. 

2.  The  lengths  of  the  semi-conjugates  CP  and  CD. 

Ans.  -J-V15, 

3.  The  equations  of  the  tangents  at  P  and  D. 

Ans. 


4.   The  equations  of  the  normals  at  P  and  D. 
Ans.  2a-3    = 


5.   The  perpendiculars  from  C  on  the  tangent  and  normal  at  P. 

Ans. 


6.   The  perpendiculars  from  the  focus  S'(ae,  0)  on  the  tangent 
and  normal  at  P.  3-4  V3     4-V3 


Vl3         2V13 
Given  the  ellipse  x2  +  5y2  =  5  and  the  abscissa  x  =  1,  to  find 

7.   The  eccentric  angle  and  the  equations  of  the  conjugate  diajn- 
eters.  Ans.  <  =  tan~12 


8.  The  lengths  of  the  semi-conjugate  diameters  and  the  angle 
they  make  with  each  other. 

Ans.  a'  =  |V5;  V  =  $  Vl05  ;  tan^-  |V5) 

9.  The  length  of  the  chord  joining  any  two  conjugate  points  OH 
the  ellipse  is  Va2  +  62  +  a2e2  sin  2<£. 

10.   The  equation  of  the  secant  through  any  two  points 

(a  cos  <£,  b  sin  <£)  ,   (a  cos  (£',  6  sin  <£') 
on  the  ellipse  is 

=  cos 
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11.  The  equation  of  the  secant  through  any  two  conjugate  points 
on  the  ellipse  is 

-  (cos  <j>  —  sin  </>)  +  1  (cos  </>  +  sin  </>)  =  1  . 
.  .       a  o 

12.  The  length  of  the  perpendicular  from  the  centre  C  to  a  chord 
joining  any  two  conjugate  points  is 

ab 


13.   The  angle  0  which  the  chord  joining  any  two  conjugate  points 
makes  with  the  major  axis  of  the  ellipse  is 


tan  $  =  -  tan  (<f>  -  -\ 
a        \        ±J 


14.    If  a,  b  are  the  semi-axes,  and  a',  b'  the  semi-conjugate  diam- 
eters of  the  ellipse,  then 


. 
sm  d>  = 


ae  ae 


15.   The  area  of  the  parallelogram  formed  by  tangents  to  the  ellipse 
at  points  whose  eccentric  angles  are  <£,  <£',  </>  +  TT,  <£'  +  TT,  is 


sn   <£  —  <£ 

16.  If  tangents  at  any  two  points  P  and  D  (Fig.  47)  whose  eccen- 
tric angles  are  <£  and  <£'  meet  in  L,  the  area  of  the  quadrilateral 
LPCD  is  ab  tan  J  (<£'  -  <£)  . 

17.  If  tangents  are  drawn  to  the  ellipse  at  the  points  P,  P'  (Fig. 
49),  and  at  the  ends  p  and  p'  of  the  corresponding  diameter  of  the 
auxiliary  circle,  show  that  the  area  of  the  parallelogram  formed  by 

these  tangents  is  -  ,  d>  being  the  eccentric  angle  of  P. 
(a  —  b)  sin  2  <f> 

18.  The  area  of  a  triangle  inscribed  in  an  ellipse  is 

%ab  [sin  (ft  -  y)  +  sin  (y  -  a)  +  sin  (a  -  /?)] 
if  a,  ft,  y  are  the  eccentric  angles  of  its  vertices. 


244  PLANE  ANALYTIC  GEOMETRY. 

19.  Show  that  the  locus  of  the  point  of  intersection  of  tangents 
to  an  ellipse  at  two  points  whose  eccentric  angles  differ  by  a  constant 
angle  a  is  the  ellipse 


The  Ellipse  referred  to  Conjugate  Diameters  as  Axes. 

153.  To  find  the  equation  of  the  ellipse  when  referred  to- 
any  pair  of  conjugate  diameters  as  coordinate  axes. 

Let  the  diameters  PP'  and  DD1  make  the  angles  A'CP  =  0, 
and  A'  CD  =  0'  with  the  axis  of  X. 

The  equations  for  transforming  coordinates  from  a  rectan- 
gular to  an  oblique  system  of  axes  are,  (#)  (p.  49), 

y  =  x'  sin  0  -f  y'  sin  0', 

x  =•  x'  cos  0  +  y1  cos  0'. 

Substituting  these  values  of  x  and  y  in  the  equation  of  the 
ellipse  ^  +  p  =  1>  it  becomes,  omitting  the  primes  on  the  new 
coordinates, 

//Y»     /^/"iO     /}        I—    O/     /"i/"\C<     /3'\2  /  />»     oin     /3         I        O/     Gift     /3'\2 


or 


^Fsil 

I2  0        COS2  0~| 

-T 
+  2f 

"sin  0  sin  0' 

,  cos  0  cos  0 

»  , 
Has 

L  ( 

^2           a2   J 

62 

a2 

xf&  +  f(c?**ff  +  V«*?ff)  =  lt       (a) 

since  the  coefficient  of  2^  equals  zero,  by  Art.  151,  VI. 

By  making  x  =  0  and  y  =  0  in  succession,  we  get  for  the 
squares  of  the  intercepts  on  the  new  axes, 
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o  _ 


Therefore  (a)  becomes 


the  required  equation  of  the  ellipse  referred  to  a  pair  of  conju- 
gate diameters  as  coordinate  axes. 

I.   For  bf  =  af,  or  when  the  ellipse  is  referred  to  a  pair  of 
equi-conjugate  diameters  as  axes,  its  equation  is 


3?  +  f  =  a'2  =  .  (XI.)    (Art.  152) 

This  equation  is  now  of  the  form  of  a2  +  ?/2  =  r2,  the  equation 
of  the  circle,  the  ellipse  being  referred  to  oblique,  and  the  circle 
to  rectangular,  axes. 

x2      ?/2 
II.   It  is  obvious  that  the  equation  -^  +  ^  =  0  of  a  pair  of 

conjugate  diameters,  will,  by  the  same  transformation,  become 


III.  Any  proposition  relating  to  the  ellipse  which  does  not 
presuppose  rectangular  axes  will  hold  when  the  curve  is  referred 
to  a  pair  of  conjugate  diameters  as  axes.  Thus  the  equation  of 
a  chord  is 

x(x'+x")  ,  y(y'  +  y")_,  .  x'x"  .  y'y" 
a12  V2  "~^   "  6'2' 

A  tangent  at  .  (*'y')  is  g  +  «£=!. 

The  polar  of  (h,  P>  is  ^  +  ff  =  1. 

J         J 
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EXERCISES   AND    PROBLEMS    ON    THE    ELLIPSE. 
Given  the  ellipse  9^  +  25*/2  =  225,  and  <£  =  60° : 

1.  The  equation  referred  to  the  corresponding  conjugate  diam- 
eters is  21a2+132/2  =  273. 

2.  The  length  of  the  chord  joining  P  and  D,  the  ends  of  the  con- 
gate  diameters,  is  V34  -f-  8  V3. 

15 


3.   The  perpendicular  from  O  on  this  chord  is 


V34  +  8V3 


4.  The  equation  of  the  given  ellipse  referred  to  its  equi-conjugate 
diameters  is  x*  +  y2  =  17. 

5.  Tangents   to   the   ellipse   and  auxiliary  circle  at  any  corre- 
sponding points  P  and  p  (Fig.  49)  always  meet  in  the  fixed  point 


6.  Normals  at  any  two  corresponding  points  P  and  p  on  the  ellipse 
and  auxiliary  circle  always  meet  on  the  circle  a>2  -f-  y2  =  ($  -f-  &)2« 

7.  The  lines  SB  and  CP'  (Fig.  46)  meet  on  the  left-hand  direc- 
trix, and  S'R'  and  CP'  meet  on  the  right-hand  directrix. 

8.  The  ends  of  a  straight  line  AB  of  given  length  move  on  a  pair 
of  rectangular  axes  ;  show  that  the  locus  of  any  point  P  on  this  line 
which  divides  it  in  the  ratio  m :  n  is  an  ellipse.     The  locus  of  the 
middle  point  of  this  line  is  a  circle. 

9.  An  ellipse  slides  along  a  pair  of  rectangular  axes ;  show  that 
the  locus  of  its  centre  is  a  circle. 

10.   The  equations  of  the  ellipse  referred  to  the  conjugate  diam- 

<>  o 

eters  PP  and  DD'  (Fig.  47)  is  -^  +  ^=  1 ;  show  that  the  tangents 

at  the  ends  R  and  R1  of  any  chord  meet  on  the  diameter  which  bisects 
this  chord.     Note  that  the  coordinates  of  R1  and  R  are  (oc'y1)  and 
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11.  If  p  and  P  are  any  two  points  on  the  ellipse  and  auxiliary 
circle  (Fig.  49)  ,  the  perpendiculars  from  the  foci  S  and  S'  on  the  tan- 
gent at  p  are  equal  to  the  focal  distances  8P  and  S'P  respectively. 

12.  If  points  S  and  S'  be  taken  on  the  minor  axis  of  an  ellipse,  at 
the  same  distance  from  the  centre  C  as  the  foci  are,  then  the  sum  of 
the  squares  of  the  perpendiculars  from  these  points  on  any  tangent 
to  the  ellipse  is  constant. 

13.  The  tangent  at  P'  (Fig.  46)  meets  the  tangent  at  A  in  a  point 
Y\  show  that  OF  is  parallel  to  A'P'. 

14.  The  equation  of  the  ellipse  when  the  right-hand  focus  is  the 
origin,  and  the  latus-rectum  is  the  axis  of  Y,  is 

a?  2exb2 


15.   If  the  chords  of  an  ellipse  pass  through  the  point  Q(x'y'),  and 
tangents  are  drawn  through  the  ends  of  these  chords,  the  locus  of 
these  pairs  of  tangents  is  the  line 
xx'     yy' 


16.  If  the  pole  P(h,  k)  is  on  the  line  Ax  +  By  +  C=  0,  then  the 

polar  will  pass  through  the  point  (  --  -^>    —  —  -  V 

\       c  G  / 

17.  The  perpendicular  SR  (Fig.  46)  produced  will  meet  the  line 
S'P'  produced  in  a  point  which  is  equal  to  ZSR  from  the  focus  8. 

18.  Find  the  locus  of  this  point  of   intersection   for  a  moving 
tangent. 

19.  The  ratio  of  the  subnormals  for  any  two  corresponding  points 

x^2 

p  and  P  on  the  auxiliary  circle  and  the  ellipse  is  —• 

20.  The  length  of  any  focal  chord  which  makes  an  angle  0  with 

052 

the  major  axis  is  —          —  —  -•     The  length  of  the  diameter  par- 
a(l  —  e2cos20) 

allel  to  this  chord  is  2b 
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21.  If  PNP'  is  a  double  ordinate  of  a  point  on  an  ellipse,  and  Q 
any  point  on  the  curve,  then  if  QP  and  QP'  meet  the  major  axis  in 
the  points  M  and  M' ,  CM  -  CM'  =  CA\ 

22.  The  tangents  at  any  point  P  on  the  ellipse  cut  the  equi-con- 
jngate  diameters  in  T  and  T' ;  show  that  the  triangles  TCP,  T'CP 
are  in  the  ratio  of  CT  : 


23.  If  CQ  be  conjugate  to  the  normal  at  P,  then  will  CP  be  con- 
jugate to  the  normal  at  Q. 

24.  If  P,  D  (Fig.  47)  are  the  ends  of  conjugate  diameters,  and  the 
tangent  at  P  cuts  the  major  axis  in  T,  and  the  tangent  at  D  cuts 
the  minor  axis  in  T1 ;  show  that  TT'  will  be  parallel  to  one  of  the 
equi-conjugates. 

25.  Connect  any  point  P  on  the  ellipse  with  the  vertices  A  and  A1 ; 
at  P  draw  perpendiculars  to  AP  and  A'P,  meeting  the  major  axis  in 
M  and  N',  show  that  MN  equals  the  latus-rectum. 

26.  If  P  and  D  are  the  ends  of  conjugate  diameters  of  an  ellipse, 

a?      v2 
show  that  the  tangents  at  P  and  D  meet  on  the  ellipse  —  +  ^  =  2, 

a?     v2 
and  that  the  locus  of  the  middle  point  of  PD  is  the  ellipse  —  -f  ^  =  -J-. 

27.  A  line  is  drawn  parallel  to  the  minor  axis  at  a  point  midway 
between  the  focus  and  corresponding  directrix ;  show  that  the  pro- 
duct of  the  perpendiculars  on  it  from  the  ends  of  any  chord  passing 
through  that  focus  is  constant. 

28.  If  P,  D  be  the  points  of  contact  of  perpendicular  tangents 
to  an  ellipse,  and  p,  d  are  the  corresponding  points  on  the  auxiliary 
circle,  then  Cp  and  Cd  are  conjugate  diameters. 

29.  Prove  that  the  sum  of  the  products  of  the  perpendiculars  from 
the  ends  P,  P'  and  D,  D'  of  a  pair  of  conjugate  diameters  on  any 
tangent  to  an  ellipse  is  equal  to  the  square  of  the  perpendicular  from 
the  centre  on  that  tangent. 
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30.  If  P,  p  are  corresponding  points  on  the  ellipse  and  major 
auxiliary  circle  (Fig.  49)  ,  and  CP  be  produced  to  meet  the  auxiliary 
circle  in  g,  show  that  the  tangent  at  P  on  the  ellipse  corresponding 
to  g,  is  perpendicular  to  Q>,  and  cuts  off  from  Cp  a  length  equal 
to  OP. 

31.  If  a  pair  of  tangents  to  an  ellipse  are  perpendicular  to  each 
other,  the  product  of  the  perpendiculars  from  the  centre  and  from  the 
intersection  of  the  tangents  on  the  chord  of  contact  is  constant. 

32.  Tangents  to  an  ellipse  are  perpendicular  to  each  other  ;  find 
the  locus  of  the  middle  point  of  the  chord  of  contact. 

33.  Normals  at  the  ends  P  and  D  of  any  pair  of  conjugate  diam- 
eters intersect  on  the  curve 

2  (aV  +  &V)3  =  aV(aV  -  b2y2  )2. 


34.   If    tangents    at    any   two   points   P  and   Q  on   the   ellipse 
—  +—  2=  1  meet  in  T(h,lt),  then,  if  /?  is  the  angle  between  them, 


If  /3  ==  90,  then  the  locus  of  the  intersection  is  the  director  circle 


35.  If  the  points  T,  P,  Q  in  the  last  example  are  joined  to  the 
focus  $,  then 

ST2     =tf     h2 
SP-SQ     tf^a? 

36.  If  the  normals  at  the  ends  of  the  focal  chord  P'p  (Fig.  46) 
meet  in  JJ,  then  the  line  HQ  parallel  to  the  major  axis  will  bisect 
this  chord. 


CHAPTER  VIII. 

THE  HYPEKBOLA  —0  —  ^  =  1. 

a2      b2 

Secants,  Tangents,  Normals,  and  Polars. 

1 54.  As  the  equations  of  the  hyperbola  and  ellipse  only  differ 
in  the  sign  of  the  square  of  the  semi-conjugate  axis  62,  it  follows 
that  the  proof  of  many  of  the  propositions  relating  to  the  hyper- 
bola is  the  same  as  for  the  ellipse,  and  in  the  results  it  is  only 
necessary  to  change  b2  to  —  b2. 

1 55.  The  following  results  may  be  used  for  review : 

I.   The  secant  through  P'(x'y')  and  P"(x"y"),  and  the  tan- 
gent  of  the  angle  it  makes  with  the  axis  of  X. 


(a) 


a2 
_  b*(x'  +  x") 


_y(y>  +  y><)=l^yY       (Art  136) 

0  CL  0 


II.   The  equations  of  the  tangent  at 
and  in  the  normal  form  (Arts.  137,  139). 


,  in  terms  of  m, 


(a) 


_. 
a2       62 

y  =  mx  ±  Vct2m2  —  62. 

x  cos  a  +  y  sin  a  =  a  Vl  —  e2  sin2  a. 
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III.   The  values  of  m  for  tangents  to  the  hyperbola  which 
pass  through  the  point  (A,  &)  (Art.  140). 


kh  ±  -Va?k2  -  b*h2  +  a?b2 


IV.   The  equations  of  the  normal  at  (V?/'),  in  terms  of 
and  in  the  normal  form  (Arts.  137,  139). 


(c)  x  cos  a  -f  y  sin  a  = 

Vl-e2cos2a 


V.   The  polar  of  the  point  (A,  A?)  (Art.  14.2). 


VI.  The  equation  of  the  director  circle  (Art.  144). 
(a)  a2  +  y2  =  a2  -  62. 

This  circle  is  real  for  a  >  6,  a  point  circle  for  a  =  5,  and  an 
imaginary  circle  for  b  >  a. 

VII.  The  equation  of  the  major  auxiliary  circle  (Art.  145). 

(a) 


VIII.  The  tangent  bisects  the  angle  SP'S'  between  the  focal 
distances  of  any  point  on  the  curve,  and  the  normal  bisects  the 
supplementary  angle  (Fig.  50). 

This  proposition  is  proved  in  the  same  way  as  the  correspond- 
ing one  for  the  ellipse  (Art.  146).  A  simple  proof  is  as  follows: 
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In  the  right  triangles  P'SR  and  P'S'R',  the  sines  of  the  angles 
SP'R  and  S'P'R'  are     ^     and          -     But  by  Art.  148, 


therefore  SP'T=S'P'T,  and  the  normal  bisects  the  supple- 
ment of  SP'S'. 


FIG.  60. 


IX.   All  the  results  in  Arts.  147,  148,  149, 150,  are  true  for 
the  hyperbola. 


X.   The  locus  of  the  middle  points  of  a  system  of  parallel 
chords,  having  a  direction  parameter  m  (Art.  151). 


(a) 


~>   or  y  =  — -  x  =  m'x. 
cry  a?m 
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b2 
XL   For  a  pair  of  conjugate  diameters  mmf  =  -%  (Art.  151, 

VI.).  Since  the  product  mm'  of  the  tangents  of  the  angles 
which  the  conjugate  diameters  make  with  the  axis  of  X  is 
positive,  it  follows  that  both  angles  are  acute  or  both  obtuse, 
and  that  both  diameters  lie  on  the  same  side  of  the  conjugate 
axis  BB'. 

52 

XII.   Since  the  product  mm1  =  —~  is  constant,  it  follows  that 

a 

as  one  angle  increases,  the  other  diminishes,  and  the  conjugate 
diameters  will  finally  coincide  with  the  diagonals  of  the  rect- 
angle described  on  the  axes  AAf  and  BB1  of  the  curve.  The 
equations  of  the  diagonals  are 

b  b 

y  =  -x  and  y  =  --cx. 


EXERCISES    ON    TANGENTS    AND    NORMALS. 
Given  the  equations 

xx'     yy'  ,    a?x     b2y 

-2-^  =  1    and    -T4--f  =  a2e2 
a2       b2  x'       y' 

of  the  tangent  and  normal  at  the  point  P'(x'y')  (Fig.  50),  to  find  the 
following  lines  : 

1.    CT=-. 

x' 


- 
or 


2.    C 

T'--62. 

3.    CG  = 

y1 

5.    2 

x'2  —  a2 

67VT/7 

x' 

8.   JV 

-'G'  =  ^'. 

10 


b2y' 


11.   Given  P'(x'y'),  S(ae,  0),  S(—ae,  0);  show  by  (a)  (Art.  4) 
that  P>S'  =  ex'  +  a  =  r',  P'S  =  ex'-a  =  r. 
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12.  The  equations  of  PS'  and  PS  are 

y(x'  +  ae)  -y'(x  +  ae)  =  0,     y(x'  -  ae)  -y'(x-  ae)  =  0. 

13.  The  equations  of  the  perpendiculars  8'R',  SB,  CK  on  the 
tangent  are 

tfy'x  +  a8ey'  =  0,     tfx'y  +  aYa;  -  asey'  =  0,    6V?/  +  a?y'x  =  0. 


14.    Show  by  Art.  44  that 

tan  SPT=  tan  S'P'T"  = 


15.   ^2  =      -  16.    ^^'  =       .  17. 

r'  r  rr 


18.   P=-rr'.  19. 

a2 


20.  /S'J?  •  S'R'  =CK.PG=-W. 

21.  CK.P'G'  =  a2.      22.   P'G  .  P'G'  = 


23.  The  equation  of  the  hyperbola  whose  vertex  bisects  the  dis- 
tance between  the  centre  and  focus  is  3  x2  —  y2  =  3  a2. 

24.  If  the  distance  between  the  foci  is  2c,  and  e  is  the  eccentricity, 
the  equation  of  the  hyperbola  is  ^  ---  ^  -  =  1. 

C          (r  ^6   —  Lj 

25.  The  sum  of  the  focal  distances  of  any  point  P'(x'yf)  on  the 
hyperbola  is  2  ex'. 

26.  If  an  ellipse  and  an  hyperbola  have  the  same  foci,  their  tan- 
gents at  the  points  of  intersection  are  perpendicular  to  each  other. 

27.  For  the  points  (±       ^     ->    ±        b*      \  on  the  hyperbola, 

V     Va2-62          V«2-W 
the  subtangent  is  equal  to  the  subnormal. 
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Diameters  of  the  Hyperbola. 
156.  If  a   diameter   PPf,    y  =  m'x,    meets    the    hyperbola 

2  2 

—  —  ^-  =  1    in  real  points,   its   conjugate  DD\    y  =  m#, 
meet  the  curve  in  imaginary  points.     (Fig.  51.) 


FIG.  61. 


The  abscissas  of  the  points  of  intersection  of  the  diameters 
y=m'x  and  y  =  mx  with  the  hyperbola  are 


(a) 
(6) 


7  Q  7  7 

Since  mfm  =  -g,  m'  <  ~  when  m>~-     The  roots  of  (a)  are 


real    for   w'2  <  —%  while  the  roots  of  (5)  are   imaginary   for 
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w2<-,  and  conversely.      Therefore  one   conjugate   diameter 

meets  the  hyperbola  in  real  points,  and  the  other  in  imaginary 
points. 

I.  If  m'  =  -»  then  m  =  -»  and  the  roots  of  both  (a)  and  (5) 

a  a 

are  infinite ;  that  is,  the  hyperbola  approaches  the  diagonals  of 
the  rectangle  described  on  the  axes  as  the  values  of  the  coordi- 
nates of  the  points  of  intersection  approach  infinity. 

II.  Asymptotes.  —  An  asymptote  of  a  conic  is  a  straight  line 
which  the  curve  constantly  approaches,  to  within  any  assign- 
able distance  however  small,  but  never  meets. 

The  diagonals  of  the  rectangle  described  on  the  axes  of  the 
hyperbola  are  its  asymptotes,  since  the  curve  meets  these  lines 
at  infinity. 

The  equations  of  the  asymptotes  y  =  -x,  y  = x  may  be 

found  as  follows : 

The  abscissas  of  the  points  in  which  the  line   y  =  mx  +  c 

intersects  the  hyperbola  -§  —  C  =  1  are  given  by  the  quadratic 
equation 

or  (b2  -  aV)  x2-2  tfmcx  -  a2<?  -  a2b2  =  0.  (a) 

If  both  the  intersections  of  the  line  y  =  mx  +  c  and  the 
hyperbola  are  at  infinity,  then  both  roots  of  (a)  must  be 
infinite,  and  by  Art.  20, 

62  —  a2m2  =  0   and   2  a2mc  =  0. 
Therefore  m  —  ±  -  and  c  =  0,  and  y  =  mx  +  c  becomes 
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the  equations  of  the  asymptotes. 

III.  When  the  transverse  axis  A  A  is  real,  and  the  conjugate 

x2      y2 

axis  BB'  is  imaginary,  —  —  ^  =  1  is  called  the  primary  hyper- 
bola; when  BB'  is  the  real  or  the  transverse  axis,  and  AA  is 
the  imaginary  or  the  conjugate  axis,  ^ 2  =  ^  *s  ca^ec^  ^ne 

conjugate  hyperbola ;  that  is,  these  two  hyperbolas  are  conjugate 
to  each  other. 

IV.  If  the  diameter  PP',  y  =  m'x,  meets  the  primary  hyper- 
bola in  real  points,  its  conjugate  diameter  DD',  y  =  mx,  will 
also  meet  the  conjugate  hyperbola  in  real  points.     (Fig.  51.) 

For  the  intersections  of  y  =  m'x  and  the  primary  hyperbola, 
and  for  the  intersections  of  y  =  mx  and  the  conjugate  hyper- 
bola, the  respective  roots  are 


(a) 


70 

The  roots  of  (a)  are  real  for  mf2  <  — ,  and  the  roots  of  (6) 

70  ^ 

are  also  real  for  m2  >  — •    Therefore  a  pair  of  conjugate  diam- 
a 

eters  will  meet  both  the  primary  and  conjugate  hyperbolas  in 
real  points. 

If  mr  =  -» then  m  —  -?  and  the  roots  of  both  (a)  and  (b)  are 
a  a 

infinite,  and  y=-x,  y  = x  are  the  equations  of  the  asymp- 
totes of  both  the  primary  and  its  conjugate  hyperbola. 
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V.  To  find  the  coordinates  of  D(x"y")  and  £>'(-%",  —  y"), 
points  on  the  conjugate  hyperbola,  In  terms  of  the  coordi- 
nates (x'y1)  of  the  conjugate  point  P  on  the  primary  hyper- 
bola. (Fig.  51.) 

vf  yn 

The  equations  of   OP  and    CD  are  y  =  —fx  and  y  =  ~x:> 

yr  y"  b*  . 

.*.  m'  =*-?>   m=    „->  and  m'm  —  —<>  becomes 
" 


Since  P(xfyf~)  is  on  the  primary  hyperbola,  and  D(x"y")  is 
on  the  conjugate  hyperbola,  we  have  the  equations  of  condition 


But  (a),  combined  with  (6)  and  (<?)-,  may  be  written 


Therefore  from  (t?)  and  («), 

^  =  ±V,     y  =  ±^',  (e) 

o  a 

which  are  the  coordinates  of  D  and  Dr  in  terms  of  P(x'y'*). 
If  the  points  D  and  D'  refer  to  the  primary  hyperbola,  then 


VI.   If  CP  and  CD  are  semi-conjugate  diameters  of  the  two 
conjugate  hyperbolas,  then  CP2  —  US*  —o?  —  b2. 

For  CP2  -  CD2  =  *»  +  y'2  -         -  ?x<*  (e)  (V.) 


a2 
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If  OP  and  CD  are  semi-conjugate  diameters  of  the  primary 
hyperbola,  then  CD  is  imaginary  ;  but  if  they  are  semi-conju- 
gates of  the  conjugate  hyperbola,  then  CP  is  imaginary. 

If  CD  is  imaginary,  then  CP*  +  CD2  =  a2  —  52,  and  the  sum 
of  the  squares  of  two  conjugate  diameters  is  constant,  as  in  the 
ellipse. 

VII.  Tangents  at  the  ends  P,  P'  and  Z),  D'  of  a  pair  of 
diameters  form,  a  parallelogram. 

The  equations  of  the  tangents  at  P(x'y')  and  P'(—  a?',  —  y') 

are  xrt_yy^_         x(-x')     y(-y')_ 

a2       b2  ~  a2  b2 

b2xf 
But  for  both  of  these  tangents,  m  =  —^—f  ;  therefore  they  are 

parallel.     In  the  same  way  show  that  the  tangents  at  D  and  D' 
are  parallel. 

VIII.  The  area  of  the  parallelogram  formed  by  the  tan- 
gents at  P,  P'  and  Z>,  D',  the  ends  of  a  pair  of  conjugate 
diameters,  is  constant  and  equal  to  4a&,  the  rectangle  de- 
scribed on  the  axes. 

•%*<¥  7777 

The  tangent  at  P(x'y')  is  —  —  ^-  =  1,  and  the  perpendic-, 
ular  CK  on  this  tangent  is  (Art.  42) 
1 


Also,         C=+»»»av+  («)  (V.) 

(j  a  y  d        o  I 

.'.CK-CD  =  ab,   or  ±CK.CD  =  ±db. 

IX.   The  asymptotes  bisect  the  lines  PD  and  PD'.    (Fig.  51.) 
For  (xy),  the  middle  point  of  PD  or  PD'  (e)  (Art.  5), 

2oj  =  »'±y',     2y  =  y'±±x'.  (e)  (V.) 
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which  are  the  equations  of  the  asymptotes. 

X.  The   diagonals  of  the   parallelogram  formed  by  the 
tangents  at  the  ends  P,  P'  and  D,  D1  of  a  pair  of  conjugate 
diameters  are  the  asymptotes  of  the  hyperbola. 

For  in  the  parallelograms  PQDO  and  PR'D'O,  CQ  and  OR' 
bisect  PD  and  PD'  ;  and  therefore,  by  IX.,  QQ'  and  RRf  are 

asymptotes. 

XI.  The  lines  PD  and  PD'  are  parallel  to  the  asymptotes. 
The  coordinates  of  P,  D,  Df  are 


and  therefore  the  tangents  of  the  angles  which  PD  and  PD' 
make  with  the  axis  of  X  are 


(6)  (Art.  4) 


aj'T- 


Therefore  PD  and  PDf  are  parallel  to  RRr  and  {?<?',  respec- 
tively, since  q=  -   are   the   tangents   of  the   angles   which   the 

a 

asymptotes  make  with  the  axis  of  X  (II.). 

XII.    Tangents  at  the  ends  P(x'y')    and  D(-y',  -x*}  of  a 

\b       a    J 

pair  of  conjugate  diameters  meet  on  the  asymptotes. 
Tangents  at  P  and  _D,  on  the  conjugate  hyperbolas 
<*_»•_!       <*      f-      i 

~~o        T^ —  *•!       ~1>        To —        *$ 

a2      62  a2      62 
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By  combining  (a)  and  (5)  we  get  for  Q(xy),  the  point  of 
intersection  of  these  tangents, 

2/  =  2/  +  -a',     x  =  x'  +  ?tf. 
a  6 

But  the  equation  of  the  line  through  C  and  Q  is 

2/'+-z' 
y  a         b 


which  is  the  equation  of  the  asymptote  ;  therefore  Q  is  on  the 
asymptote. 

XIII.  If  2/  =  m'ie,   y  —  mx  cure  conjugate  diameters  of  the 
primary  hyperbola,  they  are  also  conjugate  diameters  of  the 

J2 

conjugate  hyperbola,  since  the  relation  m'm  =  —  is  not  changed 

a2 

when  the  axis  AA'  becomes  imaginary  and  the  axis  BB'  real. 

XIV.  The  portion  QM'  of  any  tangent  intercepted  between 
the  asymptotes  is  bisected  at  the  point  of  tangency,  and  is 
equal  to  the  parallel  diameter  DD'. 

For  in  the  equal  parallelograms  PQDC  and  PR'D'C, 
CD=CD'.     .-.PQ  =  PIt',  and 


XV.  The  portions  of  a  chord  parallel  to  any  tangent  QR', 
intercepted  between  the  conjugate  hyperbolas,  are  equal  ; 
that  is,  EF=E'F'. 

Since  M  is  the  middle  point  of  the  common  chord,  we  have 
and  ME  =  ME'. 


.-.  MF-  ME  =  EF=  MF'  -  ME'  =  E'F'. 


262  PLANE  ANALYTIC  GEOMETRY. 

XVI.  The  portions  EL  and  E'L'  of  the  chord  intercepted 
between  the  primary  hyperbola  and  its  asymptotes  are  equal. 

Since  QR'  is  bisected  at  P,  its  parallel  LL',  intercepted  be- 
tween the  asymptotes,  is  bisected  at  M.  But  ME  =  ME' ; 

.'.ML-ME  =  EL  =  ML'  -  ME'  =  E'L'. 
Also  MF-ML  =FL  =  MF'  -ML'  =  FL'. 

XVII.  The  polar s  of  any  paint  (A,  Jc)   with  respect  to  the 

conjugate  hyperbolas  ^-  —  ^-  =  1 ,  ^- -  =  1  are  parallel. 

or      lr  W     a2 

The  polars  are 

hx     ky  _i      ky     hx  _  ^ 
^~"^":   '     W~^~ 

b2h 

and  have  the  same  direction  parameter  m  =  -57- 

cPk 

XVIII.  The  polar  of  a  point  P(x'y')  on  the  primary  hyper- 
bola with  respect  to  the  conjugate  hyperbola  is  a  tangent  to 
the  primary  hyperbola  at  P',  the  other  end  of  the  diameter 
PP'. 

The  polar  of  P(x'y'}  with  respect  to  the  conjugate  hyper- 
bolais  ^_^-=  x(_x<}  y(-y') 

62       a2  a?  b2        '   ' 

which  is  the  tangent  at  P\—xl,  —yr). 

From  this  it  follows  that  if  from  P,  any  point  on  the  primary 
hyperbola,  tangents  PQ  and  PQ'  are  drawn  to  the  conjugate 
hyperbola,  the  line  QQf  is  a  tangent  to  the  primary  hyperbola 
at  P7,  the  other  end  of  the  diameter  PP1. 

The  Hyperbola  and  the  Eccentric  Angle. 

1 57.   I.  The  coordinates  of  any  point  P(xy)  on  the  hyperbola 

/v2  yZ 

-2  —  P  —  1  can  be  expressed  in  terms  of  the  eccentric  angle  <£, 
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as  in  the  ellipse.    In  the  ellipse  (Art.  152,  III.)  the  coordinates 
of  any  point  P(xy)  were  found  to  be 

x  =  a  cos  <£,     y  =  b  sin  $, 


since 


In  the  same  way  any  point  P(xy)  on  the  hyperbola  may  be 
expressed  by  x  —  a  sec  $,  y  =  b  tan  </>,  since 


- 
or      or 

Also  any  point  P(xy)  on  the  conjugate  hyperbola  may  be 
represented  by  x  =  a  cot  <//,  y  —  b  cosec  <//,  since 

_     =  cosec2  <£'  -  cot2  <£'  =  !. 


II.   To  construct  the  point  P(a  sec  <£,  6  tan  <£)  on  the  hyper- 
bola for  a  given  value  of  <f>.    (Fig.  52.) 


FIG.  52. 
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On  the  axes  describe  the  auxiliary  circles  as  in  Fig.  52.  Let 
A  CM  be  the  given  eccentric  angle,  and  at  the  points  M  and 
M'  draw  the  tangents  MN  and  M'N1. 

Let  CN=x;  then  in  the  right  triangle  NCM,  we  have 
x  cos  $  =  a,  or  x  =  a  sec  $.  Again,  in  the  right  triangle 
Nf  CM',  N'M'  =  b  tan  $=y.  On  the  perpendicular  to  ON 
at  N  lay  off  PN=N'M',  and  P(a  sec  (/>,  6  tan  0)  is  the 
required  point. 

III.  If  P(x'y')  and  D(x"y")  are  the  ends  of  a  pair  of  con- 
jugate diameters  whose  eccentric  angles  are  <£  and  </>',  then 
<£'_!_<£  =  -,  or  <}>'  and  <£  are  complementary  angles.  (Fig.  51.} 

For  the  conjugate  diameters  PP1  and  DD', 

y'      b  tan  d>       6   . 

m'  =  — ,  = ^  =  "  sm  0» 

or      a  sec  <£      a 

y"      b  esc  <£'      6 

m  =  '—r,  = -— -.  =  -  sec  d»r. 

a"      a  cot  <^'     a 

But  for  conjugate  diameters, 

m'm  =  -2  sin  0  sec  <£f  =  ^-  (Art.  155,  XI.) 

CL  a 

.'.  sm<^>  sec  <£'  =1,   or   sin  <£  =  cos  <^>'.     .'.<^'  +  ^>  =  -' 

Therefore  the  coordinates  (a  cot  <£',  b  esc  $')  of  any  point  D 
on  the  conjugate  hyperbola  may  also  be  written  (a  tan  c/>,  6  sec  0) 
in  terms  of  <£,  the  angle  of  the  conjugate  point  P  on  the  pri- 
mary hyperbola ;  and  these  coordinates  also  satisfy  the  equa- 
tion of  the  conjugate  hyperbola,  since 

fi-J  =  Sec2<#,- tan" <*•  =  !. 

The  equations  of  the  conjugate  diameters  PP1  and  DD'  are 

b  b 

y  =  -xsm<j>   and  y  =  - 
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• 

IV.  The  lengths  of  the  semi-conjugate  diameters   OP  and 
CD  are 

CP2  =  a2  sec2  <£  +  b2  tan2  fa 

CD2  =  a2  ism2  cf>  +  b2  sec2  fa 

.-.  OP2  -CD2  =  (a2  -  b2)  (sec2  -  tan2  </>)  =  a2  -  62, 
since  sec2  <£  —  tan2  <£  =  1 ; 

that  is,  the  difference  of  the  squares  of  a  pair  of  semi-conjugate 
diameters  is  equal  to  the  difference  of  the  squares  of  the  semi- 
axes. 

V.  The  equations  of  the  tangents  at  the  conjugate  points  P 
and  D,  in  terms  of  the  eccentric  angle  fa  are 

x  y  xx'      yu' 

-  sec  <£  —  T  tan  $  =  1,   since   — g- — ij=l;  (a) 

a  o  a        o 

y  x  mi'1     xx" 

|sec<£--tan<£=l,   since  ^ r  =  l.  (b) 

o  a  o         a 

VI.  The  equations  of  the  normals  at  the  conjugate  points  P 
and  D,  in  terms  of  <,  are 


fjfY* 

sec  </>      tan  <£  x1        y' 

ax 


since         +      =  *  +  ».     (b) 

x"      y" 


VII.    T/z/e  ?ocz^5  of  the  intersections  of  tangents  at  conjugate 
points  on  conjugate  hyperbolas  is  an  asymptote. 

The  difference  of  the  squares  of  (a)  and  (5)  in  V.  gives 

r) 

y2  =—x2,  the  equations  of  the  asymptotes,  since 


y2     y? 

a  —  -asaO,   or 

62     a2 


v     x\  fy     x\ 
f  +  -  }(%---  1  =  0, 
«/  V&      a/ 
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b  b 

or  y=-»,     2/  =  -^- 

Therefore  the  asymptotes  are  the  diagonals  of  the  parallelogram 
formed  by  tangents  at  the  vertices  of  conjugate  diameters. 

VIII.  The  loci  of  the  intersections  of  the  normals  at  the 
ends  P,  D,  and  P',  D'  of  conjugate  diameters  are  the  lines 

,-f.,  ,— f..         .          ' 

The  difference  of  the  squares  of  (a)  and  (6)  (VI.)  is 
(a2x2  —  b2y2)  (sec2  <£  —  tan2  <J>)  =  0. 

since  sec2  <f>  —  tan2  <£  =  1 . 

IX.  The  tangent  at  P,  Fig.  51,  intersects  the  asymptotes 
QQ'  and  RR1  in  the  points 


Q  [a(sec</>-f-tan<£),         6(sec  <£  +  tan 
and  R'  [a(sec  <f>  —  tan  <£),     —  6(sec  <j>  —  tan 

as  may  readily  be  found  by  combining  y  =  -  x  and  y  —  --  x, 

a  a 

the  equations  of  the  asymptotes,  with  the  tangent  at  P  (a)  (V.). 
In  the  same  way  find  the  coordinates  of 


R  [—  a(sec  <£  —  tan  <£),         6(sec  <f>  — 
u  r) 


u  r)  *Y  ?y 

by  combining  y=-x  and  y  =  --  x  with  -  sec  <£  —  |  tan  <£  =  —  1 

the  tangent  at  P'. 

Combining  the  equations  of  the  asymptotes  with 


y  x 

j-  sec  <£  —  tan  <£  =  —  1  , 
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the  tangent  at  D1  ,  we  shall  find  the  same  coordinates  of  Q'  and 
R!.  It  follows  that  the  products  of  the  abscissas  of  Q  and  R' 
=  a2,  and  the  product  of  their  ordinates  =  —  52,  since 

sec2  <f>  —  tan2  <£  =  1  . 
The  same  is  true  of  the  coordinates  of  Q1  and  R. 

X.    The  lengths  of  CQ  and  CR'  are 


sec  <j>  —  tan  <£  sec  (/>  +  tan  </> 

since  the  distances  of  the  points  Q  and  Rf  from  the  centre  C 
are  the  square  roots  of  the  sums  of  the  squares  of  their  coordi- 
nates. 

XI.  The  product  of  the  intercepts  made  by  any  tangent 
upon  the  asymptotes  is  constant. 

For  by  X.,   CQ  -  CR1  =  a2  +  52. 

XII.  The  area  of  the  triangle  made  ~by  any  tangent  and 
its  intercepts  on  the  asymptotes  is  constant. 

The  area  of  the  triangle  QCR'  is  ±CQ  -  CRsm  QCR'.  But 
the  product  CQ  •  CR'  is  constant  by  XI.,  as  well  as  sin  QCR', 
since  the  angle  between  the  asymptotes  is  constant. 

XIII.  Prove  that  CQ2  +  US'2  =  2  (CP2  +  OZ?)  . 
This  follows  from  X.  and  IV. 

XIV.  The  foci  S,  S',  F,  F'  of  the  primary  and  conjugate 
hyperbolas,  and  the  vertices  of  the  rectangle  on  the  axes,  are 
all  equidistant  from  the  centre  C. 

For  by  Art.  101,  XII., 

CS  =  OS'  =  ae  =  V^+T2,     CF=  CF'  =  6e'=Va2  +  &2, 

which  are  also  the  lengths  of  the  semi-diagonals  of  the  rectangle 
described  on  the  axes. 


[  I 


I!   liill 


...il 

intersect  in  the  four  points 


Va2  +  62  a2  + 

But  these  points  are  on  the  major  auxiliary  circle,  since 
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12 

The  directrices  y  =  ±  — =   of  the  conjugate  hyperbola 

T/a2  +  b2 

and  the  asymptotes  intersect  in  the  four  points 
ab  b2 


which  are  on 


the  minor  auxiliary  circle. 


EXERCISES    ON    THE    ECCENTRIC   ANGLE. 

1.   The  equations  of  the  conjugate  diameters  PP'  and  DDf,  Fig. 
51,  are 

b     .  b 


2.  Find  the  equations  and  lengths  of  the  conjugate  diameters  for 
<£  =  0,  30°,  45°. 

3.  The  equations  of  the  lines  PD  and  PD1  are 

ay  +  bx  =  a6(tan  <j>  +  sec  <f>)  ,     ay  —  bx  =  a6(tan  <£  —  sec  <£)  . 

4.  The  lines  PD  and  P'D'  are  parallel  to  the  asymptote  ER1  ;  the 
lines  PD'  and  D'P'  are  parallel  to  the  asymptote  QQ'. 

5.  The  lengths  of  PD  and  PD'  are 

ae  (sec  <£  —  tan  <£)     and    ae  (sec  <£  +  tan  <£)  . 

6.  Show  by  Art.  4  that  the  lengths  of  the  focal  distances  PS1  and 
PS  are 


a(e  sec  <£  +  !),     a(esec<£  —  1). 

7.   The  equations  of  PS'  and  PS  are 

2/a(sec  <£  +  e)  —  xb  tan  <£  —  abe  tan  <£  =  0, 
ya(sec  <}>  —  e)  —  xb  tan  <£  +  a6e  tan  </>  =  0. 
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8.    The  equations  of  the  internal   and   external  bisectors  of  the 
angle  between  the  focal  distances  PS1  and  PS  are,  by  Art.  52, 


the  equations  of  the  tangent  and  normal  at  P. 

9.  Find  the  eolations  of  the  conjugate  diameters  PP>  and  DD', 
and  show  that  they  are  parallel  respectively  to  the  tangents  at  D  and  P. 

10.  Show  that  the  value  of   the  eccentric  angle  of  the  point 
P  is   <£  =  tan"1  when   CP  =  ae  ;    also,   for  the   point  D, 

6 

<£'  =  cot"1  — e--r—  when  CD  =  be1. 

6 

11.  Find  the  value  of  <£  for  the  upper  end  of  the  latus-rectum  of 
the  right-hand  branch  of  the  primary  hyperbola ;  also,  the  value  of  <£ 
for  the  right-hand  end  of  the  latus-rectum  of  the  upper  branch  of  the 
conjugate  hyperbola. 

12.  Prove  that  the  tangents  to  the  conjugate  hyperbola  at  the 
points  where  it  is  cut  by  the  tangent  at  the  vertex  A  of  the  primary 
hyperbola,  pass  through  the  other  vertex  A'. 

13.  Find  the  tangents  to  the  primary  and  conjugate  hyperbolas 
for  </>  =  90°  and  270°. 


14.  If  the  normal  at  P  meets  the  coordinate  axes  in  G  and 

a 


show  that  GG'  =  -e*CD. 


15.  If  the  tangent  at  P  meets  the  coordinate  axes  in  T  and  T', 
show  that  TT1  =  CD  cos  <£  cot  <£. 

16.  Show  that  PG2  =  b2(e2  sec2  <£-!)  =  ~2 CD*. 

17.  Prove  that  a  tangent  at  P,  Fig.  52,  will  pass  through  the  foot 
of  the  ordinate  of  M. 
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The  Hyperbola  referred  to  Conjugate  Diameters. 

1 58.  To  find  the  equation  of  the  hyperbola  referred  to  a 
pair  of  conjugate  diameters  as  coordinate  axes.     (Fig.  51.) 

The  solution  is  the  same  as  for  the  ellipse  (Art.  153).     We 
shall  find  for  the  squares  of  the  new  semi-axes, 

22  =  OP2  =  a' 2,  real  for  tan  0  <  -  ; 


b2  cos2 0  -a2  sin2 0 

a*b*      .        =  -  CD2  =  -6'2, imaginary  for  tanfl' >  -• 


Therefore  — ^  —  ?^  —  1  is  the  required  equation  of  the  hyper- 
bola referred  to  a  pair  of  conjugate  diameters  as  axes. 

y2     x2 

I.  The  same  transformation  will  give  the  equation  f^ ^  — 1 

a         2  o       a 

iy>&  ya 

of  the  conjugate  hyperbola,  and  — ^  —  j-^  —  0,  the  equations  of 
the  asymptotes. 

II.  Since  these  equations  of  the  conjugate  hyperbolas  and  the 
asymptotes  are  of  the  same  form  as  when  referred  to  the  axes, 
it  follows  that  all  propositions  upon  the  hyperbola  which  have 
not  assumed  rectangular  axes  will  still  hold  when  a  pair  of 
conjugate  diameters  are  the  coordinate  axes. 


The  Hyperbola  referred  to  its  Asymptotes. 

1  59.  To  find  the  equation  of  the  hyperbola  referred  to  the 
asymptotes  as  coordinate  axes.     (Fig-  51.) 

For  the  asymptotes  m  =  -  and  ml  =  --  ;   and  therefore,  if 


ACQ  =  0  and  ACE'  =  0'=  -  6, 

a2  H-  62 


sin  6  =  —  ?     cos  0  — 
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sin  0'  =  - 


COS0'  = 


Va2  +  62 

The  equations  of  transformation  (#)  (p.  49)  become 
bx'  by'  b       ,,     ,,. 


x2      y2 
Substituting  these  values  of  x  and  y  in  -^  —  ^  =  1,  and  omit- 

ting the  primes,  we  get 


=   or 


a?-\-b2 


the  required  equation. 

The  equation  of  the  conjugate  hyperbola  referred   to   the 

a2  -f  62 
asymptotes  as  coordinate  axes  is  xy  —  --  -  —  • 

1  60.  To  -find  the  equations  of  the  secant  and  tangent  for 

the  hyperbola  xy  =  ^-^  — 
4 

I.    The  Secant.  —  For  two  points  (x'y')  and  (xnyn)  on  the 
hyperbola, 


'  —    "  " 


y  —  y  y 

•'>  =  ->  =  m> 


and 


-m-m-t   or 

x  y"  x' 


=  o,          (a) 


is  the  equation  of  the  secant. 
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II.  The  Tangent.  — For  tangency  xrr  =xr,  y"  =«/',  and  (a) 
reduces  to 

f+J=2' 

the  required  equation  of  the  tangent. 

III.  The  intercepts  of  the  tangent  on  the  asymptotes  are 
x  —  2x',  y  =  2y' ;  therefore  the  part  of  the  tangent  intercepted 
between  the  asymptotes  is  bisected  at  the  point  of  tangency. 

Equilateral  or  Rectangular  Hyperbolas. 

161.  An  hyperbola  is  equilateral  when  its  axes  are  equal; 
that  is,  for  b  =  a.     The  equilateral  conjugate  hyperbolas  are 

o              n               o               Q  Q  n 

rp&  __   f\t&  f*&  /)i" rp&  —    /-f^ 

JIT  —  y  —  a,     y  —  JL  —  a. 

These  hyperbolas  referred  to  the  asymptotes  as  coordinate 
axes  are 

xy  =  -    and   xy  =  --* 
2  2 

When  b  =  a,  the  angle  between  the  asymptotes  is 

0  =  2tan~1l=-; 
2 

that  is,  the  asymptotes  are  at  right  angles  to  each  other.  For 
this  reason  these  hyperbolas  are  also  called  rectangular  hyper- 
bolas. 

I.  Any   two   conjugate   diameters   of   conjugate  equilateral 
hyperbolas  are  equal ;  for 

CP2  _  CD2  =  a2-b2=0.  (Art.  156,  VI.) 

II.  These   equi-conjugate   diameters    <7P,    CD   make   equal 
angles  with  the  asymptotes ;  for  CPD  is  an  isosceles  triangle, 
and  the  asymptote  bisects  PD  (Art.  156,  IX.). 
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III.    The  eccentricity  of  an  equilateral  hyperbola  is  V72 ;  for 

0      ,        , 
=  2  when  o  =  a. 


IV.  The  latus-rectum  =  2a  when  b  =  a. 

a 


Problems  on  the  Hyperbola. 

x2      w2 

1.  If  the  straight  line  y  =  mx  +  c  meets  the  hyperbola  —  —  *-  =  1 

in  two  points,  one  of  which  is  at  a  finite  and  the  other  at  an  infinite 
distance  from  the  origin,  show  that  this  straight  line  is  parallel  to  an 
asymptote. 

2.  If  a  straight  line  cuts  an  hyperbola  in  the  points  P  and  P',  and 
its  asymptotes  is  Q  and  Q',  show  that  the  middle  of  PP'  is  also  the 
middle  of  QQ'. 

3.  If  P^Vand  PM are  the  perpendiculars  from  P  on  any  coordinate 
axes  OA  and  OB,  find  the  locus  of  P  when  the  area  of  OMPN  is 
constant. 

4.  The  ordinate  PN  of  an  hyperbola  produced  meets  the  asymp- 
tote in  Q  ;  the  normal  at  P  meets  the  axis  of  X  in  G  ;  show  that  QG 
is  perpendicular  to  the  asymptote. 

5.  If  e  and  e'  are  the  eccentricities  of  the  primary  and  conjugate 
hyperbolas,  then  -  +  -^  =  1. 

6  £ 

6.  If  any  number  of  hyperbolas  have  the  same  transverse  axis, 
show  that  the  tangents  to  these  hyperbolas  having  the  same  abscissa 
all  pass  through  the  same  point  on  the  transverse  axis. 

1.  If  the  tangent  at  any  point  P  on  the  hyperbola  intersects  the 
axis  in  T,  and  CP  meets  the  tangent  at  the  vertex  A  in  E,  then  ET 
is  parallel  to  AP. 

8.  A  and  A'  are  the  vertices  of  a  rectangular  hyperbola,  P  is  any 
point  on  the  curve  ;  show  that  the  internal  and  external  bisectors  of 
the  angle  APA'  are  parallel  to  the  asymptotes. 
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9.  Show  that  the  coordinates  of  the  points  of  intersection  of  two 
tangents  to  an  hyperbola  referred  to  its  asymptotes  as  axes  are  har- 
monic means  between  the  coordinates  of  the  points  of  contact. 

10.  The   straight   lines  drawn  from  any  point  of  an  equilateral 
hyperbola  to  the  extremities  of  any  diameter  are  equally  inclined  to 
the  asymptotes. 

11.  Find  the  condition  that  the  line  lx-{-my  =  l  should  touch  the 
hyperbola -2- 1  =  1. 

12.  Find  the  points  in  which  the  tangents  from  0,  the  foot  of  the 
directrix,  touch  the  hyperbola,  and  the  angle  they  make  with  the 
transverse  axis. 

13.  A  tangent  at  the  end  of  the  latus-rectum  through  the  focus  S 
meets  any  ordinate  PN  produced  in  R  \  show  that  PS  —  NR. 

14.  If  a  tangent  at  any  point  P  on  the  hyperbola  cuts  the  tangents 
at  the  vertices  A  and  A'  in  the  points  T  and  T',  then  AT  -  AT  =  W. 

15.  If  in  an  hyperbola  3  CA  =  2  (7$,  find  the  angles  of  the  asymp- 
totes with  the  transverse  axis. 

16.  If  from  a  point  Pon  an  hyperbola  P/iTis  drawn  parallel  to  the 
transverse  axis,  cutting  the  asymptotes  in  Q  and  R,  then  PQ  •  PR=a? ; 
if  PK  is  drawn  parallel  to  the  conjugate  axis,  then  PQ  •  PR  =  62. 

17.  If  from  a  point  P  on  an  hyperbola  PN  be  drawn  parallel  to 
the  asymptote  meeting  the  directrix  in  JV,  then  P8=PN. 

18.  The  tangent  at  P  meets  the  transverse  axis  of  the  hyperbola 
in  T ;  connect  P  with  the  vertices  A,  A  ;  the  perpendicular  to  AA 
at  T  meets  PA  and  PA  in  Q  and  R ;  show  that  QR  is  bisected  at  T. 

19.  Find  the  eccentricity  and  latus-rectum  of  the  hyperbola 


20.   In  an  equilateral  hyperbola  the  eccentricity  is  the  ratio  of  the 
diagonal  of  a  square  to  its  side. 
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21.  If  a  tangent  at  P  on  an  hyperbola  is  intersected  by  the  tan- 
gents at  the  vertices  in  the  points  Q  and  R,  the  circle  described  on 
QR  as  a  diameter  will  pass  through  the  foci. 

22.  At  what  point  on  an  hyperbola  are  the  subtangent  and  sub- 
normal equal  to  each  other? 

x*       v2 

23.  The  line  x  =  3y  is  a  diameter  of  the  hyperbola 2—  =  1  ; 

find  the  equation  of  the  conjugate  diameter. 

24.  Find  the  condition   that   the   line  -  +  y-  =  I    shall  touch  the 

o      a 

hyperbola  ^-^  =  1.  Arts,  e4  -  e2  -  1  =  0. 

cr      cr 

25.  Show  that  the  linear  equation  of  the  right-hand  branch  of  the 
hyperbola  when  a  focus  is  the  origin  is  r  =  ex  ±  a(l  —  e2) . 

26.  A  perpendicular  is  drawn  from  the  focus  of  an  hyperbola  to  an 
asymptote ;  show  that  its  foot  is  at  the  distances  a  and  b  from  the 
centre  and  focus  respectively. 

27.  Show  that  the  distances  cut  off  from  the  normal  to  an  hyper- 
bola by  the  axes  are  in  the  ratio  of  a2 :  b2. 

28.  A,  A'  are  the  ends  of  a  fixed  diameter  of  a  circle,  and  P,  F 
are  the  ends  of  any  chord  perpendicular  to  this  diameter ;  show  that 
the  locus  of  the  point  of  intersection  of  AO,  AP,  and  A'P'  is  a  rec- 
tangular hyperbola. 

29.  A  series  of  chords  of  the  hyperbola  — 2  —  ^  =  1  are  tangents 

to  the  circle  described  on  the  distance  between  the  foci  of  the  hyper- 
bola as  a  diameter ;  show  that  the  locus  of  their  poles  with  reference 

to  the  hyperbola  is  —  +  ^  =  — 

a4      64      a2  +  b2 


CHAPTER  IX. 

THE  GENERAL  EQUATION  OP  THE  SECOND   DEGREE, 
Ay?  +  2Hxy  +  By2  +  2  Gx  -f  2Fy  +  (7=  0. 

162.  In  the  preceding  chapters  we  have  found  that  the  equa- 
tions of  the  conic  sections  are  always  of  the  second  degree.     In 
this  chapter  it  is  proposed  to  show  that  the  general  equation  of 
the  second  degree,  which  for  brevity  in  writing  we  shall  usually 
denote  by  S  =  0  and  designate  by  the  conic  S  =  0,  always  rep- 
resents  a   conic  section   for  all  real  values  of   the  arbitrary 
constants  JL,  H,  B,  6r,  F,  0. 

We  may  assume  that  the  locus  represented  by  8  =  0  is 
referred  to  a  pair  of  rectangular  axes;  for  if  not,  we  may 
transform  to  a  pair  of  rectangular  axes  without  changing  the 
degree  of  the  equation  (Art.  22). 

163.  To  show  that  S=  0  always  represents  a  conic  section; 
or  that  the  conic  is  the  only  curve  of  the  second  order. 

I.   If  H  =  0,  then  tf  =  0  becomes 

C=  0,  (a) 


by  completing  the  squares  (Art.  112). 

(G"        ]F\ 
--  »  —  -  J  as  the   origin,  ,then 
A       JjJ 

(a)  reduces  to 


+ 
A      B 
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If  A,  B,  K,  have  like  signs,  then  (V)  denotes  an  ellipse  ;  but 
if  A  or  B  has  a  sign  different  from  JT,  then  (V)  denotes  an 
hyperbola. 

It  follows,  then,  that  the  axes  of  the  conic  (a)  are  respectively 
parallel  to  the  coordinate  axes. 

II.  If  K=  0,  then  Ax2  -f  By2  =  0  denotes  two  intersecting 
straight  lines  passing  through  the  point  f  —  7'  ~~~TD)'  rea^  ^nes 

when  A  and  B  have  unlike  signs,  and  imaginary  lines  when  A 
and  B  have  like  signs. 

III.  In  addition  to  H=  0,  A  and  B  cannot  both  be  zero  ;  for 
this  would  reduce  S  =  0  to  an  equation  of  the  first  degree. 

But  suppose  that  H=  0  and  A  =  0,  then  (a)  becomes 

=0,  (a") 


or 


or 


and  denotes  a  parabola  whose  axis  is  parallel  to  the  axis  of 
and  whose  vertex  is  ( —         — »  —  •=)  (Art.  112). 

\     2  Jo  (JT  Jo) 

If  6r  also  equals  zero,  then  (a")  becomes 


and  represents  two  parallel  straight  lines. 

If  now  we  can  show  that  the  term  %Hxy  can  be  made  to 
disappear  by  referring  the  locus  to  a  new  pair  of  rectangular 
axes,  the  origin  remaining  the  same,  then  it  will  follow  that 
8  =  0  always  represents  a  conic  section. 
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164.  To  transform  S=0  to  a  new  pair  of  rectangular  axes, 
the  origin  remaining  the  same,  such  that  the  term  contain- 
ing the  product  xy  of  the  coordinates  shall  disappear. 

The  formulas  for  transforming  to  a  new  pair  of  rectangular 
axes,  in  which  6  denotes  the  angle  which  the  new  axis  of  X 
makes  with  the  old  one,  are  (Art.  21,  c) 

x  =  x'  cos  0  —  y'  sin  0,     y  =  x'  sin  0  +  y'  cos  0. 

Substitute  these  values  of  x  and  y  in  8  =  0,  and  it  becomes, 
omitting  primes,  and  reducing, 

(A  cos2  B  +  2  ITsm  0  cos  6  +  B  sin^or5 
+  2  [.ff(cos2  0  -  sin2  0)  —  (A  -  B)  sin  0  cos  0]  xy 
+  (A  sin2  0  —  2  H  sin  0  cos  0  +  B  cos2  0)y2 
+  2(GcoaO  +  FsmO)x  +  2(FcosO—GsmO)y  +  C=0.     (a') 
But  the  term  containing  xy  will  disappear  if 
JET(cos2  0  -  sin2  0)-(A-  B)  sin  0  cos  0  =  0, 


or        tan20  =  ,   or  6  = 


—  .B 


This  value  of  6  is  always  real,  and  therefore  it  is  always 
possible  to  remove  the  term  from  S=Q  which  contains  the  product 
of  the  coordinates. 

If  now  we  substitute  this  value  of  0  in  the  coefficients  of 
a?,  #2,  as,  y,  and  denote  the  results  by  A',  B1,  2  #',  2  JF;,  then 
equation  (a')  becomes 

^'z2  +  B'y2  +  2  £'a>  +  2^  +  O=  0. 

But  this  equation  is  now  of  the  same  form  as  (a)  in  Art.  163, 
and  therefore  8  =  0  always  represents  a  conic. 

We  can  most  readily  find  the  functions  of  the  coefficients 
which  characterize  the  different  conies  represented  by  S  —  0  by 
solving  the  following  problem. 
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165.  To  find  the  points  in  which  the  conic  8=0  is  cut  ~by 
any  straight  line  drawn  through  the  origin. 

I.  It  will  be  simplest  to  use  polar  coordinates.  Place  the 
pole  at  the  origin,  and  let  the  axis  of  X  be  the  polar  axis  ; 
then,  Art.  12,  x  =  r  cos  6,  y  =  r  sin  6,  and  S  =  0  becomes  the 

quadratic 

(A  cos2  6  +  2  Hsin  0  cos  0  +  B  sin2  0)r> 

cos  0  +  ^sin  0)r  +  (7=  0.  (a') 


Since  0  can  have  all  values  from  0  to  2-73-,  the  radius  vector, 
r,  must  cut  the  conic  S  =  0  ;  but  for  no  value  of  6  can  it  ever 
cut  S  =  0  in  more  than  two  points.  But  these  points  may  be 
real  or  imaginary,  and  at  finite  or  infinite  distances  from  the 
origin. 

II.  To  find  for  what  values  of  B  the  radius  vector,  r,  will 
cut  S  =  0  in  one  finite  point,  and  in  one  point  at  infinity. 

If  (V)  has  one  finite  root  and  one  infinite  root,  then,  Art.  20, 
the  finite  root  is  given  by  the  equation 

2(£cos0  +  .Fsm<9)r+C'=0,  (6) 

and  the  directions,  or  values  of  0  for  which  r  is  infinite,  are 
given  by  the  equation 

^cos20  +  2#sin0  cos  0  +  £  sin2  0  =  0,  (c) 

or  B  tan2  0  +  271  tan  6  +  A  =  0. 

Solving,  we  get 


which  shows  that  there  can  be  drawn  through  the  origin  two 
real  different  straight  lines,  or  two  coincident  ones,  or  two  imagi- 
nary ones,  which  will  cut  the  conic  8  =  0  at  infinity,  according 
as  H*—AB  >  0,  =  0,  or  <  0  ;  and  that  each  of  these  lines  will 
also  meet  the  conic  S  =  0  in  the  finite  point  given  by  (6). 
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It  appears,  then,  that  the  conic  S  =  0  has  two  infinite  branches 
when  ff2  —  AB  >  0,  one  infinite  branch  when  H2  —  AB  =  0,  and 
no  infinite  branch  when  H2  —  AB  <  0.  Therefore 

H2  —  AB  >  0  is  the  cJiaracteristic  of  the  hyperbola; 
H2  —  AB  =  0  is  the  characteristic  of  the  parabola; 
H2  —  AB  <  0  is  the  characteristic  of  the  ellipse. 

It  follows  that  A  and  B  must  have  like  signs  for  the  ellipse 
and  parabola,  and  unlike  signs  for  the  hyperbola. 

If  we  multiply  (c)  by  r2,  and  introduce  x  and  y,  we  get 

0,  (d) 


the  equation  of  the  two  straight  lines,  drawn  through  the  origin, 
which  meet  the  conic  S  =  0  in  points  at  infinity. 

III.  To  find  the  position  of  the  origin  which  will  make 
the  terms  in  S  =  0  of  the  first  degree  in  x  and  y  disappear. 

If  the  roots  of  (a')  are  equal  and  with  opposite  signs  for  all 
values  of  0,  then  by  the  theory  of  equations  the  coefficient  of 
the  first  power  of  r  must  disappear  ;  that  is,  6r  cos  6  +  Fsm  6  —  0 
for  all  values  of  6.  Therefore  Gr  =  0,  F  =  0,  are  the  required 
conditions.  It  follows  that  the  origin  now  bisects  all  chords 
drawn  through  it,  and  is  therefore  the  centre  of  the  conic. 

But  these  conditions  also  make  the  root  r,  of  (V),  which  is 
determined  by  equation  (6),  infinite  /  hence  two  lines  respec- 
tively parallel  to  the  lines  (cT)  can  be  drawn  through  the  centre 
which  will  meet  the  conic  in  two  coincident  points  at  infinity  ;  that 
is,  two  tangents  whose  points  of  contact  are  at  infinity.  These 
lines,  called  the  asymptotes  of  the  conic  (Art.  156,  II.),  are  real 
for  the  hyperbola,  imaginary  for  the  ellipse,  and  lie  altogether 
at  infinity  for  the  parabola,  since  its  centre  is  at  infinity. 

166.  To  find  by  construction  (Art.  18}  the  shapes  and 
positions  of  the  curves  represented  by  S=Q. 

I.  The  solution  of  JS  —  0.  Suppose  that  B  is  positive  and  we 
solve  for  y  ;  then,  by  Art.  64, 


282  PLANE  ANALYTIC   GEOMETRY. 

By+Hx+F=  ±  V[(#2  ~  AB)*?  -2(BG-  HF)x+F2-BC]    (b) 


=  ± 
a;'  and  x"  denoting  the  roots  of  the  quadratic 

, 


Solving  this  quadratic,  we  get 


HZ-AB 


„     BG  -  HF 

x  — 


H2-AB      H2-AB 
in  which 

£A  =  (BG  -  HF)2  -  (H2  -  AB)  (F2  -  BO) 

=  B(AF2  +  BG2  +  CH2  -  ABC  -  2  FGH)  , 
or  & 


The  roots  a;'  and  x"  are  reaZ  awe?  unequal  for  A  >  0, 

for  A  =  0,  and  imaginary  for  A  <  0.  This  function  of 
the  coefficients  of  &  =  0,  which  is  denoted  by  A,  and  which 
determines  the  character  of  the  roots,  is  called  the  Discriminant 
of  the  equation  S  =  0. 


II.    T^e  Construction.     Equation  (6)  may  be  separated  into 
the  three  parts 


-x')(x-x"),     (d) 

W 


Hx  +  F      1 

T>  T} 

J[j  _^> 
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On  any  rectangular  axes  plot  the  straight  line  (e)  AB  (Fig. 
53),  and  also  lay  off  ON'  =  xf,  ON"=x",  and  draw  N'P, 
N"P',  parallel  to  the  axis  of  y.  Any  point  (xy^)  which  lies 
on  AB,  and  the  corresponding  points  (xy^),  (#2/3)?  on  the  conic, 


FIG.  53. 


all  lie  on  a  parallel  to  the  axis  of  Y,  since  all  three  have  the 
same  abscissa  X.  The  distance  between  any  two  correspond- 
ing points  (xy^),  (##3),  on  the  curve,  that  is,  the  length  of  any 
chord  which  is  parallel  to  the  axis  of  Y,  is 


2/3  -  2/i  = 


-  AB)  (x  -  x')  (x  -  x")  . 


Also,  since  yz  =  --5  —  -  for  all  values  of  #,  the  straight  line 

(e)  AB  bisects  this  system  of  parallel  chords,  and  is  therefore 
a  diameter  of  the  conic. 

For  H2  —  AB  <  0  and  A  >  0,  all  chords  which  lie  between 
the  tangents  N'P  and  N"P'  are  real,  since  the  product  (x  —  x1) 
(x  —  x")  is  minus  for  all  values  of  x  between  these  limits; 
therefore  the  curve  is  an  ellipse.  For  all  values  of  x  without 
these  limits  the  curve  is  an  imaginary  ellipse. 
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For  H2  —  AB  >  0  and  A  >  0,  all  chords  between  N'P  and 
N"Pf  are  imaginary ;  but  without  these  limits  they  are  all 
real  to  infinity,  and  the  curve  is  the  hyperbola  whose  vertices 
on  the  diameter  AB  are  at  P,  P'  (Fig.  54). 


FIG.  54. 


If  A  <  0,  that  is,  if  the  roots  x'  and  xff  are  imaginary,  they 
have  the  form  x1  =  a  -f  IV  —  1,  x"  =  a  —  IV  —  1,  and  the  product 
(x  —  x')  (x  —  x")=  (x  —  a*)2  +  b2  is  positive  for  all  values  of  x. 
Therefore  the  chords 


-  AB)  (x  -  x')  (x  -  x") 


are  all  imaginary  for  H2—AB  <  0,  and  the  ellipse  is  imaginary  ; 
but  for  H2  —  AB  >  0  these  chords  are  real  for  all  values  of  #, 
and  we  get  the  conjugate  hyperbola  whose  vertices  on  the 
diameter  parallel  to  the  axis  T  are  at  DD'. 

To  construct  the  axes  of  the  ellipse  or  hyperbola,  draw  a  con- 
centric circle  (Fig.  53),  and  join  the  points  of  intersection  by 
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parallel   chords ;    lines  drawn  through  the    middle   points   of 
these  chords  are  the  axes. 

For  H*  —  AB  =  0,  one  root  is  infinite  and  one  finite  (Art. 
20),  and  equation  (5)  becomes 


if  the  finite  root  x'  = 


BC-F* 


FIG.  55. 


The  straight  line  (e)  AB  (Fig.  55)  still  bisects  all  the  chords 


2/3  -  2/i  =  -g  V2  (HF  -  BG)  (x  -  x1) 

parallel  to  the  axis  of  Y,  and  is  a  diameter. 

Lay  off  ON'  =  x1 r,  and  draw  N'P  parallel  to  the  axis  of  Y. 
For  all  values  of  x  greater  than  x1  the  chords  are  real,  and  the 
parabola  extends  to  infinity  on  the  positive  side  of  N'P.  If 
the  chords  are  imaginary  on  the  positive  side  of  the  tangent 
N'P,  they  will  be  real  on  the  negative  side,  and  the  parabola 
will  extend  to  infinity  in  this  direction. 
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To  construct  the  axis  of  the  parabola,  solve  8  —  0  for  x,  make 
H*  —  AB  —  0,  and  find  the  root  y  =  y*  =  N'D,  the  equation  of 
the  tangent  parallel  to  the  axis  of  X.  The  directrix  passes 
through  D,  the  intersection  of  the  perpendicular  tangents  N'P 
and  DP'  (Art.  120),  and  is  perpendicular  to  the  diameter  AB. 
The  focus  8  is  on  the  chord  PP'  (Art.  130),  and 
(Art.  99).  The  axis  SR  is  drawn  parallel  to  AB. 

For  A  =  0,  or  x'  =  x",  equation  (5)  becomes 


two    real    or    two    imaginary    straight    lines,    according    as 
H*-AB>Q,  or  <  0. 

When  A  =  0,  and  H*-AB  =  0,  then  B&-ffF=Q,  and  (5) 
reduces  to  the  two  parallel  straight  lines 


EXERCISES. 

1,  Show  that  Ax  -f-  Hy  -f-  G  =  0  is  a  diameter  of  S  =  0. 

2,  Find  the  expression  for  the  length  of  any  chord  of  the  system 
parallel  to  the   axis  of  X,  which  the   diameter  Ax  +  Hy  +  G  =  0 
bisects. 

3,  Find  the  tangents  to  JS  =  0  which  are  parallel  to  the  axis  of  X. 

4,  Find  the  equation  of  the  diameter  DD'. 


5,  The  length  of  DD'  =  2-J — — 

6,  The  length  of  PP' 


£A_ 
H2' 


B(AB-H2) 

7,  The  coordinates  of  the  centre  are  (BG  ~  HF,  AF-SG\. 

\H2-AB'  H2-ABJ 

8,  Show  that  for  the  parabola   the   three    second-degree  terms 
form  a  perfect  square. 

9,  Show  that  if  S  =  0  is  a  tangent  to  both  coordinate  axes,  then 
G2  =  AC,  F2  =  BO. 
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10,   What  curve  is  represented  by 

or     zsy     y      2  a?     2y 

-s £  -h  fa r--fl  =  0? 

or      ab      o*      a       o 

1L  What  conies  are  represented  by  the  following  equations? 
First  determine  the  kind  by  computing  the  values  of  H2  —  AB 
and  A ;  then  compute  a  diameter,  and  the  tangents  at  the  vertices 
on  this  diameter,  and  find  the  limits  within  which  the  curve  must  lie. 

An  hyperbola. 

An  ellipse. 

A  parabola. 

Two  straight  lines. 

Two    coincident   straight 


2. 
3. 

4. 

5. 
lines. 


-5a-2/  -10  =  0. 


FIG.  56. 


167.  To  find  the  form  of  equation  S  =  Q  when  the  centre 
C(h,  k)  of  the  conic  is  taken  as  the  origin,  and  the  new 
coordinate  axes  CX',  OF',  are  respectively  parallel  to  the 
old  ones.  (Fig.  66.) 
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For   this   purpose   change   x  and   y   into   x  -f  A   and   x  +  k 
respectively  (Art.  21,  a)  ;  then  jS  =  0  becomes 

z  +  h)  (y  +  k)  +  5(y  -f  &)2 
a?  -f-  7i)  +  2F(y  +  k)  +  C=  0, 


or  ^2  +  2  Hxy  +  Bf  +  2  G'x  +  2F'y  +  C"  =  0,  (a') 

in  which 


Since  (A,  ^)  is  the  centre  of  the  conic,  we  have  (Art.  165,  III.) 
G'  =  Ah  +  Hk  +  G  =  0,     F1  =  Bk  +  Hh-{-  F=  0.        (6) 
Solving  these  equations  for  (A,  &),  we  get  the  single  values 

,     _BG-HF      ,_ 

~  ~ 


and  O  =  (Ah  +  Hk+G)h  +  (Bk  +  Hh  +  F)k 

+  Gh  +  Fk  +  O  (&') 

by  (6) 
AF-HG 


AF2  +  BG2  +  <?#2  -  ABC  -  2FGH           A 

#2  -  AB                            H2-  AB 

and  (a') 

becomes 

nr 

-4052  -f  2  #i»2/  +  J5i/2  +  C'  =  0,                                            (a") 
^  -i-  2  /T:^/  a-  Tin*  -i-       ^       —  n 

It  will  be  noticed  that  by  this  transformation  the  coefficients 
A,  2  .//",  B,  of  the  second-degree  terms,  as  well  as  the  discrimi- 
nant A,  and  the  characteristic  H2  —  AB,  remain  unchanged  ; 
that  the  new  independent  term  C'  is  the  result  of  the  substi- 
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tution  of  the  coordinates  (A,  fc)  of  the  centre  for  x  and  #, 
respectively,  in  S  =  0. 

When  JET2  —  AB  is  not  zero,  (A,  &)  denotes  a  single  finite 
point,  and  the  ellipse  and  hyperbola  are  therefore  called  central 
curves ;  but  for  J2"2  —  AB  =  0,  h  and  k  are  both  infinite,  and  the 
parabola  is  called  a  non-central  curve. 

If  A  =  0,  then  S  =  0  becomes 

Atf  +  2  Hxy  +  By8  =  0,  (a'") 

and  represents  two  straight  lines  drawn  through  <7(A,  &),  rea£ 
for  the  hyperbola,  and  imaginary  for  the  ellipse,  which  meet 
the  conic  (V')  in  two  points  at  infinity  (Art.  164,  III.),  and 
are  therefore  its  asymptotes. 

But  the  axes  of  the  conic  bisect  the  angles  between  the 
asymptotes  (Art.  156,  I.),  and  therefore  (Art.  67), 


or  _ 

x  2H 

are  the  equations  of  the  axes  A  A',  BBf,  which  can  readily  be 
drawn.  Combining  the  equation  of  each  axis  with  that  of  the 
curve  (#")>  we  ge^  the  coordinates  of  the  points,  A,  A',  B,  B1, 
of  intersection,  and  can  then  compute  the  lengths  A  A',  BB', 
of  the  axes. 

1  68.  We  can  still  further  simplify  the  central  equation  of 
the  conic  Ax*  +  2Hxy  +  By*  +  Cf  =  0,  (a"),  (Art.  167),  by  adopt- 
ing the  axes  A  A',  BB',  as  coordinate  axes,  when  it  reduces  to 
A'x*  +  BY  +  C'  =  °  (Fi£-  56)- 


I.  Transform  equation  (a")  to  a  new  pair  of  rectangular 
axes,  the  new  axis  of  x  making  an  angle  0  with  the  old  one. 

Since  equation  (a")  does  not  contain  the  first  powers  of  x 
and  y,  it  becomes  at  once,  by  the  same  transformation  as  in 
Art.  164, 
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(A  cos2  B  -f  2Hs'm  0  cos  0  +  B  sin2  0)x*          \ 
+  2  [£T(cos2  0  -  sin2  8)  -(A-  B)  sin  0  cos  0]  ^  f  +  C"  =  0.    (a'") 
+    (.4  sin2  6  -  2  H  sin  0  cos  0  +  B  cos2  0)*/2 

If  we  denote  the  coefficients  of  x2,  xy,  #2,  by  A',  27T,  B', 
jwid  remember,  from  Trigonometry,  that 

2  sin2  0  =  1  -  cos  2  0,         2  cos2  0  =  1  +  cos  2  0, 

cos  2  0  =  cos2  0  -  sin2  0,     sin  2  0  =  2  sin  0  cos  0, 
we  have 

2  J.'  =  A  4-  P  +  2  H  sin  2  0  -f  (A  -  B)  cos  2  0,  (6) 

2.B'  =  .4  +  B  -  2Hsm  26-(A-B)  cos  20,  (c) 

'=  2#cos  20  -(A  -  B)  sin  20.  (d) 


II.  /STz/ow;  £7i,a£  £&0  values  of  the  two  functions  A  +  B  and 
H2  —  AB  of  the  coefficients  of  the  second-degree  terms  of 
S  =  0  do  not  change  by  transforming  the  equation  from  one 
pair  of  rectangular  axes  to  another. 

By  adding  (6)  and  (c),  we  get  at  once 

A'  +  B'  =  A  +  B.  (e) 

The  product  of  (6)  and  (c)  and  the  square  of  (d)  are 

=  (A  +  B)2  -  [2#sin  20  +  (A  -  B)  cos  20]2, 
"'2  =  [2  H  cos  20  -  (A  -  -B)  sin  20]2. 

'2  -  A'B')  =  ±H*  +  (A-BY-(A  +  B)2 

=  ±(H2-AB).  (e) 

On  account  of  the  invariability  of  these  functions  they  are 
called  Invariants  in  the  Modern  Geometry. 

III.  If  we  make  0  =  X'OA1  (Fig.  56),  then  the  new  pair  of 
rectangular  axes  will  coincide  with  the  axes  of  the  conic,  and 
the  term  in  (V")  containing  xy  must  disappear. 
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.-.  2H'  =  2Hcos  20  -  (A  -  B)  sin  20  =  0, 
2H          2tan0 


as  found  in  Art.  167  (6),  for  determining  the  angles  which  the 
axes  of  the  conic  make  with  CX',  the  axis  of  X. 

IV.    To  find  the  values  of  A1,  .B',  when  the  coordinate  axes 
coincide  with  the  axes  of  the  conic. 

In  this  case  H'  =  0,  and  equations  (e)  II.  become 

A'  +  B'  =  A+B,         -  A1  B'  =  H2-  AB, 
for  which  we  readily  get 


if  Q= 

We  see  that  Q  is  less  than  A  +  B  for  the  ellipse,  greater  for 
the  hyperbola,  and  equal  to  A  -\-  B  for  the  parabola  ;  and  there- 
fore it  follows  that  A\  B1,  have  like  signs  for  the  ellipse,  un- 
like signs  for  the  hyperbola,  and  that  either  A'  or  B'  must 
equal  zero  for  the  parabola.  Therefore 

AW  +  B'y2  +C'  =  0  (aiv) 

is  the  equation  of  the  central  conic  referred  to  its  centre  as 
origin,  and  to  its  axes  as  coordinate  axes. 

The  signs  of  the  radical  in  these  values  of  A'  and  B1  must 
be  so  taken  that  the  sign  of  A'  —  B'  =  Q  shall  be  the  same  as 
that  of  2  H  in  the  general  equation  S  =  0.  The  difference  of 
A'  and  B'  from  (5),  (c),  I.  is 

A'  -  B'  =  2Jffsm  20  +  (A  -  B)  cos  20, 
and  from  (/),  III. 
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.-.  2H(A'  -  B')  =  [2Hsm20  +  (A-B)  cos  Zff](A  —  B)  tan  20 

sin  2  0. 


Therefore  2  H  and  A'  —  Br,  or  Q,  always  have  the  same  sign, 
since  sin  2  0  is  always  positive,  2  6  being  less  than  TT. 
When  Ar  +  B'  =  A  +  B  =  Q,  then  8  =  0, 


or  ^'z2  -  A'y*  +  C"  =  0, 

represents  an  equilateral  or  rectangular  hyperbola  (Art.  161). 

V.    To  express  the  equation  of  the  conic  aiv  in  terms  of  the 
semi-axes  CA,  CB.     (Fig.  56.) 

For  s  =  0,    f  =  -^= 


»  =  --=  ±  CA2  =  ±a2. 

a?  .  2  x2 

=1,  or 


For  +  a2,  +  ^2,  the  conic  is  a  rea£  ellipse  ;  for  —  a2,  —  52,  it  is 
an  imaginary  ellipse  ;  for  -f  a\  —  IP,  it  is  the  primary  hyperbola  ; 
for  —  a2,  52,  it  is  the  conjugate  hyperbola  ;  and  for  C1  =  0,  (av) 
represents  two  real  or  two  imaginary  straight  lines,  according 
as  the  signs  of  A',  B1,  are  unlike  or  like. 

VI.  To  express  a?,  62,  e2,  the  squares  of  the  semi-axes  and 
eccentricity  in  terms  of  the  coefficients  of  S  =  0. 

From  the  values  of  A',  B',  IV.,  and  Q'  =  _  A  (Art.  167, 
II.),  we  readily  get 

2(7  2A 


2  A' 

20'  2  A 
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If  a  >  5,  then  for  the  ellipse 

2  V=l     A+B-Q=        2Q 


and  for  the  hyperbola,  if  2  a  is  the  real  axis, 
ca=1  -  62=1 


1  69.    A  direct  and  simple  method  for  determining  the  equa- 
tions and  lengths  of  the  axes  of  the  central  conic 


2  Hxy  +  By2  +  C'  =  Q  (aiv)  ,  Art.  168 

is  to  cut  it  by  the  concentric  circle 


in  the  points  D,  Dr,  E,  E'  (Fig.  56). 

By  combining  these  two  equations  we  get 


Ax2  +  2  Hxy  +  By2  +  <7 v     ^  *  y  =  0, 


which  represents  the  two  straight  lines  DD',  EE',  passing 
through  the  centre  and  the  points  of  intersection  of  the  conic 
and  circle. 

If  the  points  D  and  E  become  coincident,  the  radius  r  will 
then  equal  the  semi-conjugate  axis  OB  of  the  conic ;  and  if  the 
points  E  and  D'  become  coincident,  r  will  equal  the  semi-trans- 
verse axis  CA  of  the  conic. 

But  for  equal  roots  in  (a),  or  for  coincidence  of  the  lines 
DDf  and  EE',  we  must  have  (Art.  20), 
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in  which  the  roots,  or  values  of  r2,  are  the  squares  of  the  semi- 
axes  of  the  conic.     Solving,  we  get 


r2  2  a 


or 


2A 


in  which  both  values  of  r2  are  positive  for  the  ellipse,  but  have 
opposite  signs  for  the  hyperbola. 

The  equations  of  the  axes  are  now  readily  found.     Multiply 

(a)  by  A  +  -     ;  then  by 


or,  extracting  the  square  root, 


are  the  required  equations  of  the  axes  of  the  conic  as  already 
found  in  (£),  Art.  167. 

170.  To  reduce  8=  0  to  its  simplest  form  when  the  locus 
is  a  parabola;  that  is,  when  H2  —  AB  =  0. 

When  ff2  =  AB,  A  and  B  must  have  the  same  sign,  and 
both  can  be  taken  as  positive.  We  cannot  now  transform 
8  =  0  to  the  centre  of  the  conic  as  an  origin,  as  in  Art.  166, 
since  the  centre  of  the  parabola  is  at  infinity.  But  without 
changing  the  origin  we  may  readily  transform  S  =  0  to  a  new 
pair  of  rectangular  axes,  the  new  axis  of  x  being  parallel  to  the 
axis  of  the  parabola. 
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If  we  multiply  $  =  0  by  B,  and  put  AB  =  H2,  it  becomes 
(By  +  Hx)2  +  2BGx  +  2BFy  +  BC  =  Q;  (a) 


which  shows  that  when  S  =  0  represents  a  parabola,  its  second- 
degree  terms  form  a  perfect  square. 

The  equation  of  the  diameter  through  the  origin,  and  parallel 
to  diameter  (e),  Art.  165,  is 


x  =  0.  (b) 

If  we  take  this  diameter  as  the  new  axis  of  #,  then 

tan<9  =  ---     .-.  sin0  =  H  B 


But  for  transformation  to  the  new  rectangular  axes  (Art. 
21  00), 


y  =  x'  sin  0  +  y'  cos  0  =  By'  ~  Hx' » 


+  Hxy  =  (H2- 
and  (a)  reduces  to 

y2  +  2  F'y'  +  2  G'x'  +  O  =  0,  (af) 

in  which 

C 


A+B 


Now  it  is  easy  to  reduce  (V)  to  the  form  y^  —  ^px  (Art.  102). 
Completing  the  square,  («')  becomes 


or        y'2=-2G'x', 
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when  the  vertex  V  (Fig.  57)  is  (    off/     '  ~ F)  and 

_  2  6r  =  %(FH—Btr_L--  ^p  —  LL'^  the  latus-rectum. 

If  we  had  taken  diameter  (£)  as  the  axis  of  Y,  then  tan  0  = 
and  we  should  have  found  that  (#)  reduces  to 

a'2  +  2F'x'  +  2  #V  +  C"  =  0, 
the  axis  of  the  parabola  being  now  parallel  to  the  axis  of  Y. 


FIG.  57. 


171.   The  equation  (a),  Art.  170,  of  the  parabola  can  be 
reduced  to  the  form  y*  =  ^px,  as  follows  : 
If  X  is  an  arbitrary  constant,  then 


represents  a  system  of  straight  lines  (Art.  30)  parallel  to  the 
diameter  By  +  Hx  =  0,  one  of  which  is  the  axis  of  the  curve. 
By  adding  2(%  +  Hx)\  +  X2  to  both  sides  of 


(By  +  Hx)z  =  -  2BGx  -  2BFy  -  BC 


(a),  Art.  170 
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it  becomes 

(By+Hx+X)2=2(HX-BG)x+2(BX-BF)y+X2-BC,  (a1) 

and  the  lines  (Fig.  57) 

AB,    By  +  Hx  +  X  =  Q,  (6) 

CD,     2(HX  -  BG)x  +  2(BX  -  BF)y  +  X2-BC=Q,         (V) 

will  be  perpendicular  to  each  other  if 

H=      BX-BF^         X  =  BF+GH 
B          HX-BG  A  +  B 

If  we  take  AB  and  CD  as  new  rectangular  coordinate  axes 
of  X  and  Y  respectively,  then  for  any  point  M(xy)  on  the  curve, 
we  get  (Art.  42) 


-  BG)x  +  2(BX-  BF)y  +  X2-BC 


and  (a')  becomes 

(H2 
or         y2  = 


.f          4     =  -  BG)2  +  (BX  -  BF)2         2(FH-  BG) 


Therefore  (5),  (6')  and  4^>  are  the  axis,  the  tangent  at  the 
vertex  F",  and  the  latus-rectum  of  the  parabola  after  substitut- 
ing the  value  of  X  :  and  the  coordinates  of  V  are  found  by 
solving  equations  (5)  and  (5'). 

If  4p  =  0,  or  BGr  =  FH,  then  equation  (a),  Art.  170,  repre- 
sents the  two  parallel  straight  lines 


as  in  Art.  166. 
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EXERCISES  ON   THE  CONIC  8=0. 

I.  What  conies  do  the  following  equations  represent?  Compute 
the  values  of  the  characteristic  H2  —  AB,  and  of  the  discriminant  A 
of  each. 

1.  3^-5a?2/ 4-6/4-  lla- 17#  + 13  =  0.  An  ellipse. 

2.  3x*  +  4:xy  +  y2  —  3x  —  2y  =  0.  An  hyperbola. 

3.  5x2  +  4:xy  +  2y2-5x-2y-19=Q.  An  ellipse. 

4.  36x2-f-24o;2/  +  292fJ-72a;+1262/  +  81  =  0.  An  ellipse. 

5.  x2-5xy  +  y2  +  8x-20y+15  =  Q.  An  hyperbola. 

6.  7x2-17xy  +  6y2  +  23x-2y-2Q  =  Q.  Two  straight  lines. 

7.  3x2-7xy-6y2  +  3x-9y  +  5  =  Q.  An  hyperbola. 

8.  (2x-3y)2-2x  +  4y-2  =  0.  A  parabola. 

9.  x2-±xy-2y2+Wx  +  ±y  =  0.  An  hyperbola. 

10.  41^+24a?/  +  92/2-130aa;-60a?/  +  116a2=0.          An  ellipse. 

11.  a?-2xy  +  y2-6x-Gy  +  9=0.  A  parabola. 

12.  Gar2—  5xy  +  y2  —  14«4-5?/  +  4  =  0.  Two  intersecting  lines. 

13.  x2  -  xy  +  y2  -  3  (x  +  y)  =  0.  An  ellipse. 

14.  25x2-8xy  +  y2-4:2cx  +  6cy  +  9c2  =  Q.  An  ellipse. 

15.  4x2  +  4z2/  +  a2-5z-24-10  =  0.  A  parabola. 

16.  25^-120a*/+1442/2-2a;-29i/-l=Q.  A  parabola. 

17.  4(a  +  22/)2  +  (2/-2o02-5a2  =  0.  An  ellipse. 

18.  9arJ  +  24a?/  +  162/2  +  22cc  +  462/  +  9  =  0.  A  parabola. 

19.  16»2-24^  +  92/2-75oj-1002/=0.  A  parabola. 

20.  14a;2-4a;2/4-ll?/2-44a;-58?/  +  71  =  0.  An  ellipse. 

21.  llar2  +  84a^-242/2-146#+1802/  +  409  =  0.        An  hyperbola. 

22.  2X2 -\-xy-  6?/2—  7y  —  2  =  0.  Two  straight  lines. 

23.  9ic2+12a;2/4-42/2-3a;-2?/-2  =  0.  Two  parallel  lines. 

24.  4a^-24a;2/  +  92/2H-4a;-62/H-l  =  0.  An  hyperbola. 

25.  (sc  +  2/)2  —  a(x—  y)  =  0.  A  parabola. 
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26.  xy—  2x  +  y  =  0.  Two  straight  lines. 

27.  xy  +  3  ax  —  3  ay  =  0.  An  hyperbola. 

28.  <B2+4a2/H-42/2  +  4a-62/+2  =  0.  A  parabola. 

29.  a?  +  4;xy  +  ±y2-6x  +  8y-l  =  0.  A  parabola. 

30.  x*-xy+2y2-2x-6y+7  =  0.  An  ellipse. 

II,  Central  Conies,  (a)  Find  the  coordinates  (ft,  ft)  of  the  centres 
of  the  above  central  conies  ;  (6)  find  their  equations  referred  to  a 
new  pair  of  coordinate  axes  CX',  CY'  (Fig.  56),  drawn  through  the 
centre,  respectively  parallel  to  the  old  ones  ;  (c)  find  the  squares  of 
their  semi-axes,  ±a2,  ±  62;  (d)  find  the  equations  of  their  axes. 

Ex.1.   3x?-5xy+  Qy2  +  11  X-l7y  +  13  =  0.  An  ellipse. 

Solution,  (a)  The  equations  for  determining  the  centre  are  (Art. 
167), 


(b)   O  =  Gft  +  ^  +  C=  -  JgL  _  -U-  -f  13  =  -  1.  (Art.  167) 

.-.  3^-5^  +  62/2-l  =  0 
is  the  equation  of  the  ellipse  referred  to  its  centre  as  an  origin. 


(c)  From  Art.  167,  IV.,  Q  =  ±  V(-4  - 
and      ^' 


and  the  squares  of  the  semi-axes  are 

a*  =  — 1-    ,    V*—*- 
9-V34  9  +  V34 


^  , 


In  the  values  of  A!  and  jBf,  the  sine  of  Q  must  be  so  taken  that  the 
sine  of  A'  —  B'=  Q  shall  be  the  same  as  2H. 

The  squares  of  the  semi-axes  are  readily  computed  from  (6'), 
Art.  169. 

_!_      -(A+B)±Q=-9±  V34      9  T  V34 
r2  20'  -2 


300 


PLANE  ANALYTIC  GEOMETRY, 


Ex.  5.    ^  -  5  a?/  +  ?/2  +  8  a  -  20#  +  15  =  0. 
(a)  2fc-57i-20=0,     27*  -  5  fc  +  8  =  0. 
(6)    0"=-  16+15=-!. 

1 
_ 


An  hyperbola. 
)  =  (-  4,  0). 


(c)    <2= 


-2  ±5          3        ,7 
_.  =  --   and   -• 


=  —  —  =  ±  1  . 


.  y  —  a?  =  0  is  the  equation  of  the  imag- 
inary axis,  and  y  +  x  =  0  of  the  real  axis. 
The  following  are  the  results  for  the  central  conies  in  I.  : 


REDUCED  EQUATIONS. 
3^-5^  +  6^-1  =  0, 


7  *2  -  17  xy  +  6yz  =  0, 


Ex.       (h,  fc) 

1,  (-1,1), 

2,  (i,  0), 

3,  (2,  -3), 

4,  (2,  -3), 

5,  (-4,0), 

6,  (2,  3), 

7,  (-T9T,- 

9,  (-1,2), 

10,  (a,2a), 

12,-  (-  3,  -  10),  6  *2  -  6  xy  +  y2  =  0, 

13,  (3,3),  a!3-ary  +  y2_9  =  o 

14,  (c,  c), 


17,   (0,0), 
20,   (2,3), 


±  a*,  ±  62.  EQUATIONS  OF  AXBS. 

-  ?-—  ,  y  =  K-3±v^§i)*. 

9+  V34 

-  ^  y  =  K-l±V^)ar. 

8±4  V6 

|i,  a±t  2y-x  =  Q,  y  +  2x  =  0. 

4,9,  4y-3*  =  0,  3y+4jC=0. 

-f,  f,  y-^-0,^  +  a:-0. 
Two  straight  lines  through  (2,  3)  . 

-  ^=,  y=l(9 
3±  Vl30 


5       5 

Two  straight  lines  through  (-  3,  -  10). 
18,6,  y-x  =  0,  y  +  x  =  Q. 


,       —  ,    a2, 
=  0,      6,4, 


y  =  (3  ± 

y  -2x  = 

y-2^  =  0,  2y  +  x=0. 
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Ex.       (h,  k)  REDUCED  EQUATIONS.  ±o2,  ±62.  EQUATIONS  OP  AXES. 

21.    (-1,2),         11^+84^-24^+662-0,--^  W>      3y-2*  =  0,  2*/+3*=0. 
22§   (  1  1  _  4)  }         2  #2  +  ary  —  6  f  =  0,  Two  straight  lines  through  (^,  —  f  )  . 

24,   (-  i  -  i),     12^-72^+27^2+1  -  0,  2>  y  =  A  (-  6  ±  VS6I)*. 


26.  (—  1>  2),         xy  =  0,  The  coordinate  axes. 

27,  (-3a,  3a),    xy-9a*  =  Q,  18a2,  -18a2,    y-a-  =  0, 


30,    (2,2),  xz  —  xy  +  2w2  —  1  =  0,       — =-^,  y  =  (—  1  ±  V2)  x. 

3?  V2 


III.  T^e  Parabola,  (a)  Find  the  equations  of  the  axes  of  the 
parabolas  in  I.  ;  (6)  find  the  equations  of  their  tangents  at  the  ver- 
tex ;  (c)  reduce  their  equations  to  the  form  y2 


Ex.8.   4X2—  12a^  +  9i/2  —  2#+-42/—  2  =  0.  A  parabola. 


Solution.   From  Art  171,  *  =  GH  =^,  and  (6),  (6r),  4jp, 

^4.  -|-  1*         13 
become 


-39x-  201  =0, 


therefore  1692/2  =  —  2Vl3a?  is  the  reduced  equation  of  the  parabola, 
and  shows  that  the  curve  lies  on  the  negative  side  of  the  tangent 
atF. 

Ex.    EQUATION  OP  Axis.  EQUATION  OP  TAN  AT  V.  y*  =  4p#. 

8,   39y-26*  +  8  =  0,  26y  +  39a:-201  = 

11,  y-*  =  0,  y+x  =  0, 

15,  5#  +  10*-6  =  0,  5x  -  10  j/  +  286  =  0, 

16,  12^-5a:-l  =  0, 

18,  4^  +  3or  +  5  =  0, 

19,  3y—  4a:  =  0, 

23.  The  parallel  lines  3ar  +  2y  —  2  =  0, 

25,  a^  +  a:  +  |  =  0.  y-ar  =  0,  3/2  =  ^aV2a:. 

28,   10y+5a:-4  =  9,  35^-70^-17  =  0,  25z/2  =  2\/6a:. 

29, 
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31.    If  a  and  6  are  the  semi-axes  of  a  central  conic,  show  that 

sit2 

-=;,    «2  +  &2  = 


H^  ~  AB-H* 

32.   The  equation   of   the   conic    Ay?  +  2  Hxy  +  Bf  =  C'  trans- 
formed to  its  axes  is 


33.  Show  that  the  product  of  the  semi-axes  of  the  conic 
(x_2?/  +  l)2  +  (4cc  +  2?/-3)2-10  =  0     is  1. 

34.  Show  that  the  product  of  the  semi-axes  of  the  ellipse 

7  =  0     is  ~^ 
V'7 
and  that  the  equation  of  its  axes  is  x2  —  2  xy  —  y2  -+•  8  y  —  8  =  0. 

35.  Show  that,  if 

Ax*  +  2Hxy  +  By2=l,  and  AW  +  2  H'xy  +  By*  =  I 
represent  the  same  conic,  and  the  axes  are  rectangular,  then 


36.  Show  that  for  A  =  5,  or  =  —  3,  the  equation 
2CC2  +  Xxy  -  y2  -  3x  +  6  y  -  9  =  0 

will  represent  pairs  of  straight  lines. 

37.  Show  that  for  all  positions  of  the  axes,  so  long  as  they  remain 
rectangular,  and  the  origin  is  unchanged,  the  value  of  G2  +  -F2,  in 
the  equation  S  =  0,  is  constant. 

38.  Show  that  AF-HG=Q,  when  H*-AB=Q  and  BG-HF=0. 

39.  When  A  =  0,  and  the  origin  is  at  the  centre  of  the  conic,  show 
that  S  =  0  becomes  the  product  of  the  two  straight  lines 


-AB)x=Q. 

40.   Find  the  conditions  which  will  make 

(A  +  B  +  Q)ar>  +  (A  -f  B  -  Q)?/2=  2  (7 
represent  a  circle. 


CHAPTER  X. 

GENEKAL  PKOPEBTIES  OP  THE  CONIC!  S  =  0. 

1  72.   To  find  the  equations  of  the  asymptotes  of  S  =  0. 

The  equations  (a")  and  (V")  (Art.  167)  of  the  conic  and 
its  asymptotes  only  differ  by  the  constant  term  —  -  —  »  and 
therefore  the  equations  of  the  asymptotes  of  S  =  0  are 

S-    —  *  __  =  0. 
H2-AB 

Or  determine  X  by  making  the  discriminant  of  the  conic 
S  +  X  —  0  equal  to  zero  ;  that  is, 


AF2  +  BG2+CH2-ABC-2FGH  +  \(H2-AB)  =  0 


or 

Therefore  X  =  -  m  A   .  p  =  0,  and  8  -  -=  -  —  =  0  are  the 
_/z    —  A.JD  Ji 


equations  of  the  asymptotes  of  S  =  0. 

These  equations  are  real  for  the  hyperbola  and  imaginary  for 
the  ellipse. 

173.   To  find  the  equation  of  the  hyperbola  conjugate  to 

The  equations  of  the  primary  hyperbola,  of  the  asymptotes, 
and  of  the  conjugate  hyperbola  are  (Art.  156,  II.,  III.), 


in  which  the  independent  terms  of  the  equations  of  the  hyper- 
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bolas  are  obtained  from  the  independent  term  of  the  equations 
of  the  asymptotes  by  adding  and  subtracting  the  same  constant 
quantity;  therefore 


are  the  equations  of  the  primary  hyperbola,  of  the  asymptotes, 
and  of  the  conjugate  hyperbola. 

1  74.  To  find  the  condition  that  8=0  shall  be  a  rectan- 
gular hyperbola. 

The  two  lines 

Ax2  +  2  Hxy  +  By2  =  0  .(d)  ,  Art.  165,  II. 

are  parallel  to  the  asymptotes  of  S  =  0  (Art.  166  (V;/)).  But 
for  the  rectangular  hyperbola  the  asymptotes  are  perpendicular 
to  each  other;  and  the  required  condition  is  AJrB  =  Q  for 
rectangular  axes,  and  A  +  B  —  2  H  cos  6  =  0  for  oblique  axes 
(Art.  66). 

175.  To  find  the  locus  of  the  middle  points  of  a  system 
of  parallel  chords  of  the  conic  S  =  0. 

If  the  origin  is  at  the  middle  point  of  any  chord  which  makes 
an  angle  0  with  the  axis  of  #,  this  chord  will  meet  the  conic 
S  =  0  in  the  points  (r,  d)  and  (—  ?',  0),  and  therefore  the  values 
of  r  in  equation  (a')  (Art.  164)  will  be  equal,  with  opposite 
signs.  But  for  this  (  6r  cos  0  +  F  sin  0)  r  =  0  ;  and  since  this 
equation  is  satisfied  by  the  coordinates  (r,  0)  and  (—  r,  0),  it  is 
the  equation  of  the  bisected  chord. 

Therefore  any  given  point  will  in  general  bisect  one  chord  of 
the  conic  S  =  0. 

If  now  we  transform  S  =  0  to  a  new  origin  (x'y1)  and  to  a 
new  pair  of  parallel  axes  through  this  point,  we  shall  get  (Art. 
167)  for  the  new  coefficients  of  x  and  y, 

G,     F'  =  By'  +  Hx'  +  F, 
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and  the  equation  of  the  parallel  chord  through  (x'y1)  is 
(Ax'  +  Hy'  +  G)  cos  0  +  (By1  +  Ex'  +  F)  sin  0  =  0, 

after  dividing  by  r.  Since,  then,  this  equation  is  satisfied  by 
the  coordinates  (0,  0)  of  the  origin  and  any  other  point  (x'y'), 
the  middle  point  of  any  parallel  chord  must  lie  on  the  straight 
line 

=  Q,  (6) 


which  is  the  required  locus. 

Hence  (6)  is  the  equation  of  a  diameter,  and  the  chords 
which  it  bisects  are  called  its  ordinates.  But  this  equation  is 
of  the  form  IL  +  mM=  0  (Art.  53),  and  therefore  (6)  always 
passes  through  the  point  determined  by  the  equations 

Ax  +  Hy  +  G  =  0,     By  +  Hx  +  F  =  0  ; 
that  is,  the  centre  of  S  =  0. 

If  6  =  2£>  (5)  becomes  By  -}-  Hx  +  F  =  Q,  a  diameter  which 
2 

bisects  the  system  of  chords  parallel  to  the  axis  of  F;  if  0  =  0, 
(6)  becomes  Ax  -f  5^/  +  G  =  0,  a  diameter  which  bisects  the 
system  of  chords  parallel  to  the  axis  of  X. 

176.  To  find  the  condition  that  any  two  diameters  of 
JS=Q  shall  be  conjugates. 

The  diameter  (6)  (Art.  175)  can  be  written 

(H  +  B  tan  0)y  -f  (A  +  #tan  6)x  +  G  +  Ftzu  0  =  0, 

If  this  diameter  makes  an  angle  0'  with  the  axis  of  JT,  then 


or  £  tan  0  tan  ff  +  !T(tan  0  -f-  tan  &)  +  A  =  0,  (6) 
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is  the  required  condition.  Since  6  and  6'  can  be  interchanged, 
it  follows  that  each  diameter  bisects  the  system  of  chords  which 
is  parallel  to  the  other.  The  two  diameters  are  therefore  con- 
jugates (Art.  151,  VII.). 

177.   The  axes  of  $=0  are  the  only  pair  of  conjugate 
diameters  which  are  perpendicular  to  each  other. 

For  perpendicular  diameters  tan  6  tan  #'  +  1=0  (Art.  46), 
which  reduces  condition  (5)  (Art.  176)  to 

IT  tan2  6  +  (A  -  B)  tan  0  -  H=  0, 
or  Hjf  +  (A  -B)xy-  Hx>  =  0, 

the  equations  of  the  axes  (Art.  167 


1  78.    To  find  the  condition  that  the  two  lines 


shall  be  parallel  to  a  pair  of  conjugate  diameters  of  S  =  0. 
Write  this  equation  in  the  form 


_  ,,      ,_ 
x*  +  ^V     x  +  &~ 

the  sum  and  product  of  its  roots  (Art.  20,  IV.,  V.)  are 


and  these  must  satisfy  (5)  (Art.  176).     Therefore 

AB'  +  A'B=2HH' 
is  the  required  condition. 

179.  If  any  two  chords  be  drawn  in  given  directions 
through  the  origin,  the  ratio  of  the  products  of  the  segments 
into  which  they  are  cut  by  the  conic  S  =  0  is  constant. 

For  brevity,  put  A0  =  A  cos2  6  +  2  #  sin  0  cos  d  +  B  sin2  0  ; 
then  equation  (a')  (Art.  165)  becomes 

Aer2  +  2(GcosO  +  Fs[nO)r  +  C=Q.  (a1) 
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Suppose  that  the  line  drawn  through  the  origin  in  the  direc- 
tion 0  cuts  S  =  0  in  the  points  P  and  P',  and  that  the  line 
drawn  in  the  direction  6'  cuts  S  =  0  in  the  points  Q  and  Q'  ; 
then  OP,  OP',  and  OQ,  OQ',  are  the  corresponding  roots  of  (V)- 

The  products  of  these  roots  are  (Art.  20) 

OP-  OP'  =  -^     OQ-OQ'  =  —' 

A&  Ae' 

OP  •  OP'     A  ' 
.'.  -  -  -  1  =  —  —  =  a  constant,  for  given  directions. 

(/(#  •  C/(g         AQ 

1  80.  The  ratio  of  the  products  of  the  segments  of  any  two 
chords  of  S  =  0  is  equal  to  the  ratio  of  the  squares  of  the 
diameters  respectively  parallel  to  these  chords. 

If  we  take  the  centre  of  the  conic  as  the  origin,  and  a  new 
pair  of  parallel  axes,  its  equation  (V')  (Art.  167),  with  the 
notation  of  Art.  179,  becomes 


0.  (b) 

Now  draw  two  diameters  through  the  centre  (7,  in  the  direc- 
tions 0  and  0',  the  first  cutting  the  conic  in  the  points  p,  p',  and 
the  second  in  the  points  q,  q'  ;  then  from  (6) 


181.  Two  tangents  drawn  through  any  point  to  S=Q 
have  the  same  ratio  as  the  diameters  to  which  they  are 
parallel. 

If  T  and  Tr  are  the  points  of  tangency,  then  OP  =  OPf  =  OT 
and  OQ=OQ'=OT',  and  (Art.  180) 

OP  -  OP  =  or2  =  j^/2     .   OT  =  pP[ 

OQ-OQ'      or2      ~'        '   OT'~  qq'' 
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If  a  concentric  circle  cuts  the  conic  S  =  0  in  the  points 
P,  P',  and  ft  <?',  then,  by  Geometry,  OP  -  OP'  =  OQ  •  <9#'; 
therefore  the  respectively  parallel  diameters  pp'  and  g^'  are 
equal,  and  make  equal  angles  with  either  axis  of  the  conic. 

182.  To  find  the  equation  of  the  tangent  to  S  =  Q  at  the 
point  (x'y1) 

The  equation  is  (Art.  80) 

Axx'  +  H(x'y  +  xy1)  +  Byy'  +  G(x  +  x')  +  F(y  +  y')  +  C  =  T'  =  0. 
point  (xy)  on  the  tangent  T'  —  0  fo'es  without  the  conic 


=  0. 

From  the  sum  $-f  #'  =  0  subtract  2^  =  0;  then 


and  S—ZT'  +  S'  is  never  zero,  except  for  (x'y'),  the  point  of 
contact. 

183.    To  find  the  equations  of  the  two  tangents  drawn 
through  any  point  to  the  conic  S  =  0. 

In  this  case  the  roots  of  equation  (V)  (Art.  165)  are  equal  ; 
therefore  (Art.  20)  the  required  equations  are 

(A  cos2  0  +  2Hs'm  0  cos  0  +  B  sin2  0)C  =  (G  cos  6  +  ^sin  0)2, 
or 


by  introducing  x  and  ?/. 

1  84.  To  find  the  equation  of  the  chord  of  contact  of  the 
two  tangents  to  the  conic  S  =  0,  which  ineet  in  the  point 
(ft,  ft). 

Let  T'  =  0  and  F'  =  0  denote  the  equations  of  the  two 
tangents  to  #  =  0  at  the  points  (xryr)  and  (x"y"*).  If  these 
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tangents  meet  in  the  point  (A,  &),  then  T'(h,  k)  =  0  and 
T"(h,  &)  =  0  are  the  two  equations  of  condition  which  show 
that  the  points  of  contact  (x'y1)  and  (xnyu)  are  on  the  line 
whose  equation  is  T(h,  &)  =  0.  Therefore  T(h,  &)  =  0  is  the 
required  equation  of  the  chord  of  contact.  There  is,  there- 
fore, a  fixed  relation  between  the  point  (A,  &)  and  the  line 
T(h,  k~)  —  0  with  respect  to  the  conic  S  =  0,  which  is  called 
the  polar  relation  of  the  point  and  line  with  respect  to  the 
conic.  The  point  is  called  the  pole  of  the  line,  and  the  line 
is  called  the  polar  of  the  point,  with  respect  to  the  conic 
(Art.  86). 

185.  To  find  the  equation  of  the  polar  of  any  point  (x'y1) 
with  respect  to  the  conic  S  =  0. 

As  we  have  just  seen,  the  equations  of  the  tangent  and  polar 
are  of  the  same  form ;  that  is,  T(x'y')  =  0  is  the  equation  of 
the  tangent  to  8  =  0  at  any  point  (x'yr)  on  the  conic,  and  it  is 
also  the  equation  of  the  polar  of  any  point  (x'yr)  in  the  plane 
of  the  conic.  It  follows  that  the  point  of  tangency  and  the 
tangent  at  this  point  are  respectively  the  pole  and  polar  of 
each  other  with  respect  to  the  conic  S  =  0. 

The  equation  of  the  polar  of  the  origin  with  respect  to  !S  =  0 
is  found  to  be  Grx  +  Fy  +  (7=0  by  making  xf  =  0,  y'  =  0  in 
the  equation  of  the  polar  T(x'yr)  =  0.  Propositions  VIII.,  IX., 
X.  (Art.  86),  on  poles  and  polars  with  respect  to  the  circle, 
apply  equally  to  the  conic  S  =  0. 

186.  To  find  what  the  equation  S  =  0  becomes  when  the 
coordinate  axes  of  Y  and  X  are  a  tangent  and  a  normal  at 
any  given  point  on  the  conic. 

Since  the  origin  is  on  the  curve,  its  coordinates  (0,  0)  reduce 
8  =  0  to  (7=0.  The  axis  of  Y  meets  the  conic  in  the  point 
for  which  x  =  0,  or  By*  +  2^  =  0;  but  since  the  axis  of  T  is 
a  tangent,  the  roots  of  this  equation  must  be  equal ;  therefore 
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_y  =  0.     We  find,  then,  that  (7=0  and  F=0  are  the  necessary 
and  sufficient  conditions,  and  8  =  0  reduces  to 


Ax2  +  2  #£?/  +  By2  +  2  0a?  =  0  . 


187.  To  /£TW£  the  equation  S=Q  of  the  conic  which  passes 
through  any  five  given  points  (x'y'),  (x"y"),  (x'"y"'),  (»iv,  #iv)> 
(*v,2/v)- 

If  the  values  of  J.,  IT,  5,  #,  jP,  (7,  derived  from  the  five 
equations  of  condition 


Ax'2  +  2Hx'y'  +  By12  +2Gx'  +  2Fy'  +  C=0, 
Ax'n  +  2Hx"y"  +By"2  +  2Gx"  +  2Fy"  +  <7=0, 
Ax'"2  +  2Hx'"y"'  +  %'"2  +  2  Gte"'  +  2*y"  +  C=  0, 

+  2  Fy*  +  O  =  0, 
v  +2Fyv  +C  =  0, 


are  substituted  in  /^  =  0,  it  will  be  the  required  equation. 

These  five  equations  of  condition  contain  six  arbitrary  con- 
stants ;  but  they  are  not  independent,  for  by  dividing  each 
equation  by  the  same  coefficient,  as  A,  we  get  the  five  inde- 
pendent ratios  which  are  determined  by  the  five  equations.  It 
will  be  noticed  that  if  the  origin  (0,  0)  is  one  of  the  five  given 
points,  then  (7  =  0,  and  cannot  be  used  as  a  divisor. 

These  equations  are  of  the  first  degree,  or  linear,  with  refer- 
ence to  these  ratios,  and  give  but  one  solution,  which  can  be 
readily  effected  for  special  numerical  points. 

I.  If  all  five  points  are  on  the  same  straight  line,  then  the 
two  coincident  straight  lines  through  these  points  is  a  solution. 

II.  If  four  of  these  points  are  on  the  same   straight  line, 
then  this  line  and  any  second  line  through  the  fifth  point  is  a 
solution. 


GENERAL  PROPERTIES   OF  THE   CONIC  S  =  0.       311 

III.  If  three  of  the  points  are  on  the  same  straight  line,  then 
this  line  and  the  straight  line  passing  through  the  remaining 
two  points  is  a  solution. 

IV.  Since  a  straight  line  cannot  cut  a  curve  in  more  than 
two  points,  it  follows  that  no  three  of  the  given  points  can  lie 
on  the  same  straight  line  if  the  required  conic  is  a  curve. 

1 88.   To  find  the  foci,  the  equations  of  the  directrices,  and 
the  eccentricity  of  the  conic  S  =  0. 

It  will  be  best  to  take  the  equation  of  the  conic 


referred  to  its  centre  and  axes.  If  (x'yr)  are  the  coordinates 
of  a  focus,  e  the  eccentricity,  and  x  cos  a  +  y  sin  a  —  p  =  0  the 
equation  of  a  directrix,  then  the  squares  of  the  distances  of  any 
point  (xy)  on  the  conic,  from  the  focus  and  directrix,  are 

(x  —  x')2  +  (y  —  y')2   and    ( a;  cos  a  -\-y  sin  a—  p)2, 
and  by  Art.  99  the  equation  of  the  conic  is 

(x  —  x')2  +  (y  —  y')2  —  e2(x  cos  a  +  y  sin  a  —  p)2  =  0, 
or     (1  —  e2cos2a)#2  —  2e2xy  sin  a  cos  a  +  (1  —  e2  sin2  a)y2 

—  2(x'  —  e2p  cos  a)x  —  2(y'  —  e*p  sin  a)y+x'*+y'2  — e2p2=0.   (ay) 

If  («iv)  and  (#v)  represent  the  same  conic,  we  must  have, 
since  the  coefficients  of  xy,  x,  y,  are  zero  in  (aiv)? 

e2  sin  a  cos  a  =  0,     x'  —  e2p  cos  a  =  0,     y'  —  e2p  sin  a  =  0,          (6) 
and  also  the  equal  ratios 

A'        =         B'  C'  (, 

1  —  e2  cos2  a      1  —  e2  sin2  a     x'2  +  y'2  —  e2p2 

I.    The  foci  and  the  directrices.  —  From  e2  sin  a  cos  a  —  0  we 
get  sin  a  —  0  or  cos  a  —  0.    For  sin  a  =  0,  a  —  0  or  =  TT,  and  from 
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(6)  the  coordinates  (x'yr)  of  the  foci  are  (±  e*p,  0),  two  points 
on  the  axis  of  X  equidistant  from  the  origin;  and  the  equa- 
tions of  the  corresponding  directrices  are  x  =  ±p,  two  lines 
equidistant  from  the  origin  and  parallel  to  the  axis  of  Y. 

3  7T 

For  cos  a  =  0,  a  =  —  or  =  — »  and  the  coordinates  of  the  foci 

(x'y')  are  (0,  ±  e*p),  two  points  on  the  axis  of  Y  equidistant 
from  the  origin ;  and  the  equations  of  the  corresponding  direc- 
trices are  y  =  ±  p,  parallel  to  the  axis  of  X. 

The  polar  of  the  focus  (e2/?,  0)  with  reference  to  the  conic 
(a!v)  is  A'e^px  -f  C'  =  0,  which  is  the  equation  of  the  directrix 
of  the  corresponding  focus. 

For  a  =  0  or  =  TT,  equations  (c)  become 
A'    =B'=       C' 

Since  x'  =  e*p,  by  solving  these  equations,  we  get 

C' 


For  C'  negative,  and  A',  B',  both  positive,  (aiv)  represents 
an  ellipse  (Art.  168)  ;  if  A'  <  B',  both  values  of  e,  x',  p  are  real, 
but  if  A'  >  B'  they  are  imaginary. 

For  C'  negative,  and  A',  B',  of  different  signs,  (aiv)  repre- 
sents an  hyperbola;  if  A'  is  plus  and  B'  minus,  both  values  of 
6,  x',  p  are  real,  but  if  A'  is  minus  and  B'  plus,  both  values  of  e 
are  still  real,  while  both  values  of  x'  and  p  are  imaginary. 

For  a  —  -  or  =-^->  A',  B',  and  x',  y1 ,  will  interchange  ;    the 

lj  .4 

results   just   found   for   the  axis  of  X  will  then   be   true  of 
e,  y\  p  with  reference  to  the  axis  of  Y. 

The  central  conic  has  then  four  foci,  two  real  and  two  imag- 
inary, with  the  corresponding  directrices  real  or  imaginary. 
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II.    To  express  the  values  of  the  eccentricity  e  in  terms  of 
the  coefficients  of  S  =  0. 

To  find  e  we  have 

A'=B'(l-e2), 
and  A'+B'  =  A  +  B,     -A'B'=H2-AB.    (Art.  168,IV.) 

Eliminating  A',  B'  from  these  equations,  we  get 

(2-e2)2=(A  +  B)2 
l-e*        AB-H2 


If  we  put  Q2  =  (J.  -  #)2+  (2^)2  for  brevity,  and  solve,  we 
get 


2  (AB-H2)  2  (AB-H2) 

For  the  ellipse,  AB  —  H2  is  positive.  In  this  case  one  value 
of  e2  is  positive  and  the  other  negative  ;  the  two  real  values  of 
e  correspond  to  the  real  foci,  and  the  two  imaginary  values  to 
the  imaginary  foci. 

For  the  hyperbola,  AB  —  H2  is  negative.  In  this  case  both 
values  of  e2  are  positive,  and  all  four  values  of  e  are  real. 

For  the  parabola,  AB  —  H2  =  0.  Introducing  this  condition 
in  (cf),  it  becomes 

(AB  -  H2)e*  +  (A  +  B)2  (e2  -  1)  =  0, 
or  (A  +  B)2(e2-l)  =  Q. 

Therefore  (Art.  20),  e2  =*oo,  and  e2  =  1  are  the  four  roots. 

EXERCISES  AND   PROBLEMS. 

1.    Find  the  asymptotes  of  the  hyperbola 

3s?  +  ±xy  +y2  -  3x  -  2y  +  21  =  0. 

Ans.  12x2+lQxy  +  4:y2-l2x-8y  +  3=0. 
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2.  Show  that  the  equation  of   the   conic  whose   asymptotes  are 
2x-\-3y  —  5  =  0   and   5x-}-3y  —  8  =  0,    and  which  passes   through 
the  point  (1,  —  1),  is 

I0x2  +  21  xy  +  9  xy2  —  41  x  -  39 y  -f  4  =  0. 

3.  Find  the  equation  of  the  asymptotes  of  the  conic 

3x*  -  2xy  -  5y2  +  Ix  -  9?/  =  0  ; 

and  find  the  equation  of  the  conic  which  has  the  same  asymptotes 
and  passes  through  the  point  (2,  2). 

Ans.  3x2-2xy-5y2+7x-9y  +    2  =  0, 
3x2-2xy-5y2  +  7a  -  9?/  + 20  =  0. 

4.  Find  the  asymptotes  of  the  hyperbola 

Qx2—  7xy  —  3y2-  2x  —  8y—Q  =  0; 
and  also  the  equation  of  the  conjugate  hyperbola. 

Ans.  6x2-7xy-3y2-2x-8y-±  =  Q, 
6x2-7xy-3y2-2x-8y-2  =  0. 

5.  Find  the  equation  of  the  locus  of  the  middle  points  of  a  sys- 
tem of  parallel  chords  of  the  conic 

410T2  +  24:xy  +  9/ -  ISOax -  QOay  -f  116a2  =  0, 
which  make  an  angle  of  45°  with  the  axis  of  x. 

Ans.  53#  +  2l2/—  100a=0. 

6.  A  diameter  of  the  conic 

36 or2  +  24z2/  +  29 #2  -  72 x  +  126y  +  81  =  0 

makes  an  angle  of  45°  with  the  axis  of  x ;  find  the  equation  of  its 
conjugate.  Ans.  x  —  4  —  5  =  0. 

7.  Find  the  equation  of  the  equi-conjugate  diameters  of  the  conic 

Ax2  +  2Hxy  +  By*=l.  (a) 

Let  x*  +  y2  =  ri  be  the  equation  of  any  concentric  circle  (Fig  56)  ; 

then  (A-j\x*  +  2Hxy  +  (]B-±\y2=0  (b) 

is  the  equation  of  the  two  diameters  which  pass  through  the  points 
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of  common  intersection  of  the  conic  and  circle.     But  these  diameters 
are  equal,  and  they  will  be  conjugates  if 


(Art.  177) 

Therefore, 

1      2  (AB  -  H2) 
r2  A  +  B 

and 


^JL    ~\~   Jj 

is  the  equation  of  the  required  equi-con  jugate  diameters. 

8.    Show  that  any  two  concentric  conies 

Ax2+2Hxy  +  By2=l,    A'x2  +  2  H'xy  +  B'y2  =  1 

have  one,  and  only  one,  pair  of  common  conjugate  diameters. 

The  diameters  ax2  +  2  hxy  -f  by2  =  0  are  conjugate  to  both  conies  if 


and  aB'  +  bA'  -  27iH'  =  0.  (Art.  178) 

Therefore, 

a  —  2h  b 


A'H  -  AH1     AB'  -  AB     BH'  -  B'H 
Therefore, 

(AH-  AH^x2  -  (AB'  -  A'B)  xy  +  (BH'  -  B'H)y2  =  0 
is  the  equation  of  the  common  conjugate  diameters. 

9.    The  polar  of  the  origin  with  respect  to  the  conic 

3  a2  -  5xy  +  Qy2  +  11  x  -  17  y  +  13  =  0 
is 


10.  Find  the  equation  of  the  conic  which  passes  through  the  five 
points  (2,1),  (0,3),  (-1,  -3),  (1,0),  (3,  -3). 

Am.  17  y2  +  llxy-  48^  -  24  y  +  129  x  -  81  =  0. 

11.  Find  the  equation  of  the  conic  which  passes  through  the  five 
points  (2,  1),  (1,0),  (3,  -1),  (-1,0),  (3,  -2). 

Ans. 
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12.  Find  the  equation  of  the  axes  of  the  conic  S  =  0. 

If  P(#y)  is  a  point  on  the  axis  of  a  conic,  then  the  polar  of  P  is 
perpendicular  to  the  line  joining  P  and  the  centre.  The  polar  of 
P(x'y'),  with  respect  to  S  =  0,  is 

(Ax1  +  Hy'+G)x  +  (Hx'  +  By'  +  F)y+  Gx  +  Fy'  +  C  =  0,  (a) 
and  the  equation  of  any  diameter  is 

Ax  +  Hy+G  +  X(Hx  +  By  +  F)  =  0.  (6) 

Since  (a)  and  (b)  are  perpendicular,  we  have 

(A  +  Xff)  (Ax'  +  J3y'  +  0)  +  (H+  \B)  (Hx<  +  By'+  F)  =  0  ;  (c) 
and,  since  (6)  passes  through  (x'y1),  we  have 

-4a?f  +  Hy*  +  £  +  X(5icr  +  %'  -f-  P)  =  0.  (d) 

By  eliminating  A  from  (c)  and  (d),  we  see  that  (x'y1)  must  be  on 
the  conic 

(Ax+Hy+GY-(Hx+By+FY=(Ax+Hy+G)(Hx+By+F} 

A-B  H 

which  is  the  required  equation  of  the  axes. 

13.  Show  that  the  foci  of  the  conic 

Ax2  +  2Hxy  +  By2+C'  =  0 
lie  on  the  curves 


A-B     H     H2-AB 

14.  Find  the  equations  of  the  asymptotes  of  the  hyperbolas 
(a)  a2-2a:2/  +  4a;  +  3  =  0;    (6)  f  - Xy  +  ax  ==  0. 

Ans.   (a)  x  =  0,  cc  =  2  y  —  4  ;     (6)  y  =  a,  y  —  x  —  a. 

15.  Find  the  eccentricities  and  asymptotes  of  the  parabolas 
(a)  4^-3^-2^  =  0;     (6)  y2  -  4ar>  +  2y-  4»-  9  =  0. 

-4ws.    (a)  e2  =  f  and  5,  2aj  =  a,  8i/  — 6»=3a; 
(6)  e2  =  jand5,  y=2o?,  2/ 

16.  Show  that  the  coordinates  of  the  real  foci  of  the  conic 

x2  -  Qxy  +y2  —  2x  -  2y  +  5  =  0 
are  (1,  1)  and  (-2,  -2). 
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17.  Show  that  the  coordinates  of  the  real  foci  of  the  conic 

2  or2  -  Sxy  -  ±f  -  ±y  +  1  =  0 
are(0,  -i)  and  (-f,  -f). 

18.  The  focus  of  the  parabola 

y?  +  2 xy  +  2/2  -  4z  +  Sy  -  6  =  0 
is  the  point  (  —  J,  —  f ) . 

19.  All  chords  of  a  conic  which  subtend  a  right  angle  at  a  fixed 
point  on  a  conic,  cut  the  normal  at  0  in  a  fixed  point. 

Solution.   Take  the  tangent  and  normal  at  0  for  the  coordinate 
axes;  then  (Art.  185), 

Ay?  +  2  Hxy  +  By2  +  2Gx  =  0 
is  the  equation  of  the  conic. 

/y»  if 

Let  the  equation  of  any  chord  PQ  be  -  +  ^  =  1 ;  then  the  equation 
Ay?  +  2  Hxy  +  2<&/-+f )  -  0, 


or 

is  the  equation  of  the  lines  OP  and  OQ,  since  it  is  satisfied  for  (0,  0) 
and  for  the  points  (#,  y)  common  to  the  chord  and  conic. 
If  OP  and  OQ  are  at  right  angles  to  each  other,  then  (Art.  174), 


Q>  A  Cr 

that  is,  the  intercept  on  the  normal  is  constant. 

20.  If  any  two  chords  OP,  OQ  of  a  conic  make  equal  angles  with 
the  tangent  at  0,  the  line  PQ  will  cut  this  tangent  in  a  fixed  point. 

21.  Find  the  eccentricity  of  the  conic  whose  equation  is 


Ans.  e  =  ±  Vf  with  reference  to  foci  on  the  real  axis,  and  ±  V| 
with  reference  to  foci  on  the  imaginary  axis. 
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22.   Find  the  eccentricity  of  the  conic 

-  4xy  +  11  y2  -  44  x  -  58  y  +  71  =  0. 

.  e2  =     and  — 


23.   If  POP',  QOQ'  are  any  two  chords  of  a  conic  at  right  angles 
to  one  another  through  a  fixed  point  0,  then 


=  a  constant. 


OP -OP'      OQ-OQ' 

24.  If  a  point  be  taken  on  the  major-axis  of  an  ellipse,  whose 

abscissa  is  equal  to    — —  r ,  prove  that  the  sum  of  the  squares  of 

|_  a  +b    J 

the  reciprocals  of  the  segments  of  any  chord  drawn  through  this  point 
is  constant. 

25.  From  a  fixed  point  on  a  conic  chords  are  drawn  making  equal 
intercepts,  measured  from  the  centre,  on  a  fixed  diameter ;  find  the 
locus  of  the  point  of  intersection  of  the  tangents  at  their  other  ex- 
tremities. 

26.  If  PSP*  be  any  focal  chord  of  a  parabola,  and  PJf,  PW 
be  perpendiculars  on  a  fixed  line,  then  will 


-  a  constant. 


27.  Two  parallel  chords  of  an  ellipse  drawn  through  the  foci  inter- 
sect the  curve  in  the  points  P,  P'  on  the  same  side  of  the  major-axis  ; 
a  line  through  P,  P'  intersects  the  semi-axes  CA,  CB,  in  M  and  N, 
respectively  ;  prove  that 


—  •  =  a  constant. 


CM       CN 

28.  Through  0,  the  middle  point  of  a  chord  AB  of  an  ellipse,  any 
chord  POP  is  drawn.  The  tangents  at  P  and  P'  meet  AB  in  S  and 
!F,  respectively  ;  prove  that  AS 
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29.   Pairs  of  tangents  are  drawn  to  the  conic  Aa?  +  By*=l,  so 
as  to  be  always  parallel  to  conjugate  diameters  of  the  conic 


show  that  the  locus  of  their  intersection  is 

-  +  -- 
^i     _D 

30.  0  is  a  fixed  point  on  the  tangent  at  the  vertex  A  of  a  conic, 
and  P,  Pf  are  points  on  this  tangent  equally  distant  from  0  ;  show 
that  the  locus  of  the  point  of  intersection  of  the  other  tangents  from 
P  and  P'  is  a  straight  line. 

31.  If  OP  and  OQ  are  two  tangents  to  an  ellipse,  and  OP',  CQ' 
are  parallel  semi-diameters,  show  that 

OP.  OQ  +  OP'  -  CQ'  =  OS  -  OS', 
S  and  S'  being  the  foci. 

32.  In  the  conic  Ax2  +  2Hxy  +  By2-2y  =  Q,  the  product  of  the 

focal  distances  of  the  origin  is  —  -  - 

AB  —  H2 

33.  Find  the  value  of  c  in  order  that  the  hyperbola  2xy  —  c  =  0 

x2      y2 
may  touch  the  ellipse  —2  +  H  =  1  »  and  show  that  the  point  of  contact 

will  be  at  one  extremity  of  one  of  the  equi-conjugate  diameters  of  the 
ellipse.  Show  also  that  the  polars  of  any  point  with  respect  to  the 
two  curves  will  meet  on  that  diameter. 

34.  A  circle  intersects  the  hyperbola  in  four  points  ;  prove  that  the 
product  of  the  distances  of  the  four  points  of  intersection  from  one 
asymptote  is  equal  to  the  product  of  their  distances  from  the  other. 

35.  Tangents  to  the  primary  hyperbola  are  drawn  from  a  point  P 
on  its  conjugate  ;  show  that  the  chord  of  contact  will  be  a  tangent  to 
the  other  branch  of  the  conjugate. 


CHAPTER  XL 
SYSTEMS  OP  OONIOS. 

189.    Similar  Conies.  —  Two  conies  are  similar  when  their 
corresponding  axes  are  proportional. 

Two  similar  conies  whose  corresponding  axes  are  parallel  are 
similarly  situated. 

I.  Similar  conies  have  the  same  eccentricity  e. 

7  Q  7  f  o  7  7  / 

The  eccentricity  e2  =  1  —  --  =  1  —  — - ,  since   -  =  —  by  defini- 

a2  a'2  a      a' 

tipn. 

II.  Two  conies  S  =  0  and  S*  =  0  are  similar  and  similarly 
situated  when  the  coefficients  of  their  second  degree  terms 

A         7?          TT 

are  proportional;  that  is,  when  —  =  —  =  — - 

Since  their  eccentricities  must  be  equal,  we  have,  by  Art. 
188,  III., 

1-e2     =  AB-H2  =  A'B'-H12' 
from  which  we  readily  get 

A'  =  ~B'  =  ~H' 

f)  fT  O  TT7 

From  these  ratios  we  also  get  =  — — — ,  and  there- 

P  A T>          A  I 73 /' 

fore  the  corresponding  axes  of  the  conies  are  parallel. 

III.  The  equation 

Ax>  +  2Hxy  +  By*+2Gx+2FG  +  C=S, 

where  S  is  arbitrary,  represents  a  system  of  similar,  simi- 
larly situated,  and  concentric  conies. 
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Since  the  coefficients  of  the  second  degree  terms  are  the  same 
for  all  the  conies  of  the  system,  they  are  all  similar  and  simi- 
larly situated,  by  II.,  and  the  equations  Ax  +  Hy  +(7  =  0, 
J^  +  J&-f-.F==0,  which  determine  the  centre,  are  also  the 
same  ;  therefore  the  conies  are  concentric. 

190.  Confocal  Conies.  —  If  a  >  b  are  the  semi-axes  of  the 
conic  S  =  Q,  the  distance  between  the  foci  on  the  axis  of  x  is 
2ae  —  2i/a2  —  b2.  If  X  is  any  arbitrary  constant,  then  #2  +  X, 
b2  +  X,  are  the  squares  of  the  semi-axes  of  a  system  of  conies- 
confocal  with  fl  =  0,  since  2i/a2  +  X  -  (b2  +  X)  =  2i/a2  --  b2. 

Therefore 

n£  *,2 

1  («) 

is  the  equation  of  the  confocal  system. 

I.  For  all  positive  values  of  A,  the  confocals  lie  without 
S  =  0 ;  and  as  A  approaches  the  limit  infinity,  the  confocal 

b2  4-  A 
approaches  a  circle ;  since  its  eccentricity  e2  =  1 -^  '  ap- 

cr  +  A 
preaches  zero. 

II.  For  all  negative  values  of  X  numerically  less  than  62,  the 
confocals 


are  ellipses,  both  axes  diminish  as  X  increases,  and  when  the 
conjugate  axis  2}/b2  —  X  reaches  its  limit  zero,  the  transverse 
axis  will  reach  its  limit  2l/a2  — 62,  the  distance  between  the 
foci. 

Therefore  the  limiting  ellipse  of  the  system  is  this  straight 
line,  and  equation  (6)  becomes  y  —  0,  the  equation  of  this  line. 

III.  When  X  is  numerically  greater  than  b2  and  less  than  a\ 
the  system  of  confocals  (5)  become  hyperbolas  ;  as  X  approaches 
a2,  the  conjugate  axis  approaches  2i/62  —  a2,  the  distance  be- 
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tween  the  foci  on  the  axis  of  y,  and  the  equation  of  the  con- 
focal  becomes  x  =  0.  When  X  is  greater  than  a\  the  confocals 
become  imaginary. 

191.  Two  confocals  of  the  system  pass  through  any  given 
point  (x'y'). 

If  any  confocal  passes  through  the  point  (x'y'),  then 

x'2  v12 


If  we  put  £2  +  X  =  X',  then  since  a?e2  =  a? 


J2 


or  V2  -  (a'2  +  y'2  -  aV)  A'  -  a?e2y'2  =  0. 

The  roots  of  this  quadratic  in  X'  are  real  and  of  opposite 
signs.  Therefore  b2  +  X  is  positive  for  one  conic,  the  ellipse, 
and  negative  for  the  other,  the  hyperbola. 

192.  Two  confocal  conies  cut  each  other  at  right  angles  at 
all  points  of  intersection. 

The  tangents  of  the  two  confocals 

1'       <•> 


at  the  point  (x'y')  of  intersection  are 

^!-L.^!-I     ***'    i    yy'  .-•» 

a2^  b2        '  at  +  X^b2*^ 
and  are  at  right  angles  to  each  other  if 

o 


But  this  is  the  same  relation  which  is  obtained  by  taking  the 
difference  of  the  confocals  (a)  for  the  point  (x'yf). 
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1  93.  Only  one  of  a  con  focal  system  of  conies  will  touch  a 
given  straight  line. 

The  line  x  cos  a  +  y  sin  a  —  p  =  0  will  touch  the  confocal 


if  p2  =  (a2  +  A)  cos2a  +  (b2  +  X)  sin2a.  (Art.  139) 

But  this  condition  gives  but  one  value  of  X  ;  hence  only  one 
confocal  will  touch  the  given  straight  line. 


194.  The  difference  of  the  squares  of  the  perpendiculars 
drawn  from  the  centre  to  any  two  parallel  tangents  to  two 
given  confocal  conies  is  constant. 

If  equations  (a),  Art.  192,  are  the  two  given  confocals,  then 
p2  =  a2cos2a  +  &2sin2a,  (Art.  139) 

and  p'2  =  (a2  +  X)  cos2a  +  (b2  +  X)  sin2a. 


1  95.  If  the  tangents  to  any  two  confocal  conies  of  a  sys- 
tem are  at  right  angles  to  each  other,  the  locus  of  their 
intersection  is  a  circle, 

The  perpendicular  tangents  of  the  two  confocals  (#),  Art. 
192,  are  _ 

x  cos  a  -f-  y  sin  a  =  Va2  cos2  a  +  b2  sin2  a, 


x  sin  a  —  y  cos  a  =  V(a2  +  X)  sin2  a  +  (b2  -f  X)  cos2a. 
Adding  the  squares  of  these  equations,  we  get 


the  equation  of  the  required  locus,  the  director  circle  of  the 
system  of  confocals. 
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1 96.    The  locus  of  the  pole  of  a  given  straight  line  with 
respect  to  a  system  of  confocal  conies  is  a  straight  line. 

Let  Ix  +  my  —  1=0  (a)  be  the  given  straight  line.     If  this 

line  is  the  same  as 

xx'  yy' 

I     1,2     i     \  —       ' 


the  polar  of  the  point  (x'y')  with  respect  to  the  confocals 

*       +0^-1, 


_. 


=m. 


then  _ — -  =  ^   and 

""'  J~a2  =  m~b*     "' 
and,  omitting  primes, 

I      m  ~ 

is  the  equation  of  the  required  locus. 

This  locus  is  a  straight  line  perpendicular  to  the  given  line 
(a)  at  the  point  where  it  touches  a  confocal ;  and  as  the  pole 
moves  on  a  straight  line,  the  corresponding  polars  are  all 
parallel  to  each  other. 

197.  To  find  the  coordinates  of  the  points  in  which  the 
two  given  conies  S  =  0  and  S1  —  0  intersect. 

The  constants  in  S'  =  0  are  A',  IT,  B',  &',  F',  0'. 

The  values  of  x  and  y  which  make  S  =  0  and  S'  =  0  simul- 
taneously are  the  required  values,  and  are  the  only  ones  which 
belong  to  points  of  intersection. 

If  we  eliminate,  say  y,  from  S  —  0,  8f  =  0,  we  know  from 
Algebra  that  the  resulting  equation  will  be  of  the  fourth 
degree  in  x,  and  these  four  values  of  x  are  the  abscissas  of 
all  the  points  common  to  the  two  given  conies.  The  corre- 
sponding values  of  y  are  readily  found. 


SYSTEMS   OF  CONICS.  325 

These  four  points  P(x'y'),  P'(x"y"),  Q(x"'y'"),  Q\^y^ 
may  all  be  real ;  or  all  imaginary ;  or  two  real  and  two  imagi- 
nary ;  or  one  pair  coincident ;  or  both  pairs  coincident. 

It  appears,  then,  that  if  the  conic  8  =  0  and  S'  =  0  are  tan- 
gents at  any  point  P,  they  will  meet  again  in  two  real  or  two 
imaginary  points  ;  but  if  they  are  tangents  at  both  P  and  §, 
they  cannot  meet  again  in  any  other  point. 

1 98.  To  find  the  equation  of  the  conic  which  passes  through 
the  four  points  of  intersection  of  S  =  0  and  S1  =  0. 

If  k  is  an  arbitrary  quantity  which  can  have  any  positive  or 
negative  value,  then  S  —  kSf  =  0  is  the  required  equation  ;  for 
it  is  a  general  equation  of  the  second  degree  and  represents  a 
conic,  and  is  satisfied  by  the  coordinates  of  the  four  points 
which  make  S  =  0,  Sr  =  0  simultaneously. 

Also,  since  k  is  arbitrary,  S  —  kS'  =  0  represents  a  system  of 
conies  all  passing  through  the  four  points  of  intersection  of 
#=0,  #'  =  0. 

199.  One  conic  of  the  system  $  —  &$'  =  (),  and  only  one, 
will  pass  through  any  fifth  point  (x'y1) . 

If  we  substitute  (x'y')  for  (xy)  in  jS—kSf  =  (),  we  get 
S(x'y')  —  kS'(x'y')  =  0,  which  determines  a  single  value  of  k. 
This  value  of  k  substituted  in  S  —  k/S'  =  0  gives  the  equation 
of  the  only  conic  of  the  system  which  will  pass  through  the 
fifth  point  (x'y'). 

200.  Only  two  conies  of  the  system  S  —  kS'  =  0  are  parab- 
olas. 

The  characteristic  of  the  parabola  H2  —  AB  =  0  becomes 
(H-  kH')2  -(A-  kA)  (B  -  kB')  =  0, 

which  is  a  quadratic  in  k ;  there  are  only  two  values  of  k  which 
satisfy  this  condition,  and  therefore  only  two  conies  of  the 
system  are  parabolas. 
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201.  Only  three  conies  of  the  system  S  —  k/S'  =  0  are  pairs 
of  straight  lines. 

Since  the  discriminant  A  of  any  cubic  is  of  the  third  degree 
in  terms  of  its  coefficients  A,  IT,  B,  G-,  F,  C,  and  since  the 
coefficients  in  S  —  kS'  =  0  are  A  —  JcA',  H—  kH',  etc.,  it  follows 
that  A  =  0  is  a  cubic  in  &,  giving  three,  and  only  three,  values 
of  k  which  will  make  S  —  kS'  =  0  represent  pairs  of  straight 
lines. 

We  know  from  the  theory  of  equations  that  one  value  of  k 
will  always  be  real,  and  that  the  other  two  may  be. 

202,  If  the  discriminant  A'  of  S1  =  0  is  zero,  then  S*  =  0 
represents  two  straight  lines,  which  we  will  denote  by 


or  Ix  H-  my  —  1  =  0,     (a)          Vx  +  m'y  —1  =  0,  (6) 

in  which,  as  we  know,  Z,  w,  Z',  m1,  are  the  reciprocals  of  the 
intercepts  a,  5,  a',  5',  of  the  lines  (a),  (6)  on  the  coordinate 
axes.  The  conic  S  —  kS'  =  0  now  becomes 

S  -  k(lx  +  my  -  1)  (Vx  +  m'y  -  1)  =  0.  (c) 

Suppose  that  the  line  (a)  cuts  S  —  0  in  the  points  P,  P\ 
and  that  the  line  (6)  cuts  $  =  0  in  the  points  §,  $'  ;  suppose, 
further,  that  the  lines  PPf  and  QQ'  meet  in  0,  and  that  we 
take  the  lines  OPP',  OQQ',  as  the  coordinate  axes  of  X  and 
F.  Then  P(7,  0),  P'(T,  0)  and  $(0,  w),  §'(0,  ™')  are  the 
coordinates  of  the  four  points  in  which  the  straight  lines  (a) 
and  (6)  cut  the  conic  S  —  0,  and  (a)  and  (5)  are  the  equations 
of  PQ&ndP'Q'. 

If  the  points  P,  P'  become  coincident,  then  I1  =  Z,  the  axis 
of  Jf,  is  a  tangent  to  the  system  at  the  point  P(l,  0),  and  the 
equation  (<?)  becomes 

S  -  k(lx  +  my  -  1)  (Ix  +  m'y  -  1)  =  0. 
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If  §,  Q'  also  become  coincident,  then  m'  =  w,  the  axis  of  I7, 
is  a  tangent  to  the  system  at  the  point  $(0,  m),  and  its  equa- 
tion is 


It  is  obvious  that  Ix  +  my  —  1  =  0  is  the  equation  of  the 
common  chord  which  cuts  S  =  0  in  the  points  P  and  Q,  at 
which  all  the  conies  of  the  system  are  tangents  to  S  =  0  and  to 
each  other.  The  length  of  this  chord  can  be  easily  computed. 

203.  Retaining  the  coordinate  axes  of  Art.  202,  the  equa- 
tions of  the  opposite  sides  and  diagonals  of  the  given  quadri- 
lateral are 

for  the  sides  PP\  QQ', 

2/  =  0,  #=0; 

for  the  sides  PQ,  P'Q', 

Ix  +  my  —1  =  0,         I'x  +  m'y  —1  =  0; 
for  the  diagonals  PQ',  P'Q, 

Ix  -f  m'y  —1  =  0,        Vx  +  my  —  1  =  0. 
Each  pair  of  these  straight  lines 


(Ix  +  m'y  -  1)  (I'x  +  my  -  1)  =  0, 

is  a  conic  which  passes  through  the  four  given  points.     Hence 
(Ix  +  my  -  1)  (I'x  +  m'y  -l)-kxy  =  0  (a) 

is  the  equation  of  the  system  of  conies  which  pass  through  the 
four  given  points  ;  and  combining  any  other  two  of  these  conies 
will  give  the  equation  of  the  same  system. 

If  the  points  POV),  PVV);  GO'V").  <?'OV)>  are 
given  either  in  rectangular  or  oblique  coordinates,  the  equa- 
tions of  the  sides  and  diagonals  can  be  found,  and  also  the 
equations  of  the  required  system  of  conies. 
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204.    If  the  equation  (a)  of  the  system  of  conies  (Art.  203) 

(Ix  +  my  —  1)  (I'x  +  m'y  —  1)  —  kxy  =  0, 
or  ll'x2  +  (lm'  +  I'm  —  k)xy  +  mm'y2 


-(m  +  m')y  +1  =  0,       (a) 
represents  a  parabola,  then  the  characteristic  is 

(lm'  +  I'm  -  fc)2  =  Ml'mm'.  (b) 

As  this  condition  gives  only  two  values  of  &,  only  two  conies 
of  the  system  are  parabolas.  These  values  of  Tc  are  real  when 
all  the  intercepts  have  the  same  sign  or  when  an  even  number 
of  them  are  negative. 

If  only  one  intercept  is  negative,  the  quadrilateral  PP'Q'Q 
has  a  re-entrant  angle,  and  cannot  be  inscribed  in  a  real 
parabola. 

The  equations  of  these  two  parabolas  are,  by  condition  (5), 

±  y  Vmm7)2-  (I  +  l')x  -  (m  +  m')y  -f  1  =  0, 


and  their  axes  are  parallel  to  the  lines  ll'x2  —  mm'y*  =  0  (Art. 
169). 

But  the  coefficients  of  the  second  degree  terms  of 


and  of  equation  (a)  satisfy  the  condition  of  Art.  178  for  all 
values  of  Jc. 

Hence  all  the  conies  of  a  system  passing  through  four  given 
points  have  a  pair  of  conjugate  diameters  respectively  parallel 
to  the  axes  of  the  two  parabolas  of  the  system. 

205.  To  find  the  locus  of  the  centres  of  the  system  of  conies 
which  pass  through  four  given  points. 


The  equation  of  the  system  is  (Art.  204) 
II'  x*  +  (lm'  -f  I'm  -k)xy  +  mm'y* 


=  0.      (a) 
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If  (Vy)  are  the  coordinates  of  the  centre  of  any  conic  of 
the  system,  let  us  transform  equation  (#)  to  this  centre  as  an 
origin,  and  to  a  new  pair  of  parallel  coordinate  axes.  For  x 
and  y  substitute  x  +  x'  and  y  +  y',  respectively  ;  then  (Art.  167 
(6))  the  coefficients  of  x  and  y  in  the  transformed  equation, 
that  is, 

Jcy'  -  l(l'x'  +  my  -  1)  -  l'(lx'  +  my'  -  1)  =  0,  (b) 

kx'  -  m(l'x'  +  my  -  1)  -  m'(lx'  +  my'  -  1)  =  0,  (c) 


determine  the  relations  of  the  coordinates  (x'y1)  of  all  the 
centres.  Now  eliminate  the  arbitrary  quantity  k  by  multiply- 
ing (6)  and  (<?)  by  x'  and  y'  respectively  ;  then  subtracting  and 
omitting  primes,  and 

(Ix  —  my)  (I'x  +  m'y  —  1)  +  (I'x  —  m'y)  (Ix  +  my  —  1)  =  0, 
or  2ll'x>  -  2mwy  -  (I  +  l')x  +  (m  +  m')y  =  0,  (d) 

is  the  equation  of  the  required  locus. 

I.  This  centre-locus  is  a  conic  whose  asymptotes  are  parallel 
to  the  lines  given  by  the  equations  ll'x2  —  mm'y2  =  0  (Art.  204), 
or  to  the  axes  of  the  two  parabolas  through  the  four  given 
points.     The  centres  of  the  two  parabolas  of  the  system  (a) 
are  points  at  infinity  on  the  centre-locus,  whose  directions  are 
determined  by  the  equations  ll'x2  —  mm'y*  =  0. 

II.  To  find  the  points  in  which  the  centre-locus  meets  the 
sides  of  the  quadrilateral  PP'Q'Q. 

For      2/  =  0, 

....... 


For      #  =  0,  2mm'?/2  —  (mmf)2/ 

...  y  =  o,  m  +  m'  =  6+ 

*  y       2mm'          2 


330  PLANE  ANALYTIC   GEOMETRY 

Therefore  the  centre-locus  passes  through  the  origin,  that  is, 
the  intersection  of  the  sides  PP'  and  QQ'  of  the  quadrilateral, 
and  also  through  the  middle  points  of  these  sides. 

But  we  might  have  taken  the  sides  PQ  and  P1 '  Q'  as  coordi- 
nate axes,  and  their  point  of  intersection  0'  as  an  origin ;  or 
the  diagonals  PQ',  P'Q  as  coordinate  axes,  and  their  point  of 
intersection  0"  as  an  origin ;  and  therefore  the  point  Of  and 
the  middle  points  of  the  sides  PQ,  P'Q',  as  well  as  0"  and  the 
middle  points  of  the  diagonals  PQ',  P'Q,  are  on  the  centre- 
locus. 

It  follows,  then,  that  the  four  given  points  through  which  a 
system  of  conies  pass,  and  the  nine  points  through  which  the 
centre-locus  passes,  all  lie  on  the  complete  quadrilateral  of 
PP'Q'Q  (see  Fig.  30,  p.  122). 

III.  If  W  and  mm'  have  the  same  sign,  the  centre-locus  (d)  is 
an  hyperbola,  but  an  ellipse  of  II'  and  mm'  have  opposite  signs. 

If  II'  =  mm',  the  four  given  points  P,  P',  Q,  Q',  are  on  a 
circle,  and  the  centre-locus  is  an  equilateral  hyperbola. 

If  IV  =  —  mm',  and  the  coordinate  axes  are  rectangular ;  that 
is,  if  the  line  joining  any  two  of  the  four  points  is  perpendicular 
to  the  line  joining  the  other  two,  sa^  the  diagonals  PQ',  P'Q, 
then  all  the  conies  of  system  (a)  are  equilateral  hyperbolas, 
and  the  centre-locus  (c?)  is  a  circle  passing  through  the  nine 
points  found  in  II.,  and  is  called  the  nine-point  circle. 

206.   The  asymptotes  of  the  system  of  conies 

(te  +  my-1)  (I'x  +  m'y-l)-Jcxy  =  0  (a) 

are  parallel  to  the  lines  given  by  its  second-degree  terms  (Art. 
166)  ;  that  is,  by 

(Ix  +  my)  (Vx  +  m'y)  -  kxy  =  0, 
or  Wrf  +  (lmf  +  I'm  -k)xy  +  mm'y2  =  0  ;  (6) 
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and  these  lines  are  parallel  to  the  conjugate  diameters  of  the 
centre-locus,  since  the  coefficients  of  (6)  and  of  the  second- 
degree  terms  of  the  centre-locus  (d)  satisfy  the  condition 

AB'  +  A'B=2  HH'.  (Art.  1  78) 

Hence  the  asymptotes  of  the  system  of  conies  (a)  are  parallel 
to  a  pair  of  conjugate  diameters  of  the  centre-locus  of  this  system. 

207.  To  find  the  equation  of  the  system  of  conies  which 
touch  the  axes  of  coordinates. 

The  conic 

(lx  +  my-l)  (I'x  +  m'y  —  l)  —  kxy  =  Q  (a) 

will  touch  the  coordinate  axes  if  I'  —  I,  m'  =  w,  and 

(lx  +  my-l)2-kxy  =  Q  (b) 

is  the  required  equation,  in  which  Ix  +  my  —1  =  0  is  the  equa- 
tion of  the  chord  which  passes  through  the  points  of  tangency. 
The  conies  of  this  system  are  parabolas  when  the  second-degree 
terms  form  a  perfect  square,  that  is,  when 

Pm2  =  (Zm-p)2. 

Therefore  k  =  0,  or  4  Im.     For  k  =  0  (6)  becomes 
(Ix  +  my  —  1)2  =  0, 

two  coincident  lines,  the  chord  of  contact  of  the  parabola  and 
the  coordinate  axes.  For  k  =  4  Im  (6)  becomes 

(Ix  +my  —  I)2  —  llmxy  =  0, 
or  V&E  +  Vwiy  =  1  . 


208.    To  find  the  equation  of  the  tangent  to  the  parabola 
Vte  -h  Vwy  =  1  at  the  point  (x'y1)  . 

The  equation  of  the  secant  through  the  points  (x'y1),  (xnyn), 

x  —  x'  _  y  —  y'  (  \ 

- 
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if  V^+  Vmy  =  l  =  V^+  -Vmy", 

or  VZ(  V^7 -  V^77)  =  -  Vm(  Vy  -  Vy7) .  (6) 

The  products  of  the  corresponding  terms  of  (a)  and  (b)  are 


•^/x'  +  V«"  "vV  H-  vV ' 

For  the  tangent  at  (xryf), 


and 


Va>f  V# 

or  a\r7  +  2/\~r  = 

\tf  Myl 

is  the  required  equation. 

The  polar  of  (x'y')  with  respect  to  the  conic  (£)  (Art.  207)  is 

(lx  +  my  —  1)  (Ix'  +  my'-l)-  %k(x'y  +  o?y')  =  0. 
The  polar  of  the  origin  is  Ix  +  m,y  —  1  =  0. 

209.    To  find  the  equation  of  the  system  of  conies  which 
touch  four  given  straight  lines. 

The  conic  (Art.  207,  (5)) 

already  touches  two  of  the  lines,  which  are  taken  for  coordinate 
axes ;  and  it  only  remains  to  find  the  values  of  the  parameters 
Z,  m,  A?,  when  (5)  also  touches  the  two  given  straight  lines 

ax  +  by  -  1  =  0,  (c) 

a'x  +  b'y  —  1  =  0.  (d) 

Combine  (6)  and  (c)  by  substituting  ax  -f  by  for  the  minus 
unity  in  (F)  ;  then 

(Ix  +  my  —  ax  —  by)9  —  Jcxy  =  0 
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represents  the  straight  lines  passing  through  the  origin  (0,  0) 
and  the  points  in  which  the  line  (<?)  intersects  the  conic  (6). 

If  the  conic  (6)  touches  the  line  (c),  then  the  points  in  which 
they  intersect  become  coincident,  and  the  condition  of  equal 

roots  is 

(I  -  a)2  (m  -  I)2  =  [  (I  -  a)  (m  -  b)  -  \  fc]2, 

or  &  =  4(7-a)(ra-&). 

In  the  same  way  find  that 

Jc  =  4:(l-a')(m-V) 

is  the  condition  that  the  conic  shall  touch  the  line  (<f). 
Therefore  the  conic  (6)  will  touch  the  four  straight  lines 

a=0,     2/  =  0,     ax  +  by-l=0,     a'x  +  b'y  -  1  =  0, 

when  the  values  of  Z,  w,  &,  are  determined  from  (b)  and  the 
two  equations 

fc  =  4(7  -  a)  (m  -  b)  =  4(Z  -  a')  (m  -  b'). 

These  equations  will  give  the  values  of  Z,  m,  and  &,  in  terms 
of  the  four  parameters  of  the  lines  (c)  and  (cf),  which  will 
make  the  system  of  conies  (6)  touch  the  four  given  lines. 

210.  To  find  the  equation  of  the  locus  of  the  centres  of  the 
conies  which  touch  four  given  straight  lines. 

Transform  the  equation 

(Ix  +  my  —  I)2  —  to/  =  0  (b) 

to  (Vy),  the  centre  of  the  system,  and  to  a  new  pair  of  parallel 
axes  ;  then  the  coefficients  of  x  and  y  in  the  transformed  equa- 
tion, omitting  primes,  are 

2  l(lx  +  my  -  1)  —  ky  =  0,     2  m(lx  +  my  -  1)  -  lex  =  0, 
or  lx  =  my,     and     2l(2lx—  1)  =  ky,  <c) 


the  equations  which  determine  the  relations  between  the  coor- 
dinates of  the  centre. 
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But  the  equations  are  also  subject  to  the  conditions 

fc  =  4(Z-a)(m-6),  (d) 

fc  =  4(Z-a')(w-&r)-  (e) 

From  (c),  (cT),  (e),  we  can  now  eliminate  Z,  w,  A:,  and  thus 
obtain  an  equation  in  (a?y),  the  locus  of  the  centres  of  the 
system  of  conies  touching  the  four  given  straight  lines. 

But  ky  from  (c?)  equals  Icy  from  (c)  ;  and  since  Ix  =  my, 

-  1)  =  4y  (Z  -  a)  (m  -  6)  =  4(Z  -  a)  (to  -  fy)  ; 


and  .'.  Z(2  a'ce  +  2  6'y  -  1  )  =  2  o'&'y  ,  from  (e)  . 

Now  eliminate  Z,  and 


ab  a'b' 

or 


the  required  equation  of  the  locus  of  the  centres  is  a  straight 
line. 

Since  a,  a',  6,  6'  are  the  reciprocals  of  the  intercepts  which 
the  lines  (c),  (d)  (Art.  209),  make  on  the  coordinate  axes,  it 
is  obvious  that  this  centre-locus  passes  through  the  middle 
points  of  the  three  diagonals  of  the  quadrilateral  which  circum- 
scribes the  system  of  conies. 

211.  A  system  of  conies  passes  through  the  four  given 
points  P,  P',  Q,  Q';  if  the  sides  PP',  QQ',  of  this  quadrilat- 
eral meet  in  the  point  0,  the  sides  PQ-,  P'Q',  in  the  point  0;, 
and  the  diagonals  PQ',  P'Q,  in  the  point  O"  ;  then  either  point 
0  is  the  pole  with  respect  to  the  conic  of  the  line  passing 
through  the  other  two. 

The  polar  of  any  point  (xryf)  with  respect  to  the  system  of 
conies 

(Ix  +  my  —  l)(l'x  +  m'y  —  1)—  kxy  =  0  (a) 
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which  passes  through  the  four  points  P,  P',  Q,  Q',  is 

(Ix  +  my  -  1)  (I'x'  +  my  -  1)  +  (Vx  +  m'y  -  1)  (Za?f  +  mi/f  -  1) 

=  0. 


For  the  point  0,  (V«/')  is  (0,  0),  and  its  polar  reduces  to 

(I  +  V)x  +  (m  +  m')y  -  2  =  0, 
or  to  the  two  equivalent  equations 

Ix  +  my  —  1  -f  Vx  +  m'y  —1  =  0,  (6) 

Ix  +  m'y  —  1  +  I'x  +  my  —1  =  0.  (c) 

But  (6)  is  0',  the  point  of  intersection  of  PQ  and  P'Q'  ;  and 
(c)  is  0",  the  point  of  intersection  of  PQ'  and  P'Q.  Therefore 
the  polar  of  0  passes  through  0  and  0". 

In  the  same  way  it  can  be  shown  that  0'  and  On  are  respec- 
tively the  poles  of  the  lines  passing  through  the  other  two 
points. 

The  triangle  OO'O",  each  of  whose  vertices  is  the  pole  of 
the  opposite  side  with  respect  to  a  conic,  is  called  a  self-conju- 
gate triangle  (Art.  86,  XII.). 

212.  The  intersections  of  the  three  diagonals  of  a  quad- 
rilateral are  the  vertices  of  a  self-conjugate  triangle  with 
respect  to  the  conic  inscribed  in  the  quadrilateral. 

Let  AB  CD  be  the  quadrilateral  ;  let  the  sides  AB,  D  0  meet 
in  N,  the  sides  AD,  BO  meet  in  N'  ;  then  NN'  is  the  external 
diagonal.  Also  let  the  diagonals  AC,  NN'  meet  in  M,  the 
diagonals  BD,  NN'  meet  in  M1,  and  the  diagonals  AC,  BD 
meet  in  M"  . 

Further,  let  the  inscribed  conic  touch  AB  in  P,  BC  in  P', 
CD  in  Q',  and  DA  in  Q.  Then  the  polar  of  A  is  P  Q,  the  polar 
of  C  is  P'Qr,  and  AC  is  the  polar  of  0',  the  intersection  of  PQ, 
P'Q'.  The  polar  of  B  is  PP\  the  polar  of  D  is  QQ',  and  BD 
is  the  polar  of  0,  the  intersection  of  PP',  QQ'  \  therefore  00' 
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is  the  polar  of  M",  the  intersection  of  AC,  BD;  but  by  Art. 
211,  the  polar  of  00'  is  0",  the  intersection  of  PQ',  P'Q,  and 
therefore  the  diagonals  AC,  BD,  and  PQ',  P' Q,  meet  in  the 
same  point.  So  also  Mr  is  the  intersection  of  PP\  QQ',  and 
Moi  PQ,  P'Q1.  Therefore  MM'M"  is  a  self-conjugate  triangle 
with  respect  to  the  inscribed  conic. 


EXERCISES   ON    SYSTEMS   OF  CONICS. 

1.  Find  the  equation  of  the  conic  which  passes  through  the  five 
points  (2,1),  (0,3),  (-l,-3),  (1,  0),  and  (3,  -3). 

Solution.  The  equations  of  the  opposite  sides  (2,1),  (0,3)  and 
(-1,  -3),  (1,0)  are  y  +  a;-3  =  0,  2^/  -3a  +  3  =0  ;  and  of  the 
opposite  sides  (0,3),  (-1,  -3)  and  (1,0),  (2,  1)  are  y—  6  x-  3  =  0, 
y  —  x  +  1  =  0.  The  system  of  conies  passing  through  these  four 
points  is 

(y  +  aj-8)(2y-3oj  +  3)-fc(y-6aj--3)(y-»+l)=:0.     (a) 

But  the  required  conic  must  pass  through  the  fifth  point  (3,  —3), 
for  which  k  =  T3¥,  and  (a)  becomes  the  hyperbola 

l?2/2  +  11  ajy-48aj»-24y  +  129aj  -81  =  0.  (b) 

The  equations  of  the  diagonals  through  (0,3),  (1,0)  and  (  —  1,  —3), 
(2,  1)  are  y  +  3x  —  3  =  0,  By  —  4  05  +  6  =  0,  and  the  equation  of  the 
system  of  conies  passing  through  these  four  points  is 

(y+3aj-3)(3y-4aj  +  5)-^(y  +  aj,-8)(2y-3aj+3).     (a') 

For  the  conic  of  the  system  which  passes  through  the  fifth  point 
(3,  —  3),  Jc  =  —  |  ,  for  which  value  (a1)  reduces  to  (6),  as  it  should. 

2.  Find  the  equation  of  the  conic  which  passes  through  the  five 
points  (2,1),  (1,0),  (3,  -1),  (-1,0),  (3,  -2). 

Ans.  <e2-f-19a^  +  42/2  —  45  2/—  1  =  0. 


3.   Find  the  equation  of  the  conic  which  passes  through  the  five 
points  (1,2),  (3,5),  (-1,4),  (-3,  -1),  (-4,3). 

Ans.  79  a^-320  a;?/  +  301  /  +  1101  x  -1665^+1586  =  0. 
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4.  If  the  axes  of  S  =  0  be  parallel  to  those  of  S'  =  0,  so  will  also 
be  the  axes  of  S  -  kS'  =  0. 

5.  If  S'  =  0  be  a  circle,  the  axes  of  S  —  kS1  =  0  are  parallel  to  the 
axes  of  8  =  0. 

6.  If  S  —  kS'  =  0  represent  a  pair  of  straight  lines,  its  axes  become 
the  internal  and  external  bisectors  of  the  angles  between  them. 

7.  If  any  chord  of  the  conic  S  =  0  be  drawn  through  any  fixed 
point  0,  it  will  be  cut  harmonically  by  the  curve  and  the  polar  of  O. 

Solution.  Let  any  chord  through  O  cut  the  conic  S  =  0  in  the  points 
P  and  J2,  and  the  polar  of  O  in  Q.  Take  O  as  the  origin,  and  the 
chord  OPQR  as  the  axis  of  X;  then  for  y  =  0,  the  conic  S  =  0,  and 
Ox  -f  Fy  -f-  C  =  0,  the  polar  of  0,  become 

^z2  +  2  £a  +  C  =  0  ,     Cfo  +  C  =  0, 


the  roots  of  which  are  OP,  0#,  OQ. 
By  Art.  20,     OP+OR  =  -^,    OP-  OR  =  £,  and   OQ=-  -• 

-4-4  6r 

J_    _L  ._!_. 

'  OP^OR      OQ 

8.  All  conies  drawn  through  the  common  intersections  of  two  rec- 
tangular hyperbolas,  are  rectangular  hyperbolas. 

Solution.  If  $  =  0,  $f  =  0,  denote  rectangular  hyperbolas,  then 
A  +  B  =  Q,  A!+B'  =  Q;  and  for  S-kS'=0  the  system  of  conies 
passing  through  the  common  intersections  of  S  =  0,  S'=  0,  we  shall 
also  have  A  +  B-  k(A'+  B')  =  0. 

9.  If  two  conies  have  parallel  axes,  one  conic  of  the  system  pass- 
ing through  their  intersections  will  be  a  circle. 

Solution.  If  the  axes  of  S  =  0  and  S'=  0  are  parallel  to  the  coor- 
dinate axes,  then  #=0,  jBT'=0,  and  the  conic  S  —  kS'=Q  of  the 
system  passing  through  the  intersections  of  S  =  0,  S'=0  will  be  a 

circle  when  A  —  kA'=  B  —  kB',  or  for  the  single  value  of  k  =      ~~     • 

^L  ~~  Jj 
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10.  If  the  polars  of  the  points  T(x'y')  and  T'(x"y")  with  respect 
to  a  conic  cut  the  curve  in  P,  Q  and  P',  Q',  a  conic  will  pass  through 
the  six  points  T,  P,  Q,  T',  P',  Q1. 

Solution.  The  polars  of  T(x'y'),  T'(x"y")  with  respect  to  the  conic 
Ax>  +  By2  =  l  are  ^te'  +  Byy'-l=  0,  ^asc"  +Byy"—  1  =  0. 

The  conic  of  the  system 

-  1  =  k(Axx'  +Byy'-  1)  (Axx"+Byy"  —  1)  , 


which  passes  through  the  four  points  P,  Q,  P',  Q',  will  also  pass 
through  T(x'y')  if 


or 

K 

The  symmetry  of  this  value  of  k  shows  that  the  conic  will  also  pass 
through  T'(x"y")- 

11.  If  two  chords  of  a  conic  be  drawn  through  two  points  on  a 
diameter  equidistant  from  the  centre,  any  conic  drawn  through  the 
four  ends  of  these  chords  will  be  cut  by  this  diameter  in  points  equi- 
distant from  the  centre. 

Solution.  If  the  diameter  and  its  conjugate  are  coordinate  axes, 
the  equation  of  the  conic  will  be  of  the  form  Ax2  +  By2  =  1  ,  and  the 
equations  of  the  chords  passing  through  the  points  (a,  0)  ,  (  —  a,  0)  are 

y  —  m(x  —  a)  =  0,   y  —  m'(x  +  a)  =  0. 
The  system  of  conies  through  the  four  ends  of  the  chords  is 

Aa?  +  Ef  -  1  =  k  [y  -  m(x  +  a)]  [y  -  m'(x  +  a)]. 
The  axis  of  X  cuts  the  conies  in  the  points  for  which  y  =  0, 
and      Ax2  —  1  —  Jcmm'  (y?  —  a2)  =  0, 
which  are  equidistant  from  the  origin. 

12.  If  PSQ  and  P'S'Q'  are  two  focal  chords  of  a  conic,  the  lines 
PP'  and  QQ1  cut  the  axis  in  points  equidistant  from  the  centre. 

13.  To  find  the  equation  of  a  pair  of  tangents  drawn  from  any 
point  P(x',  y')  to  the  conic  #  =  0. 
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Solution.    The  polar  of  the  point  P  (V  ,  y')  with  respect  to  S  =  0  is 
T(x',y')=0,  and#-fc[T(X,2/')]2  =  0  (a) 

is  the  equation  of  a  system  of  conies  all  tangent  to  S  =  0  at  the  points 
in  which  it  is  cut  by  the  polar  T(x',  y')  =  0.  But  the  required  equa- 
tion of  the  tangents  is  the  conic  of  this  system  which  also  passes 
through  the  point  P(x',  y'). 

Therefore  S(x',y')-k[S(x',y')']2  =  0,  or  1  -  k>S(x',  y')  =  0.    For 
this  value  of  k  equation  (a)  becomes 


the  required  equation. 

14.  The  polar  of  a  fixed  point,  with  respect  to  a  system  of  conies 
/S  —  kS'=0  passing  through  four  given  points,  will  pass  through  a 
fixed  point. 

Solution.  If  the  origin  is  at  the  fixed  point,  then  the  polar  of  this 
point  with  respect  to  S  —  kS'=  0  is 

Gx  +  Fy  +  C-k(G'x  +  F'y  +  C")  =  0 
which  passes  through  the  intersection  of 


for  all  values  of  Jc. 

15.  The  locus  of  the  poles  of  a  given  straight  line  with  respect  to 
a  system  of  conies  which  pass  through  four  given  points  is  a  conic. 

/Solution.  Take  the  given  straight  line  as  the  axis  of  x.  The  polar 
of  (x'y1)  with  respect  to  8  —  JcS'=  0  is 


and  if  this  line  is  the  same  as  y  =  0,  then  the  coefficient  of  x  and  the 
independent  term  must  each  equal  zero. 
Therefore 

Ax'  +  Hy'+  G  -  k(AW+  H'y'+  G')  =  0, 
GW+  Fy'  +  C-k(G'x'+  F'y'  +  <7)  =  0. 

Eliminate  ft,  and  the  required  locus  is  the  conic 
y+G_A'a>+  H'y  +  G' 


Gx  -j-  Fy  +  C      G'x  +  F'y  +  G1 
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16.    The  equation  of  the  conic  Ay?  -J-  2  Hxy  +  By2  =  C"  transferred 
to  its  axes,  when  the  coordinate  axes  are  oblique,  is 


--       __- 

2<7'sin2o>  2C"sinao> 

if  Q2  =  [2  H-  (A  +  B)  cos  to]2  +(A  —  B)2  sin2  to. 

17.    If  a  and  b  be  the  lengths  of   two  tangents  to  the  parabola 
y1  =  4tpx  which  intersects  at  right  angles,  then 


a? 


18.  The  locus  of  the  points  of  contact  of  tangents  to  a  series  of 
confocal  ellipses  drawn  from  a  fixed  point  on  the  major  axis  is  a 
circle. 

19.  The  length  of  the  chord  of  an  ellipse  which  touches  a  confocal 
ellipse,  the  squares  of  whose  semi-  axes  are 

/*2         \2        7>2          \2       ^0  2X6 
d   —  A,     0    —  A,     IS  -  j 

ab 

in  which  b'  denotes  the  length  of  the  semi-diameter  parallel  to  the 
given  chord. 

20.  If  any  line  cut  two  similar  and  concentric  conies,  its  parts  in- 
tercepted between  the  conios  will  be  equal.     Any  chord  of  the  outer 
conic  which  touches  the  inner  one  will  be  bisected  at  the  point  of 
contact. 

21.  If  a  tangent  drawn  at  any  point  P  of  the  inner  of  two  concen- 
tric and  similar  ellipses  meet  the  outer  one  in  the  points  T  and  2", 
then  any  chord  of  the  inner  one  drawn  through  P  is  half  the  algebraic 
sum  of  the  parallel  chords  of  the  outer  one  through  T  and  T'. 

22.  If   the   axes   are  oblique,  the  condition  for  the  similarity  of 
two  conies  is 

AB-H2  A'B'-H12 


23.    What  is  the  equation  of  the  system  of  conies  passing  through 
the  points  where  a  given  conic  S  =  0  meets  the  coordinate  axes  ? 
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24.  Show  that  when  the  values  of  (/*,  fc) ,  the  coordinates  of  the 
centre  of  the  conic  S  =  0  become  indeterminate,  its  equation  repre- 
sents the  two  straight  lines 


25.    To  determine  the  form  of  the  equation  S  =  0  when  the  coordi- 
nate axes  are  tangents  of  the  conic. 

6r2  F2 

For  tangency  A  =  —  -,    B  =  —  ,  and  S  =  0  becomes 
C  C 


CY-  2(FG-HC)xy  =  0. 

26.  Find  the  equations  of  the  tangents  of  the  conic 

(Ix  +  my  —  1)  (Ix  +  m'y  —  1)  —  Jcxy  =  0, 

at  the  points  where  it  meets  the  axis  of  F;  and  the  equation  of  the 
line  joining  their  point  of  intersection  with  the  point  where  the  conic 
touches  the  axis  of  X. 

27.  Show  that  the  tangents  at  the  points  where  the  conic 

(Ix  +  my  —  1)  (Vx  +  m'y  —  1)  —  kxy  =  0 

is  cut  by  the  straight  line  y  =  k2x,  intersect  on  the  straight  line  where 
y  =  —  k2x  cuts  it. 

28.  If  conies  be  described  touching  two  straight  lines  OX,  OYin 

two  points  A  and  J5,  such  that  0  A  =  -,   OB——  ,  then  the  centres 

I  m 

of  the  system  will  lie  on  the  straight  line  y  =  x. 

29.  Two  ellipses  have  a  common  focus  and  equal  eccentricities  ; 
show  that  their  common  chord  is  parallel  to  the  line  bisecting  the 
angle  between  their  major  axes. 

30.  The  angle  subtended  at  the  focus  by  a  chord  of  a  conic  is  120°  ; 
show  that  the  locus  of  the  intersection  of  tangents  at  its  extremities  is 

Z=r(l+2e  cos0), 
I  being  the  semi-latus-rectum. 
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31.  Find  the  latus-rectum  and  the  coordinates  of  the  vertex  of  the 
parabola  whose  equation  is 

(3aj  _  ±yy  _  50 ax  +  25 a2  =  0. 

/"Y      I       TfJ 

32.  Show  that  the  latus-rectum  of  the  conic  S  =  0  is      "*"     • 

(2)f 

33.  The  equation  of  the  directrix  of  the  parabola  S  =  0  is 


34.  Find  the  equation  of  the  axis  of  the  parabola  (y— x)2=a(x+y). 

35.  If  two  hyperbolas  have  their  axes  parallel,  the  quadrilateral 
joining  their  points  of  intersection  has  the  sum  of  its  opposite  angles 
equal  to  two  right  angles. 

36.  Two  ellipses,  referred,  one  to  its  axes  2  a,  26,  and  the  other 
to  its  conjugate  diameters  2  a',  2  b',  have  a  common  polar  of  the  points 
(7i,  k),  (h1,  k')  respectively  ;  show  that 


a__      Ih     b__      Ik 
a'~\fc''    b'~\k'' 


37.  $,  S1  are  the  contiguous  foci  of  two  ellipses  having  the  same 
major  axis,  and  the  eccentricities  e,  e'  are  complementary,  so  that 
e2  +  e'2  =  1  ;  5,  B'  are  the  ends  of  their  minor  axes.     OP,  CP'  are 
drawn  through  the  centre  parallel  to  SB,  S'B'  and  meet  the  ellipses 
in  P,  Pf  respectively.     Show  that  the  tangents  at  P,  P'  are  parallel. 

38.  If  OP,  CD  be  the  semi-conjugate  diameters  of  an  ellipse,  and 
the  lines  joining  P,  D  and  the  ends  of  the  major  axis  meet  in  Q, 
show  that  the  locus  of  Q  is  an  ellipse. 

39.  If  A,  J5,  O,  D  are  four  points  on  a  rectangular  hyperbola,  such 
that  AB  is  perpendicular  to  CD,  show  that  J50,  AD,  and  BD,  AC 
are  also  perpendicular. 

40.  Three   hyperbolas  have  parallel  asymptotes;   show  that  the 
three  straight  lines  joining  their  points  of  intersection,  taken  two  and 
two,  all  meet  in  a  point. 
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41.  Any  two  parabolas  which  have  a  common  focus  and  their  axes 
in  opposite  directions  intersect  at  right  angles. 

42.  Two  parabolas  have  a  common   focus  and  their  axes  in  the 
same  straight  line ;  show  that,  if  TP,  TQ  be  perpendicular  tangents 
one  to  each  of  the  parabolas,  the  locus  of  Tis  a  straight  line. 

43.  TP,  TQ*are  perpendicular  tangents  one  to  each  of  two  con - 
focal  conies  ;  show  that  CT  bisects  PQ. 

Solution.    If  —  +  75=  1,  ^T,  +  -rr,=  1>    are    two   confocals,   their 

a2     b2  a'2     b'2 

tangents  are 

~a2+~tf=:l'  ~ar2  +  ~bl2='1' 
The  equation  of  CT  is 

fx' _x^\         /y_2A_0 
X\a2~ar2)t     y\b2~br2)  ~ 

The  condition  that  CT  shall  pass  through  ( ^^-,  ^-^- ),  the 
middle  point  of  PQ,  is 


since  the  conies  are  con  focal.     But  this  is  the  condition  that  the  tan- 
gents shall  be  perpendicular. 

44.  TP,  TQ  are  tangents  to  each  of  two  parabolas  which  have  a 
common  focus  and  their  axes  in  the  same  straight  line  ;  show  that,  if 
a  line  through  P  parallel  to  the  axis  bisect  PQ,  the  tangents  will  be 
perpendicular. 

45.  If  P,  Q  be  any  two  points  on  an  ellipse,  and  p,  g,  the  corre- 
sponding points  on  a  confocal  ellipse,  that  is,  points  having  the  same 
eccentric  angles,  then  Pq  =  Qp. 

46.  From  any  point  T  the  two  tangents  TP,  TP'  are  drawn  to  one 
conic,  and  the  two  tangents   TQ,  TQ'  to  a  confocal  conic,  then  the 
straight  lines  PQ,  PQf  will  make  equal  angles  with  the  tangent  at  P. 
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47.  If  I  and  V  are  the  latus-rectums  of  two  similar  and  similarly 
situated  conies,  and  if  r,  r'  are  two  parallel  focal  distances,  then 

r  _  I  __a  _b_ 

r'  ~~  V  ~~  a'  "  F 

48.  TP,  TQ  are  perpendicular  tangents,  one  to  each  of  two  con- 
focal  conies  ;  show  that  the  line  PQ  always  touches  a  third  confocal 
conic. 

49.  The  confocal  hyperbola  through  the  point  on  the  ellipse  whose 
eccentric  angle  is  <£  has  for  its  equation 


2/2  2 

—  -£— -  =  a2- 


cos2<j!> 

60.  If  X,  /A  be  the  parameters  of  the  confocals  which  pass  through 
two  points  P,  Q  on  a  given  ellipse ;  show  (1)  that  if  P,  Q  are  the 
extremities  of  conjugate  diameters,  then  A.  +  //.  is  constant;  and  (2) 

that  if  the  tangents  at  P  and  Q  are  perpendicular,  then  -  +  -  is 
constant.  ^ 

51.  Show  that  the  ends  of  the  equi-conjugate  diameters  of  a  series 
of  confocal  ellipses  are  on  a  confocal  rectangular  hyperbola. 
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A  Short  Table  of  Integrals. 

Revised  and  Enlarged  Edition.  To  accompany  JByerly's  Integral  Cal- 
culus. By  B.  O.  PEIRCE,  Jr.,  Instructor  in  Mathematics,  Harvard  Uni- 
versity. 32  pages.  Mailing  Price,  15  cents.  Bound  also  with  the  Calculus. 

Byerly's  Syllabi. 

By  W.  E.  BYERLY,  Professor  of  Mathematics  in  Harvard  University. 
Each,  8  or  12  pages,  10  cents.  The  series  includes,  — 

Syllabus  of  a  Course  in  Plane  Trigonometry. 

Syllabus  of  a  Course  in  Plane  Analytical  Geometry. 

Syllabus  of  a  Course  in  Plane  Analytic  Geometry.   (Advanced  Course.} 

Syllabus  of  a  Course  in  Analytical  Geometry  of  Three  Dimensions. 

Syllabus  of  a  Course  on  Modern  Methods  in  Analytic  Geometry. 

Syllabus  of  a  Course  in  the  Theory  of  Equations. 

Elements  of  the  Differential  and  Integral  Calculus. 

With  Examples  and  Applications.  By  J.  M.  TAYLOR,  Professor  of 
Mathematics  in  Madison  University.  8vo.  Cloth.  249  pages.  Mailing 
Price,  $1.95 ;  Introduction  Price,  $1.80. 

rpHE  aim  of  this  treatise  is  to  present  simply  and  concisely  the 
fundamental  problems  of   the   Calculus,  their  solution,  and 
more  common  applications. 

Many  theorems  are  proved  both  by  the  method  of  rates  and  that 
of  limits,  and  thus  each  is  made  to  throw  light  upon  the  other. 
The  chapter  on  differentiation  is  followed  by  one  on  direct  integra- 
tion and  its  more  important  applications.  Throughout  the  work 
there  are  numerous  practical  problems  in  Geometry  and  Mechanics, 
which  serve  to  exhibit  the  power  and  use  of  the  science,  and  to 
excite  and  keep  alive  the  interest  of  the  student. 

all  that  is  necessary  has  been  said. 
In  the  second  place,  the  number  of 
carefully  selected  examples,  both  of 
those  worked  out  in  full  in  illustra- 
tion of  the  text,  and  of  those 'left 
for  the  student  to  work  out  for  him- 
self, is  extraordinary. 


The  Nation,  New  York:  It  has 
two  marked  characteristics.  In  the 
first  place,  it  is  evidently  a  most 
carefully  written  book. . . .  We  are 
acquainted  with  no  text-book  of  the 
calculus  which  compresses  so  much 
matter  into  so  few  pages,  and  at  the 
same  time  leaves  the  impression  that 
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Elementary  Co-ordinate  Geometry. 

By  W.  B.  SMITH,  Professor  of  Physics,  Missouri  State  University.  12mo. 
Cloth.    312  pages.    Mailing  Price,  $2.15;  for  introduction,  $2.00. 

YITHILE  in  the  study  of  Analytic  Geometry  either  gain  of 
*  '  knowledge  or  culture  of  mind  may  be  sought,  the  latter 
object  alone  can  justify  placing  it  in  a  college  curriculum.  Yet  the 
subject  may  be  so  pursued  as  to  be  of  no  great  educational  value. 
Mere  calculation,  or  the  solution  of  problems  by  algebraic  processes, 
is  a  very  inferior  discipline  of  reason.  Even  geometry  is  not  the 
best  discipline.  In  all  thinking,  the  real  difficulty  lies  in  forming 
clear  notions  of  things.  In  doing  this  all  the  higher  faculties  are 
brought  into  play.  It  is  this  formation  of  concepts,  therefore,  that 
is  the  essential  part  of  mental  training.  And  it  is  in  line  with  this 
idea  that  the  present  treatise  has  been  composed.  Professors  of 
mathematics  speak  of  it  as  the  most  exhaustive  work  on  the  sub- 
ject yet  issued  in  America ;  and  in  colleges  where  an  easier  text- 
book is  required  for  the  regular  course,  this  will  be  found  of  great 
value  for  post-graduate  study. 


Wm.  G.  Peck,  Prof,  of  Mathe- 
matics and  Astronomy,  Columbia 
College :  I  have  read  Dr.  Smith's  Co- 
ordinate Geometry  from  beginning 
to  end  with  unflagging  interest.  Its 
well  compacted  pages  contain  an  im- 
mense amount  of  matter,  most  ad- 


mirably arranged.  It  is  an  excellent 
book,  and  the  author  is  entitled  to 
the  thanks  of  every  lover  of  mathe- 
matical science  for  this  valuable  con- 
tribution to  its  literature.  I  shall 
recommend  its  adoption  as  a  texlx 
book  in  our  graduate  course. 


Elements  of  the  Theory  of  the  Newtonian  Poten- 

t/'af  Function. 


By  B.  0.  PEIBCE,  Assistant  Professor  of  Mathematics 
Harvard  University.    12mo.    Cloth.    154  pages. 


and  Physics, 

„__.     Mailing  Price,  $1.60; 
for  introduction,  $1.50.  ' 

•T^HIS  book  was  written  for  the  use  of  Electrical  Engineers  and 
students  of  Mathematical  Physics  because  there  was  in  English 
no  mathematical  treatment  of  the  Theory  of  the  Newtonian  Poten- 
tial Function  in  sufficiently  simple  form.  It  gives  as  briefly  as  is 
consistent  with  clearness  so  much  of  that  theory  as  is  needed  be- 
fore the  study  of  standard  works  on  Physics  can  be  taken  up  with 
advantage.  In  the  second  edition  a  brief  treatment  of  Electro- 
kinematics  and  a  large  number  of  problems  have  been  added. 
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Academic  Trigonometry :  p/ane  and  spherical. 

By  T.  M.  BLAKSLEE,  Ph.D.  (Yale),  Professor  of  Mathematics  in  the 
University  of  Des  Moines.  12mo.  Paper.  33  pages.  Mailing  Price, 
20  cents ;  for  introduction,  15  cents. 

rpHE  Plane  and  Spherical  portions  are  arranged  on  opposite  pages. 

The  memory  is  aided  by  analogies,  and  it  is  believed  that  the 

entire  subject  can  be  mastered  in  less  time  than  is  usually  given  to 

Plane  Trigonometry  alone,  as  the  work  contains  but  29  pages  of  text' 

The  Plane  portion  is  compact,  and  complete  in  itself. 

Examples  of  Differential  Equations. 

By  GEORGE  A.  OSBORNE,  Professor  of  Mathematics  in  the  Massachu- 
setts Institute  of  Technology,  Boston.  12mo.  Cloth,  vii  +  50  pages. 
Mailing  Price,  60  cents;  for  introduction,  50  cents. 

A  SERIES  of  nearly  three  hundred  examples  with  answers,  sys- 
**"  tematically  arranged  and  grouped  under  the  different  cases, 
and  accompanied  by  concise  rules  for  the  solution  of  each  case. 

Selden  J.  Coffin,  lately  Prof,  of  I  Its  appearance  is  most  timely,  and  it 
Mathematics,  Lafayette  College  :  I  supplies  a  manifest  want. 


Determinants. 

The  Theory  of  Determinants:  an  Elementary  Treatise.  By  PAUL  H. 
HANUS,  B.S.,  recently  Professor  of  Mathematics  in  the  University  of 
Colorado,  now  Principal  of  West  High  School,  Denver,  Col.  8vo.  Cloth, 
viii  +  217  pages.  Mailing  Price,  $1.90;  for  introduction,  $1.80. 

fTlHIS  book  is  written  especially  for  those  who  have  had  no  pre- 
vious knowledge  of  the  subject,  and  is  therefore  adapted  to 
self-instruction  as  well  as  to  the  needs  of  the  class-room.  The 
subject  is  at  first  presented  in  a  very  simple  manner.  As  the 
reader  advances,  less  and  less  attention  is  given  to  details. 
Throughout  the  entire  work  it  is  the  constant  aim  to  arouse 
and  enliven  the  reader's  interest,  by  first  showing  how  the  various 
concepts  have  arisen  naturally,  and  by  giving  such  applications  as 
can  be  presented  without  exceeding  the  limits  of  the  treatise. 


William  G.  Peck,  Prof,  of  Mathe- 
matics, Columbia  College,  N.  Y. :  A 
hasty  glance  convinces  me  that  it  is 
an  improvement  on  Muir. 
(Aug.  30,  1886.) 


T.  W.  Wright,  Prof,  of  Mathemat- 
ics, Union  Univ.,  Schenectady,  N.  Y. : 
It  fills  admirably  a  vacancy  in  our 
mathematical  literature,  and  is  a 
very  welcome  addition  indeed. 
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Analytic  Geometry. 


By  A.  S.  HAKDY,  Ph.D.,  Professor  of  Mathematics  in  Dartmouth  College, 
and  author  of  Elements  of  Quaternions.  8vo.  Cloth,  xiv  +  239  pages. 
Mailing  Price,  $1.60;  for  introduction,  $1.50. 


work  is  designed  for  the  student,  not  for  the  teacher. 
Particular  attention  has  been  given  to  those  fundamental  con- 
ceptions and  processes  which,  in  the  author's  experience,  have  been 
found  to  be  sources  of  difficulty  to  the  student  in  acquiring  a  grasp 
of  the  subject  as  a  methvd  of  research.  The  limits  of  the  work  are 
fixed  by  the  time  usually  devoted  to  Analytic  Geometry  in  our 
college  courses  by  those  who  are  not  to  make  a  special  study  in 
mathematics.  It  is  hoped  that  it  will  prove  to  be  a  text-book  which 
the  teacher  will  wish  to  use  in  his  class-room,  rather  than  a  book  of 
reference  to  be  placed  on  his  study  shelf. 


Oren  Boot,  Professor  of  Mathemat- 
ics, Hamilton  College :  It  meets  quite 
fully  my  notion  of  a  text  for  our 
classes.  I  have  hesitated  somewhat 
about  introducing  a  generalized  dis- 
cussion of  the  conic  in  required  work. 
I  have,  however,  read  Mr.  Hardy's 
discussion  carefully  twice;  and  it 
seems  to  me  that  a  student  who  can 
get  the  subject  at  all  can  get  that. 
It  is  my  present  purpose  to  use  the 
work  next  year. 

John  E.  Clark,  Professor  of  Mathe- 
matics, Sheffield  Scientific  School  of 
Yale  College  :  I  need  not  hesitate  to 
say,  after  even  a  cursory  examina- 
tion, that  it  seems  to  me  a  very  at- 
tractive book,  as  I  anticipated  it 


would  be.  It  has  evidently  been  pre- 
pared with  real  insight  alike  into  the 
nature  of  the  subject  and  the  difficul- 
ties of  beginners,  and  a  very  thought- 
ful regard  to  both;  and  I  think  its 
aims  and  characteristic  features  will 
meet  with  high  approval.  While 
leading  the  student  to  the  usual  use- 
ful results,  the  author  happily  takes 
especial  pains  to  acquaint  him  with 
the  character  and  spirit  of  analytical 
methods,  and,  so  far  as  practicable,  to 
help  him  acquire  skill  in  using  them. 
John  B.  French,  Dean  of  College 
of  Liberal  Arts,  Syracuse  Univer- 
sity :  It  is  a  very  excellent  work, 
and  well  adapted  to  use  in  the  reci- 
tation room. 


Elements  of  Quaternions. 

By  A.  S.  HARDY,  Ph.D.,  Professor  of  Mathematics,  Dartmouth  College. 
Second  edition,  revised.  Crown  8vo.  Cloth,  viii  +  234  pages.  Mailing 
Price,  $2.15;  Introduction,  $2.00. 

rpHE  chief  aim  has  been  to  meet  the  wants  of  beginners  in  the 
class-room,  and  it  is  believed  that  this  work  will  be  found 
superior  in  fitness  for  beginners  in  practical  compass,  in  explana- 
tions and  applications,  and  in  adaptation  to  the  methods  of  instruc- 
tion common  in  this  country. 
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Elements  of  Plane  Analytic  Geometry. 

By  JOHN  D.  RUNKLE,  Walker  Professor  of  Mathematics  in  the  Massa- 
chusetts Institute  of  Technology,  Boston.  8vo.  Cloth,  ii  +  344  pages. 
Mailing  Price,  $2.25 ;  for  introduction,  $2.00. 

TN  this  work,  the  author  has  had  particularly  in  mind  the  needs 
of  those  students  who  can  devote  but  a  limited  time  to  the 
subject,  and  yet  must  become  quite  familiar  with  at  least  its  more 
elementary  and  fundamental  part.  For  this  reason,  the  earlier 
chapters  are  treated  with  somewhat  more  fulness  than  is  usual. 
For  some  propositions,  more  than  a  single  proof  is  given,  and  par- 
ticular care  has  been  taken  to  illustrate  and  enforce  all  parts  of 
the  subject  by  a  large  number  of  numerical  applications.  In  the 
matter  of  problems,  only  the  simpler  ones  have  been  selected,  and 
the  number  has  in  every  case  been  proportioned  to  the  time  that 
the  students  will  have  to  devote  to  them.  In  general,  propositions 
have  been  proved  first  with  reference  to  rectangular  axes.  The 
determinant  notation  has  not  been  used. 

Descriptive  Geometry. 

By  LINUS  FAUNCE,  Assistant  Professor  of  Descriptive  Geometry  and 
Drawing  in  the  Massachusetts  Institute  of  Technology.  8vo.  Cloth. 
54  pages,  with  16  lithographic  plates,  including  88  diagrams.  Mailing 
Price,  $1.35 ;  for  introduction,  $1.25. 

TN  addition  to  the  ordinary  problems  of  Descriptive  Geometry, 
this  work  includes  a  number  of  practical  problems,  such  as 
might  be  met  with  by  the  draughtsman  at  any  time,  showing  the 
application  of  the  principles  of  Descriptive  Geometry,  a  feature 
hitherto  omitted  in  text-books  on  this  subject.  All  of  the  prob- 
lems have  been  treated  clearly  and  concisely.  The  author's  sole 
aim  has  been  to  present  a  work  of  practical  value,  not  only  as  a 
text-book  for  schools  and  colleges,  but  also  for  every  draughtsman. 
The  contents  are:  Chap.  L,  Elementary  Principles ;  Notation. 
Chap.  II.,  Problems  relating  to  the  Point,  Line,  and  Plane.  Chap. 
III.,  Principles  and  Problems  relating  to  the  Cylinder,  Cone,  and 
Double  Curved  Surfaces  of  Revolution.  Chap.  IV.,  Intersection  of 
Planes  and  Solids,  and  the  Development  of  Solids;  Cylinders; 
Cones ;  Double  Curved  Surfaces  of  Revolution ;  Solids  bounded  by 
Plane  Surfaces.  Chap.  V.,  Intersection  of  Solids.  Chap.  VI.  Mis- 
cellaneous Problems. 
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Byerly Differential  Calculus $2.00 

Integral  Calculus 2.00 

Ginn Addition  Manual 15 

Hal  steel Mensuration 1.00 

Hardy   Quaternions 2.00 

Hill Geometry  for  Beginners    1.00 

Sprague Rapid  Addition 10 

Taylor   Elements  of  the  Calculus 1.80 

Wentworth   Grammar  School  Arithmetic    75 

Shorter  Course  in  Algebra 1.00 

Elements  of  Algebra 1.12 

Complete  Algebra  1.40 

Plane  Geometry 75 

Plane  and  Solid  Geometry  1.25 

Plane  and  Solid  Geometry,  and  Trigonometry  1.40 
Plane  Trigonometry  and  Tables.  Paper. .  .60 
PI.  and  Sph.  Trig.,  Surv.,  and  Navigation  .  1.12 

PI.  and  Sph.  Trig.,  Surv.,  and  Tables 1.25 

Trigonometric  Formulas 1.00 

Wentworth  &  HilH  Practical  Arithmetic 1.00 

Abridged  Practical  Arithmetic 75 

Exercises  in  Arithmetic 

Part  I.  Exercise  Manual 

Part  II.  Examination  Manual 35 

Answers  (to  both  Parts) 25 

Exercises  in  Algebra 70 

Part  I.  Exercise  Manual .35 

Part  II.  Examination  Manual 35 

Answers  (to  both  Parts) 25 

Exercises  in  Geometry 70 

Five-place  Log.  and  Trig.  Tables  (7  Tables')      .50 

Five-place  Log.  and  Trig.  Tables  (  Comp.  Ed. )  1.00 

US  ontworth  &  Reed :  First  Steps  in  Number,  Pupils'  Edition       .30 

Teachers'  Edition,  complete      .90 
Parts  Z  ,  II.,  and  III.  (separate),  each      .30 

Wheeler Plane  and  -Spherical  Trig,  and  Tables 1.00 

Copies  sent  to  Teachers  for  examination,  with  a  view  to  Introduction, 
on  receipt  of  Introduction  Price. 
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